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PART I. 
PLANE ANALYTIC GEOMETRY. 



FUNDAMENTAL CONCEPTIONS IN ALGEBRA AND 
GEOMETRY. 



1. Analytic Geometry is a brmich of mathematics in which 
boBitioD is daGned by means of uigebraic ([tiantitics. 

Afl an example of how poaition may be defined by quanti- 
[tioa we may take latitude and longitude. The statement 

"Thia ship is in lat. 47° N. and long. 53° W." 
indicates to the expert a certain definite point on the earth'a 
Burface near Newfoundland. 

47° and 63° are the quanHHes indicating the position. 

^ Algebraic Conceptions. 

The following algebraic conceptions and principles should 
well uuderetood by the student of Analytic Geometry. 
8, Principles of Algebraic Language. , 

I, When an algebraic symbol is used in a statement, the ( 
statement is considered true for any value of that symbol, 
anless some limitation is placed upon it. 

til. Any algebraic expression represents a quan.tit^, 
y itself be represented by a single leUei, 
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3. Constants and Variables. A qnautity is called _ 

Constant wbea a definite &ied value is supposed to be 
assigned it; 

Variable when, no definite value being assigned it, it is 
subject to change. 

We may, when we please, assign a definite valne to 
variable. It then becomes, for the time being, a constant 

ExAUFLE. We may regard the expression 



as one iu which x may take all possible values, while a remains 
constant: x is then a variable. 

But rte may also inquire what definite value x must have 
in order that the expression may vanish. We readily find 
these values to be 

a: = 0; x = «; x=: —a. 
The quantity x then becomes a constant. 

Again, we may think of a constant as undergoing variation: 
it then becomes a variable. 

Eeuark, Tbe distinction of constant from variable is 
not an absolute but only a relative one; that is, relative to 
other quantities, or to our way of thinking at the moment. 
Tbe only absolute constants are arithmetical numbers. 

4:, Functions. When two variables are so related that a 
change in one produces a change in the other, the latter is 
called a function of tbe other. 

Such relations between quantities are expressed by alge- 
braic equations. 

Example. In the equation J 

a change in a, 5 or a; produces a change in y. Hence y is a - 
function of these quantities. 

The value of an algebraic expression containing any sym- 
bol will generally vary with that symbol. Hence 

Any algebraic expression co7ilaining a variable is a func- 
tion of that variable. 
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Independent Variables. When a quantity, y, is a fiiijo- ' 
tion of another quantity, x, we may assign to x all possible I 
values, and study the corresponding values of y. 

The qaantity x is then called an independent variable. | 

6t Identical and Conditional Equalions. An equatioa I 
between uigebraic symbols may be either 

necessarily true, whatever values bo assigned the eymltols; 

or trne only when some relation exists between those j 
Talnes. 

An equation necessarily true is called an identical equa- ' 
tion, or an identity. An equation only conditionally trne 
is called an equation of condition, or a condition. 

Between the two members of an identity the sign i 
used; between those of a condition, the sign =. 

EsAUFiiB. We have 

{x + a){z-a)+a'=x^; 
beoanse the two members are necessarily equal for all values j 
of X and a. But the statement 

Iax-by^Q 
can be true only when 
'' = \''' 
tiadi U therefore a condition. 
The qnestion whether an equation is an identity or a con- 
dition is settled by reducing or solving it. 
If an identity, the two members may be reduced to the 1 
fame expressions, or, if we try to solve it, we shall only bring 1 
out = 0. 
If a cortdition, a value of x in terms of the remaining \ 
■qnantitiea will be possible. 

Theorem. An equation of condition becomes an identity € 

by solving it with respect to any one symbol, and subslitittinffm 

the value of the symbol thus found in the equation. 

^^^ Example. If in the jireceding equation 

^^1 ox — fiu = 

m 
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we subBtitute the Yalne of x derived from it, we have 

an identity. 

Henoe any equation may be regarded as an identiiy by 

supposing any one of its symbols to represent that function of 
its other quantities obtained by solving it. 
Example. The equation 

aP -by ^0 
changes into the identity 



aP ~ by = Q 



when we Bnppoae P = —y. 

6. The symbol h is also nsed as the symbol of definition' 
when, in accordance with g 2, II., we use a Bymbol to repre- 
Bent an expression. For example, 

ax + byBX 
means, 
"we nsG .Tfor brevity, to represent the expression ax + 

When the sign = follows an expression in this way, it 
be read, "which let us call." 

'i. Leuha. Between the variables x aiid y and the 
slants A, B and C the identity 

Ax -\- By -{- C = Q 
mbaislt when, and only when, 

A =0, B = 0, C = 0. (8) 

Proof. That the identity subsists in the case supposed 
is obvious; that it Bubeists only in this case is seen by showing, 
first,, that if C were different fi'ora zero, the identity would 
fail for a; = 0, y = 0; and nest, that, being zero, the 
identity would fail for a; = when B was finite, and for 
y = when A was finite. 

Remark 1. The deduction of (3) from (1) rests on thv 
asaamptioD that x and y are independent variables. 
1 were regarded ea variables, the conclusions would 
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= 0: 



C=0. 
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Reuabe 2. Xote tho great diQeronce between the inter- J 
rpretutiou of the cquntiou 

ax -\- by -\- c = Q 
Kand of the identity 

aa; 4- Sff + c =0. 
The equation expresses a oertain/elation between the v 
I ahlcs X and y such that to each definite value of x corresponds 
I a de&aite value of y, namely, the value 

, = _=£+_«. 

The identity expresses no relation between the quantities, 
flint requires zero values of a, b and c. 

8. Roots of Qaadrittic Equations. Every quadi'atic equa- 
I tion is considered to have two roots, which may be real axA 
mvnequdl, real and «quai, or imaginary. If the equation is 

ax' + bx -\- c = 0, (a) 

I then, since we know the roots to be given by the equation 

_ — b ± Vb' — iac 8c 

~ 2a "~ _ ft :f VP — iae 

we Bee that the roots will be 

real when 6' — iac > 0, i.e., when b' — iae ia positivij; 
real and equal when b' — 4ac = 0; 

imaffinary when S' — iac < 0; i.e., when ft' — 4oc is 
negative. 

The student should now be able to explain the following 
L special cases: 

1. If the absolute term c vanishes, the roots become 

* = and X ~ , 

2. If i and c both vanish, both roots become zero. 

8. If a approaches sero as its limit, one root increases ' 

rithout limit, and the other approaches \j\ift YvnivXi 
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Hence we may say: When the coefficient of %* in the qnad-d 
ratio equation (a) vaniahes, the two roots are v 

X = — rr- and X = aa, ■ 

■ 

4. If both a and h vanish while c remains finite, botn 
roots increase to infinity. 1 

5. If a, b and c all vitjish, the roots are entirely indeter- 
minate, and the equation is satisfied by all values of x, 

9. Proportional Quantities. The quantities of one aeries, 
a, b, c, etc., are said to be proportional to those of another 
Beries, A, S, C, etc., when each quantity of the one series is 
equal to the corresponding quantity of the other multiplied 
by the same factor. 

The fact of such proportionality is expressed in the 
ona forme: 

a:A=b:B = c:C= etc.; 

a :l : c : etc. = A : B : C : etc.; 

a = pA, b = pB, c — pC, etc.; 
p being, in the last cose, the multiplying factor. 



TEST EXERCISES.* 

1. A point at the distance (1) from one side of a right 
angle and at the distance (3) from the other side will be at 
the distance (3) from the vertex of the angle- 
Here the student will substitute symbols at pleaaure for 
(1) and (3), and will replace (3) by the proper function of 
those symbols, reading the statement accordingly. For ex- 
ample, be may put 

X in place of (1) and y in place of (2), 

y -\- x\n place of (1) and y — x'm place of (3), | 

etc. etc. etc., ' 

" These exercises are designed to decide tl)c question wlietlier tiie 
student bas a. sufflcietit command at algebraic laugtiage and of geometri- 
cal concepiiona to enable bim to proceed wUli ndvantage lo the study 
ot Analytic Geometry. If he cna perform all the exercises with ease, 
iie 13 probably well prepared to go on ; if lie perforuis tliem only wilh 
dllScuUy, he may need mucli asaistaDce in uadcrslaading the subject. 
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in eaoh caee he tnnat read the Btatement vith the proj>er I 

expreBsion in place of (3). 

3. If, in the preceding example, (1) varies while (i) re- I 
maioa constant, the point will deacribo a line to - 



Fill the blanks with appropriate words, 

3. If (3) varies while (1) remains constant, the poiat will j 
describe a line to the . 

4. If {1) remains equal to (2), but both vary, the point \ 
will move along the . 

5. If (1) aud (2) vary in such a way that (3) remaina con- \ 

stant, the point will describe a of nidiua aroaud | 

osa — . 

6. If two fixed points, A and B, are at the distance a from ] 
each other, and if a third point, P, be taken at the distnnae j 
(4) from each of these points; then, if (4) varies, the point P I 
will describe a line {define the situation of the lins). But, in I 
varying, the distance (4) cannot become less than — . 

The numbers in parentheses are to be replaced by appro- 1 
priate symbols or expressions. 

7. If, in the preceding example, a point be taken at the 
distance (5) from the point A, and at the distance (6) from fl; 
then, if (5) varies while (6) remains constant, the point will 
describe a of around as a — . 

8. But if (6) varies while (5) remains constant, the point j 
will 

9. If the constant value of (6) in Ex. 1 plus the con. j 
itant of (5) in Ex. 8 = «, the two will be to ei 

I'olher. 

10. If a line he drawn so as to pass at the distance r ] 
from each of the preceding points, then, if r varies, the ' 
line will turn ronnd (describe how it mil turn). But the I 

Talue of r can never exceed , and for each value of r J 

there will be two positions of the line making equal anglea I 
with — . 

11. If the line be required to pass at the distance (7) from 
3 point A, and at the distance (8) from the ^qatx^. B\ 'Owisw, 
(7) vaiies while (Sj remains constant, ftie tne ■^'ili. ■ma'^'i 
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round so as always to be tangent to the arotrnd — a 

a with radius — . 

12. What symbols must (9) and (10) be replaced by i 
order that all values of x aad y which satisfy the equation 

Ax + By + 0=0 
may also satisfy the equation 

mAx + (9)y + (10) = 0; 
that is, in order that these two equations may give the same 
valne of y in terms of x? 

13. Show that the identity 

ax + hj + C = Ax + JBy+ O, 
X and y being vanables, is impossible unless 
a =A; b = B; c = C. 

14. If we put 

P H z — 2^ + Sc, P' = Zx — Gy -^r U, 
is it posaible to form an identity of the form 

P + mP' = 0, 
and, if so, what will be the value of m? 

15. Generalize the preceding result by showing that if i| 
have 

P E £KE + fiy + c, P' = Ax -^ By -fr O, 

the identity P + mP' = 0, 

X and y being variables, is possible only when 

a:A=i:B = c:C, 
and eipresa the valne of m. 

16. \ta -y X remuius constant, and x varies at the rate of 
plus one foot a second, at what rate will a vary? 

17. What will be the answer to this last eiample if it is 
a ~^x instead oia -\- x which remains constant? 

18. If X may take any values between the extremes — 1 

and + 3, between what extremes will the value of be 

contained F 
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Geometric Conceptions. 




10. A geometric couccpt, form, or figure of any kind, may 1 
be culled a geometric o^ect.* 

In the higher geometry all geometric objects, when not I 

qualified, are considered as complete in every particalar. 

Examples. A straight line is coneidered to extend to 1 
infinity in both directione. When a terminating straight line 
is treated, it is considered as that portion of an infinite straight 
line contained between some two points. 

A triangle is considered as formed by three indefinite 
straight lines intersecting each other in three different points, { 

Geometric objects differ from each other in magnitude, 
form and situation. 

Points, straight lines and planes can, however, differ only \ 
in sitnation, because any two points, any two lines or any two i 
, planes may be made to coincide with each other by a change 1 
f of sitnation. 

I 11. Points at Ivjinity. A pair of parallel lines are said to 
intersect \n& point at infinity; that is, in a point at an infinite 
distance. 

The idea of a point at infinity is reached in this way: Let 
as suppose one of two intersecting lines to turn round on one 
of its points and gradually to approach the position of parallel- 
ism to the other line. As this position is approached the 
point of intaraection of the two lines will recede indefinitely, in 
such wise that while the revolving line approaches parallelism 
as its limit, the point will recede beyond every assignable limit. 
Conversely, if we suppose the point of intersection to recede 
indefinitely along the fixed line, the moving line will approach 

* This is tlie beat English word which has presented itself to the 

authortocorrespondtotheGeii'Moftbe Germans. Buchawordisneeded 

iu Uie higher geometry as a term of the most general kind to express 

the thioga rcasoued almut. The term magnUiide ia too limited, not only 

. because a. point is to be iocluded among geometric objects, tjut because 

UAbJeclB are coosidered cot merely as magnitudes but, io a moru ^e.w^-nJt J 

TlTBy, as ihiDgs of which magnitude is only one q1 \be <^uaM\!uia. 
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the poBition of parallelism as Hb limit. Tbia limit will bo 
the same whether the point of intersection recedes in one 
direction or in the opposite. 

Hence, using the convenient language of infinity, we see 
that when the point of inturacctloii is at infinity in either 
direction the two lines airo parnllel. There is, therefore, no 
need of making any distinction between these supposed points, 
and they are talked about as a siugle point, called the point ut 
infinity. 

The principle here inTolved is of extensive application in 
the higher mathematics, and may be expressed thus: 

Insiead of using new or different forms of language to 
meet exceptional cases, we use tlie common language, iut put an 
exceptional interpretation upon it. 



ay of epeaking is that ve are not obliged to 
reapecling the inUrHectioa of lines whea the 



The advantage of this 
make any eseeiitioDal cast 
two linea bec«iiit: parallel. 

Tlie proposilJon, Tmo straight Uaeg iateraeet in a tingle point, is tliea 
coDHidered universally true, the point being at infinity when tlie lines 
are parallei. 

The following is a convenvieot illustration of thia form of language. 
Let it be required to draw a. line through a fixed point, P, so as to inter- 
sect the fixed line b at the ^ 

same point, Q, where the line 
a intersects it. The construc- 
tion will be literally possible so ^__ 

long as a and 6 intersect, but ^ 

will cease to be literaUy possible '~"-^^^^ ^^ _ 

it a takes the position a', paral- '' ^^^^■\1' — 

lei to 6, because then there will be no point Q of intersection. ^""^ 

But let us interpret the problem in thia wuy: The retpured line must 
intersect b wbero a intersects 6. But io case of parallelism, a inlcrsects 
b nowieM. Hence the required line must intersect b nowhere; that is. 
it must be parallel to it. Il is thia pariicular nouthere which ia called tlte 
point at iJifinity on the line 4. It is, moreover, clear that if Q recedes tc 
infinity, both the line a and the required line will approach the position 
of parallelism to 6 oa their respective limits. 
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CHAPTER II. 
OF CO-ORDINATES AND LOCI. 

13. Def. The co-ordinates of \ geometric object are 
those quantum whicli determiiio its situation. 

Co-ordinates, like other qumitities, are represented by 
numerical or algebraic symbols. 

The sitnation of an object is defined by its relations 
to some system of points or lines supposed to be fiied. Such . 
a system is called a, system of oo-ordinateB. 

There are several systems of co-ordinates to be separately 
defined. 

First System : Cartesian or Biliuear 
Co-ordiitates. 

13. On this system the position of a point is fixed by its 
'relation to two intersecting straight lines called axes. 

Let AX and BY bo the two lines, and their point of 
intersection. 

The point is then 
called the origin. 

The indefinite line 
AX, which we may con- 
ceive to be horizontHl, is 
called the axis of ab- 
sciaaas, or the axis of X. 

The intersecting line 
BT'iB cidled the axis of 
ordinates, or the axis 
of F. 
I Let P be the point whose position is to be icfeieCt- 
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Prom P draw PM parallel to OY and meeting the i 
of X ia M, and 

PJV parallel to OX and 
meeting the axis of Y in 
N. 

Then eitho-r of the 
equal linCB OM, NP is 
called the abscifisa of the -A— 
point P; 

Either of the equal 
lines MP, ON is called 
the ordinate of the 
point P. 

It ia evident that for every position wc assign to P the 
abscissa and ordinate will each have a definite value. 

14;. Co-ordinates Determine a Point. When the lengths 
OJf and MP are given, the point P is completely determined 
in the following way: We measurc from on the axis ot X 
the given dietance OM. 

Through M we draw an indefinite line parallel to the axis 
of Y, and on this line measure a length MP. 

The single point P which we thus reach ia the point which 
has the given abscissa and ordinate. 

Because the abscissa and ordinate thus determine the 
situation of P, they form, by definition, a pair of co-ordinates 
of P (§ 12). 

Notation. The abscissa is represented by the symbol x. 
The ordinate is represented by the symbol y. 

It is evident that if the point P be fixed in position, its 
co-ordinates will be constants. But if P varies, one or both 
of the co-ordinates will vary also. 

15. Algebraic Signs of the Co-ordinates. In what pre- 
cedes it is supposed that the direction, as well as the distance, 
of the measures OM and MP ia given. K these directions 
were arbitrary, we might measure the given distance OM in 
either direction from 0, and thus reach either the point M to 
the right of or the point W to the left of 0. 



B nri 



By meaaariDg the ordinate in either direction from tlio 
points M and M' we should reach either of four points, 
J', P', P", P'", of which the co-ordinatea would ull Ije equiJ 

in absolute Talue, 

To avoid ambiguity in this respect the algebraic sign 
the abscissa is supposed 

positive when meiis- 
■nred from towards the 
right, and 

negative when meas- 
ured towards the left. 

The ordinate MP 'a 
supposed 

positive when meas- 
ured upward, and 

negative when meas- 
ured downward. 

Now if the abscissa 
X — OM = a and the 
ordinate y = MP = i, then the 
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co-ordinates of P are x = + (^i 
co-ordinates of P' are a: = — a, 
co-ordinatea oC P" are a: = + «, 
oo-ordinatea of P'" are x = — a. 



y = + h 
.¥ = + »; 



signs of the co-ordinates, as well as their absolute values, are 
given, so that only one point corresponds to one pair of alge- 
braic values of the co-ordinates. 

16. Fectangular Co-ordinates. When not otherwise ex- 
the axes of co-ordinates are supposed to intersect at 
right angles. The co-ordinatea are then called rectangular 
co-ordinates. 

To designate a point by its co-ordinatea we enclose the 
symbols or numbers expressing the co-ordinates between pa- 
rentheses, with a comma between them, writing the ifaluft *st 
X first. 



Kiel 
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Example. By (3, 3) we mean "the poiDt of which the 
iibsciasa ia 2 and t!ie ordinate is 3." 



lay 
tee: 

1 



1. Draw a pair of rectungular axes, and, taking a cenH- 
metre or inch, as may be moat coovenient, for the unit, lay 
down the position of points having the following co-ordinateB: 

(+ 3, + 3), (+ 2, - 3), (- 2, + 3), (- 3, - 3), 
{+ 3, + 2)> (+ 3, - 3), {- 3, + 3), {- 3, - 2). 

Show that these eight points all lie on a circle having the 
centre as its origin. What is the radina of this circle? 

2. Mark a number of points of each of which the ordinate 
shall be equal to the absoisaa. How ai'C these points situated? 

3. Mark the points (1, — I), (3, — 2), (— 1, 1) and 
(— 3, 2), and show their relations. 

4. Mark the points (1, 3), {2, 4), (3, 6), (4, 8), and show 
how they are situated rehitively to rach other, 

5. If we join the points {«, — h) and {a, b) by a straight 
lino, what will be the direction of tliig line? 

6. Find, in the same way, the direction of the line joining 
the points {a, i) and (— a, b); (a, S) and (— a, — b). 

7. Show that the distance of the point (a, b) from the 
origin ia Va' -|- b'. 

8. If we mark all possible points for which y has the con- 
stant value -{- 1> how will these points be situated? 

17. Fkoblem I. To express the distance between two 
points whose co-ordinates are given. 

When the co-ordinates of two points are given, the position 
of each point is completely determined (§ 14), 

Therefore the distance between the points is completely 
det«rmiiied, and may be meaanred geometrically. 

The algebraic problem requires us to express this distance 
algebraically in terms of those quantities which determine the 
position of the points, namely, their co-ordinates. 

In the figure let P' and ^ be the two points; x',y', theco- 
ordinateBof F'; and x, y, the co-ordinates of P. 



CO-OBDINATBS AND LOOL 



17 



Then we shall haye 

P'JT^y', PM=y. 

It from P' we drop 
a perpendicular, P'iJ, 
upon MP, we shall have, 
from the right-angled 
triangle P'PB, 




P'R = JTM 



= a? — a/. 



and RP^ MP - MR^y -y' 

Then^ by the Pythagorean proposition. 



Let us then put d = the distance P'P, 
By substituting the values in terms of the co-ordinates and 
exti-acting the square root^ we shall have 

d = V\{^-7fy-\-{y-y'y], (1) 

which is the required expression for the distance of the points 
in terms of their co-ordinates, 

18. Problem II. To express the angle which the line 
joining two points, given iy their co-ordinates, makes with 
the axis of X. 

Using the same construction as before, let B be the point 
in which the line PP' intersects the axis of X. 

The required angle will then be 

PBX or PP'R. 
If we put 

f = the required angle, 

we shall haye, by trigonometry, 

RP = P'P sin f = d sin f; 
P'R = P'P cos 6 = d cos e; 
whence, by division, 



tan B = 



P'R 



a; — « 



r* 



^^ 
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The last equation gives tlie required expression for the 
tangent, from which £ muy be found. 

19. The two preceding problems may be more elegantly 
flolved by a single pair of equatione: 



The method of solving these equations ia explained in 
trigonometry. 

20. Problem III, Two points being given iy their co- 
ordinates, it is required to find tJte points in tehich the straight 
line joining them intersects the respective axes of co-ordinates. 

Solution. Let B he the point in which the line inter- 
sects the axis of x, C the point in which it intersects the axis 
of y. 

The point B will then be given by the valne of OB, its 
abscissa, which we denote by x^, and C by the value of OO, 
its ordinate, which we denote byy,. 

In the similar triangles MBP and RP'P we have 

BM:MP = P'R : PP. 

Substituting for the lines their values in terms of the co- 
ordinates, this gives 

KM - '("-"') ■ 



0B= OM- BM=,x 

„ _ ^(.v - y') - p{^ ■ 



yji - If) 
y -s' 



< 



(4) 

The value of OC can be found by a similar construction, 
but wa may also deduce it from OP by the equation 

00 = OB tan e. 

Bnt ia the figure as drawn falls below 0, so that the 
value of 00 just obtained is the negative of the required 
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This 0OK)rilinate bei 



xf ■ 
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ordinate of the point of intersectioQ. 
y„ we shall have 

I y, = — OS tan f = 



The student flhould now note the relation between the 
conditions of tlie geometric and the algebraic eolutiona. 
The problem considered as a geometric one is: 

Two points beirig given in position, to find tha intersection 
of the straight line joining Ihem toith the axes of co-ordinales. 
The problem ts solved geometrically simply by drawing the 
B,Iine. The algebraic requirement is: 

Two points being given by mean* of their co-ordinates, it is 
quired to express the points in which the straight linejotn- 
g them intersects the co-ordinate axes in terms of the respec- 
tive co-ordinates of the given points. 

Tbe algebraic solution is given by the equations (4) and 

SI. The preceding problems illnstrate the following gen- I 
ral principle: 

Whenever one geometric object is determined hy another \ 
wtometric object, the algebraic quantities which define the one 

« be expressed in terms of those quantities which define tha ' 
9ther. 

EXERCISES. 

1. Lay down the four points (1, 1), (1, 2), (3, 3), (2, 1), 
and join each one and that next following bo as to form a 
quadrilateral. What will be the iiatnre of this quadrilateral? 

S. Show that the points (1, 0), (1, 1), (2, 0), (2, 1) Ue 
I at the four yerticea of a square. 

■ 3. Show that each of the following sets of four points 
Bjtre the Tertices of a parallelogi'am : 

■ Set (a): (0, 0), (3, 1), (0, 4), (3, - 3)- J 
B Set (b): (1, 3), (2, 5), {6, 5), (5, 3); 1 

■ Set (c): (1, 1), (2, 4), (5, 5), (4, 2). I 
V 4. Show by a geometric construction, employing the 
Broperties of eimilar triangles, that eac^ ol tiia VL-na?, ^iiv&\o% 
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the following pairs of points i)asaes tlirough the origin of <! 
ordinates: 

{a): a lino joining points {1, 1) and (2, 2); 

(5); a line joining points (1, 2) and (3, 6); 

(c) : a line joining points (1, 3) and (— 1, — 3)j 

(ff): a line joining points {a, b) and (ua, nb). 

5. Show in the same ivaj that each of the following 
lets of points liea in a Btraight line: 

(a): (1,1), (3,3), (3,3); 

(5): (1,0), (3,2), (3,4); 

(c): (-1,0), (0, +2), (l, + 4); 

(,0:(3,-2), (1,-1). (-1,0); 

(e) : (a, b), (« + p, S + q), {a + np, b + nq). 

6. What are the diHtimee and direction (relatively to the 
axis of X) from the point (1, 3) to the point (4, 6)? 

33. Problem IV. To find the area of a triangle, the 
co-ordinates of the vertices being given. 

Reuark. Since the positions of the yerticea completely 
determine the triangle, and therefore determine its ai'ea also, 
it follows fi'om the general principle, § 31, that this area can 
be algehraicallj expressed in terms of the co-ordinates of the 
Tertices, 

Solution. Let P, P' and P" he 
the Tertices, and {x, y), {x', y') and 
(«", y") their respective co-ordi- 
nates. 

Let as put id the area of the 
triangle. We shall then have 

J = area PMM"P" plus a 
M'P'P"M"minu3we3,MM'P'P. " " ^ 

In these three trapezoids we have 
area MPP"M" = i{MF + M"P")MM" 

= i(y + y")(^' 

area M"P"P'M' = i(M"P" + M'P')M"M' 

area MPF'M' = \{M'P' + MP)MM' 

= W + y) {^' - X). 
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Therefore 
2^ = (y + y'O {x" ^x) + (y" + y') (a;' - x'') 

^ , . + (/ + y) (^ - ^), 

or, by reduction, 

2^ = y(a;" - a/) + /{a: - a;") + y'\x' - a;), (6) 

which is the required expression. 

23« To divide a finite line into segments having a given 
ratio. A finite line is defined by the co-ordinates of its two 
terminal points. Let as now consider the problem: 

To find the co-ordinates of the point which divides the finite 
line joining two given points into segments having a given 
ratio. 

Let US put: 

x^y y^y the co-ordinates of one end, A, of the line, 
a?!, y^y the co-ordinates of the other end, B. 
A, //, the given ratio. 

Xy y, the co-ordinates of the required point, P. 
Draw Alf and PQ each 
parallel to the axis of X, and 
PMy BN each parallel to 
the axis of T. Then 

AM:=^x-'X^\ PQ = x^ — x; 
PM=z y - yj BQ = y,- y. 

Since we require that 

AP:PB=:X: M, 
we have the proportion 

= AM : PQ == x — x^: x^ — X 
= PM:BQ=:y -^y^'.y^ - y. 

We hence deduce the equations 

A(ar, - x) = m{x - x,), 

HVi - y) = M{y - yo), 

which give 




\x. 



X = 



which are the required co-ordinates of tlie pova\> oi d\T\s^.^\^* 
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Corollary, If P is to be the middle point of the line, 
ive X = fi, whence 

^. + ^,. „ _ y. + y. ■ 




(8) 



Each co-ordinate of the middle point of a line is half the 
sum of the corresponding co-ordinates of its terminal points. 



EXERCISES. 

1. Express the co-ordinates of the middle point of the line 
terminating in the points (1, 6) and (3, — 4). 

2. One end of a line is at the point (— 3, — 3) and its 
middle point at (1, — 2). Where is the other end? 

3. Find the middle point of that segment of the line join- 
iDgthe points (— 1, 6) and (3, — 2) which is contained be- 
tween the axQS of co-ordinates. Ans. (1, 2). 

4. A line terminating at the points (1, 6) and (3, — 4) is 
to be divided into fonr eqnal segments. Find the co-ordi- 
nates of the three dividing points. 

5. The line joining the points (a, b) and (p, i?) ia to bo 
divided into^we eqaal parts. Ezpress the co-ordinatea of the 
fonr points of division. 

6. What is the distance between the middle points of the 
lines whose respective termini are in the points (1, 7), (— 6, 3) 
and(0, 2), {6, -4)? 

7. What point bisects the line from the origin to the 
middle point of the line terminating at the points (7, — 9) 
and (- 3, - 7)? 

8. Find the co-ordinates of the point which is two thirds 
of the way from the point {a, b) to the point {a', b'). 

9. Prove the theorem that the three medial lines of a tri- 
angle meet in a point two thirds of the way from each vertex 
to the opposite side, as follows: 

Let (a:,, yj, (x„ y,) and (x„ j/J ho the three vertices ^ 
the triangle. 

Espresa the middle point of each side. 

Then express the co-ordioatea of those three points vK 
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are respectively two thirds of the way from the several vertices 
to tlie middle poiuts of the opposite sides, and thas show that 
the three points are coincident. 

10. Prove that the lines joiaing the middle points of the 
opposite sides of a qnodrilaterat and the line joining the 
middle poiuts of the diagonals all hiaect each other. 

To do this, express the co-ordinnteB of tlie middle points of the sides 
and uf the dingoaals, tiud tlieo of tlie middle poiota of the three Joining 
U&ea. aod show that the latter points are the same (or each Joining llDe. 
The very simple proof of tliis theorem which ii thus found affords a 
Striking eiample of the power of the analytic method. 

• Second System : Polar Co-ordinates. 
The position of a point may be defined by ita distance and 
Erection from a fixed point. 

The fixed point is then called the origin. 
The distance of the point from thu origin is called the 
radius vector of the point. 

In plane geometry the direction of a point from the origin 
is fi.wd by the angle which the radins vector makes with on 

I adopted base-line. 
Let OX be the base-line, and P the point; 
any one of the positions P', P", etc. 

OP will then be the radins vector, and the 
will be the required angle. 




P being in 
ingle XOP I 
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We generally put 

r = the radiua vector OP, and 

= the angle XOP, which ie called the vectorial angle. 

The former is always considered positive, being mciisured 
from the origin, 0, in the direction OP. The latter is posi- 
tive when measured in the direction opposite to that in which 
the hands of a watch move, and negative in the opposite di- 
rection, jnst aa in trigonometry. 

34. Problbm, To express the distance ietween (ivo points 
in terms of their polar co-ordinates. 

Let P and Q he the points. 

In the trian gle P Q we have, 
by trigonometry, 

PQ'= r' -t- r" ~ %rr' cos POQ_ 
= 1^ +r"-2rr'cQs(d-e'}, 
6 and 6' being the angles which 
the radii vectores make with the o 
initial or base line; therefore 




PQ^ 



!,■■ + r" 



- 2it' cos (8 - e')r. 



which is the distance required. 



I 



EXERCISES. 

1. Show how a point will be situated when its vectoriiil 
angle ia in the first, second, third and fonrth quadrant re- 
spectively, 

2. It the vectorial angle 6' and radii vectores r and r' are 
constant, while d may vary at pleasure, for what values of 6 
will the distance of the points be the greatest and least possi- 
ble, and what will be the greatest and least dietancesP Show 
the correspondence of the algebniiR answer from equation (9) 
with the obvious answer from the figure. 

3. If r = r' and 6 -^ 6' = 180°, show both geometrically 
and algebraically that distance = 2r cos B. 

i. 1i 6 — d' = 90° or 370°, express the distance of the 
points both by a diagram and by the equation (!1). 
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nsformation of Co-ordinates from One 
System to Another. 

The general problem of the traDsforiiiation of co-ordi- 
nates ifi this: 

Given: 1. The co-ordinates x and y of a point F referred 
to some system of co-ordinates. 

Given : 3. The position of a second system of co-ordinalea 
in relation to the other system. 

Eeqoieed: To express the co-ordinates ofPwhen referred 
to the second system, 

35. Relation of Rectangular and Polar Co-ordinates. 

Let OX, Oy be the rectangular axes, and P the positioa 
of any point. 

lat. We ehall suppose the origin to be taken aa the pole, 
and the axis of abscissas as tho base or initial line; then we 
shall evidently have 

X = r cos 
ind y = r sin 0. 




To express the polar co-ordi- 
lates in terms of the rectangular 
-ordinates, we have from the _ 

iat two equations, by squaring and adding, 

r' = xi' + y% or r = Vx' + y\ 
, by division, tan = — , 

frhich determine r and 6 when x and y are given, 

2d, If the initial or base line 

instead of coinciding with tho 

axis of X makes an angle a with 

it, we shall evidently have, from 

Ijthe £gare, 



« (» + 6) 
a (a + 8), 




• = V'l- + f 



taa (a + 6) = 
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EXERCISES. ^H 

1. In the figure of § 2i, express the area of the triangle 
OPQ in terms of r, r' and — 0'. 

2. If r, r" and r" are the radii vectoreB, and 0, d' and 6" 
the corresponding angles of three points, which we ahall call 
P, I", P", it is required to express the areas, first, of the 
triangles OPP', OP'P" and OPP", and then of PP'P". 

3. The point (3, 3) is the centre of a circle of radius 3, in 
which two diameters, each making angles of 45° with the axes, 
are drawn. Find the polar co-ordinates of the ends of these 
diameters. 

4. The point (a, S) is the centre of a circle of radius P. 
From the centre is drawn n radins making an angle y with 
the axis of X Express the rectangulai* co-ordinates of the 
end of this radius. 

36. Transformation from one rectangular system to 
another. "~ 

Solution. Let us first suppose 
the two systems of co-ordinates par- ' 
allel. Also suppose 
OX, OY the axes of the original 

syBtem; 
(yz*, O'V the axes of the second 

system; 
P the point whose co-ordinates are x and y in the old system. 

Draw 

PJITMW Y0\\ YO', 
PN'NWXOWX'O', 
and put 

I E the absoiBsa of the new origin, 0', referred to the 
old system; 

i = the ordinate of 0'; 

x' = the abaciaaa O'W of P referred to the new system; 

y' = the ordinate M'P of P referred to the new system. 
We then have 





V 




1 


N 




J 








1 







m' 


V 














3 




M 





y' = y ~ b;S 



(10) 
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V eystetn, and I 
e have, by g '> 



: r 8in <p; 

: r Bin^ip — S). 



which are tbe required ezpreBsions for the new co-ordinates in j 
terms of the old onea. 

27. Secondly. Suppose the new axea to make an angle, I 
1$, with the old ones, but to have the same origin. 

Let as put 
r = the radiuB vector OP} 
<p = the angle XOP. 

We ehalL then have 

[ Angle -TOP = ip- 6. 

Putting, as before, 
[ a' and y' for the co-ordinates referred to the n 
1 X and y the co-ordinates of the old system, 
X ■= r COB <p\ 
x' =■ r 008(9) ~ ^ 
I By trigonometry, 

oos(9> — tf ) = COB ip cos tf -{- pin 9) sin S; 
Bin(?) — 5) = ein ip cos S — coa cp ein S. 

Substituting theae yalues in (S) and eliminating r and ^1 
I by (a), we hare 

a* = y Bin (5 + X cos S; ) 

y' = y cos 6 — X sia S;) 
\ which are the required expressions. 

To express the old co-ordinates in terms of the new co- I 
[ ordinateS) we have 

X ^ x' cos S ~ y' sin S; 1 

y = x' tXa S -\- y' cos S. ) 

If we take for S the angle which the new axis of IT makes 
with the old axis of X, tbe new axis of X will make an angle 
B-of S — 90° with the old one. Hence in this case tbe formolsa ' 
lof transformation will be found by writing S — 90° for tf ia ( 
k;{12), which gives 



w 

(4) 



(11) I 



(12) 



x = x' sin 



f -f y' COS S; \ 
aa d -\- y' sin 6,S 



VAN] 
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38. Thirdly. Let the new Bjatem of co-ordinateB ha^ 
any origin and direction whatever, and let ns put, as before^J 
o, 6 = the co-ordiiiatea of the new origin referred to thn 
old system; 

6, the angle which each axis of the new system fori 
with the corresponding axis of the old one- 
Imagine through the new origin 0' an intermediate syBtemJ 
of co-oi-dinates parallel to the old system, and let us put x, audj 
y^ the co-ordinates of P referred to this intermediate system. 
Then, by (10), 



? (11). 



, = y_i 



- a) DOS S; j 

- a) sin (S; ) 



(1*1 



x' ~ y, sin (J -f ^, COB 
y' = )/j cos S — x^ sin 
Whence 

x' = (y — h) sin S -\- (x 
y' ~ {y — i) cos S — {x 
which are the required expressions. 

39. Transformation from rectangular to oblique co-ordi 
nates, the origin remaining the same. 

Let OX, OF be the rectangu- 
lar axes, and OX', OY' the ob- 
lique axes; the angle XOX' = a, 
XOY' = (ff; and let x, y be the 
co-ordinatea of any point P re- 
ferred to the rectangular axes, 
and x', y' the co-ordinates of the 
. same point referred to the oblique 
axes. Then 

x= 0M= 0N-\- M'Q 
= DM' cos XOX' + PW cos XOy 

{Biace XOr'=PM'Q 
= x' COB a -\- y' cos /3, 
and 

y = PM=M'Jf+PQ 

= ow sin XOX' + PM' Bin xoy 

= x' sin a + y' sin /!; 
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vhich are the expressions of the rcctatigular co-ordiuates iai 
terms of the oblique onea. If we express the oblique co-or-r 
dinates in terms of the rectangular ones, we shall have 

_ a: sin y? — y COB /3 , _ y cob g- — 3: ain a 



Of Loci. 

30. The Srat fundamental principle of Analytic Gconi-4 
[ etry, as developed in what precedes, may be expressed thus; 

Having chosen a system of co-ordinates, then 

To every pair of values of the co-ordinates corresponds ont 4 
I definite point in the plane. 

Let us now suppose that, instead of the co-ordinates being 
given, only an equation of condition between them is given. 
Theu we may assign any value we please to one co-ordinate, 
and find a corresponding value of the other. To every such 
pair of corresponding values will correspond a definite point. 
Since these pairs of values may be as numerous as we please, 
we conclude: 

A pair of co-ordinates subjected to a single equation of A 
eondilion may belong to a series of points unlimited in num~ J 
r. 

If one co-ordinate varies continuously and uniformly, the 1 
other will vary accordiug to some regular law. From this | 
follows: 

The points whose co-ordinates satisfy an equation of con- I 
I dition all lie on one or more lines, straight or curved. 

Def. A line, or system of lines, the co-ordinates of every 1 
point of which satisfy an equation of condition is called the I 
locuB of that equation. 

31. Problem. To draw the locus of agiven equation. 
Solution. 1. By means of the equation express one e 

, ordinate, no matter which, iu terms of the second. 

2, Assign to this second co-ordinate a series of values, at^ 
1 pleasure, di£oring not much from each ot\iQi. 
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3. Find eacli corresponding value of the other co-ordinal 

4. Lay down the point correapondiug to each pair of valai 
thus found, and join all the points hy a continuoua line. 

5. This line will be the required locus. 
Example 1, Construct the locua of the equation 

IGy = z* — X — 4. 
Assigning to x yaluea from — 10 to -J- 10, differing I 
two units, we have 



Laying down the positions of these eleven points corr 
sponding to these pairs of co-ordinates, we find them to be a 
in the annexed diagram. 





SxAHTLE 2. Oonstmct the locus of the equatiot 
(y - 5)' ■\-{x- 12)' = 100. 

From this quadratic equation we obtain for the value of y^ 

in terms of x. 



ff = 5 ± 4^100 — {x — 12)*. 

The following conclusions follow from this equation: 

1. For every value we assign to x there will be two valuei 

, of y, the one corresponding to the positive, the other to thi 
negative value of the sum. To form the locus we must \vf\ 

, down both of these values. 



v-vauIsrAT. 



vss^'SSii tact'^' 



%. If tie T&Ine of {x — 12)' exceeds 100, which will be th« 
case when a; < 3 or a: > 23, the quantity under the radical 
sign will be negative, and the vaUie of »/ will be imaginiiiy. 
This shows that tiiere is no valne of y, and therefore no point 
of the curve, except when x is contained between the limits 

2 < a; < 23. 

We now find the following seta of corrosponding values of I 
X and v: 



1 

th»^H 
cal ^^ 



Laying down these points upon a diagram, we shall find J 
them to fall as in the annexed figure. 




EXERCISES. 



Oonstmct the loci of the following eqnationa to r 
lar co-ordinates: 

1. y = 3i' — a: — 10. 



COB X. 



3. Sr = 

Note. In the lost two exercises ive sboulij, in rigor, adopt the unit 
ndiua, 67° 18", as the uoit of x. But a. more coDvenieot and equally 
good course will be lo take 60° as the unit, and let it correspond to ooe 
locb on the pitper. Lay oS a acale of Bizths of an inch on the axis of £, 
and let the successive points, one sixth ol B.uinc^s.^tX..'^^'' A^" >^'* 
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30° 860*. At each point erect, ss an ordinate, the c 

Bponding value of Itie Tiatumi sine or cosine, and draw tlie curve Uironi 
the extremities. The curve is called the earve of timt. 

We need not stop at 860°. but may conlinue ou iDdeflnitely. The 
e will be a wave-line, Uie parts of which continually repeal them- 



r + i. 



^B aelTBfl. 

^H Note. The object of the above exercises is to give the student a 

^P clear practical idea of the relation between an equation and its locus. 

He Hbould perform as many of lliem as are necessary for this purpose. 

It 13 in tbeory indifferent wliiit ecale of uoits of lengtb is used, but in 

practice a scale either of niillimetrea or tenths of an inch will be found 

most convenient. 



5. J =331 + 1. 




6.0!= if - 3. 




7. 5x = y* — 5y - 


-5. 


8. 10a: = y' -Is - 


-10. 


9.y' =^. 




10. y =tmx. 





= sec X. 



-I 



I 



^ wiUbfi 



33. InlersecHons of Loci. Consider tbe followiEg prof 
lem: '_ 

To find the point or points of intersection of two loci given 
iy their equations. 

Solution. Since the points in qaestion are common to 
hoih loci, their co-ordinatea muBt siitisfy ioth equations. 
Hence we have to find those values of the co-ordinatea which 
satiafy both equations. This is done by solving the eqnationa 
algebraically, regarding the co-ordinatea as unknown quanti- 
tdee. 

If the eqnationa are each of the first degree, there will 
be but one pair of values of the co-ordinates, and therefore 
but one point of intersection. 

If the equations are one or both of the second or any 
higher degree, there may be several roots, in which case th^ 
will be one point for each pair of roots. The curves will tl 
have several points of intersection. 




» 



=i./i: 



If the roots are one or both imaginary, the loci will not ] 
intersect at all. This is expressed by calliug the points of j 
intevaection imaginary. 

Example. To find the point in which the loci whose ] 
equations are 

y' + 2a:' = 16i 
and y —2x — 3 

intersect each other. 

We haye here a pair of simultaneons equations, one of 
■which is a quadratic. Sabetituting in the first the value of y 
fiom the eecoud, we have the quadratic equation in z, 

Gx' " 123; = 155. 

The BolatioD of this equation gives 

: + 6.18 or —4.18. 

The corresponding values of y are 

y = 9.36 or - 11.36. 

We have in this theory a correspondence between the 
lobilily of a point in space and the variabilily of an alge- 
}rBic quantity, which is at the basis of Analytic Geometry. 
{l^at is: 

To the unlimiled variahilily of the co-ordinates x and y 
corresponds the viobiliiy of a point to all parts of a plane. 

To the limited variability of co-ordinates subjected to one 
equation of condition oorresponda the limited mobility of a 
point confined to a straight or curve line, hut at liberty to 
move anywhere along that line. 

To the constancy of co-ordinates required to satisfy two 
equations corresponds the immoiility of a point required to 
be on two lines at once, that is, confined to the intersections 
of two lines. 

It must always be understood that liberty to occupy any 
^e of several points, as when the curves have sevetul ^qvqSa ' 
f intersection, is not mobility. 
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EXERCISES. 



rind the pointa of interBeetion of the following loci: 
1.5 + 1=1 and 1-^^ = 2. 



■ a;' + y' ^= 3 *id 

.|'+f=i »d 

, y* = ^ax and x 



s' + y 



= L 
. 6 



Do the following loci intersect? — 
5. Sa:" — y' = — 4 and a* + j 



V3 



= 3 t^ and 9.£' + 35y' = 2 



Note. The speciiil valiiea of the co-ordinates found from the above 
exercises are conataats, the relation of which to the variables may be 
eiplained by tliinlciDg thus: Tlie co-ordinates are affected by a love of 
liberty which prompts them to take alt paasil>1e values so long as we, 
their maatera, do not subject them to any condition. 

If wB require them to satisfy an equation, they obey us, but exercise 
their liberty by assuming all values consistent with Itaat equation. 

If we require them also to satisfy a second equation, we deprive them 
of all liberty of variation, and chain them down to the special values 
which satisfy both equations. « 

Again, if we put I 

P=aT^hy~^c. 
then, so long as we require the co-ordinates to satisfy the equation 
P= 0, P retains this zero value. But if we rub out the = 0, and leave 
only the symbol P without any equation, the co-ordinates instantly re- 
sume their liberty, and, by varying, make P take all values whatever. 



CHAPTER III. 
THE STRAIGHT LINE. 



■ SEOTioif I. Blementaet Theobt of thb Steaiqht ' 
Line. 



I 
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The Equation of a Straight Line. 

33. Problem, To find the equation of a straight line. 

In order that the equation of any locus may be found, the 
locusmnBtbeaodescribedthatthe position of each of its points 
can be determined. Hence, to &nd the equation of a straight 
line, we muEt euppose the il'ita which determine the aituation 
of the line to be ^yen. This may be done in various ways, 
of which the following are esamplea: 

I. A line is completely deter- 
mined if the point in which it 
intersects tlie axis of X, and the 
angle which it makes with that 
axis, are given. Let us then 
auppoae given: 

The abscissa OB = a ot the 
point R in which the line inter- 
sects the axis of X; 

The angle £ which the line makes with that axis. 

To find the equation, let P be any point whatever on the I 
line. From P drop the perpendicular PM upon the axis of 1 
X. If we then put 

X, y, the co-ordinates of P, 
we shall have 
MP = y = EM tans = (OM ~ OR>tan e = t^x — a^\a!0-»d^ 




Hence, putting m = 




LTTTO QBOliXTBY. 



, we htive 
J, = m(i - »). " M 

Because P may be any point whatever on the line, this equa- 
tion must subsist between the co-ordinates ol every point of 
the line; it is therefore the equation of the line. 

Def. The slope of a line is the tangent of the angle which 
it forms with the axis of abscisi^afi. 

H. Let the slope mof the line, and the ordinate h of the 
point in which the line cuts the 
axia of T, be given. 

Using the same notation aa be- 
fore, we readily find 

MF =xianE-\-b, 
or y = nix -f- 5; (2) 

which last is the required equation. 

III. Let the points A and B in which the line interaecta 
tlie axes of co-ordinates he given. Let us then put 

a = the abscissa OA of the 
point A in which the line inter-\ 
sects the axis of X; 

S = the ordinate of the point 
B in which it intersects the axis 

of r. 

Then, if P be any point on 
the line, the aimilar triangles 
BOA and PMA give the pro- 
portion 

l:a = PM : MA = y: 
Wb hence derive 

ay = b{a — z); 



that ie. 



bx + ay = 




Def. The lengths OA and OB from the origin to the 
points in which the line cnts the co-ordinato axes are called 
the Intercepts of the line upon the respective axes. 
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EXERCISES. 

1. Write the equations of lines passing through the origin i 
J and making the angles of 45°, 30", 120", 135°, 150° and e, i 
I Tespectively, with the axis of X. 

2. If the intercept of a line on the axis of X is a, and if I 
s tlie angle which it makes with tha.t axis, oxpreea its inter- 1 

[ cept on the axis of I'. 

3. Write the equation of the line whose intercept on the J 
I.Bxis of }'= 5 and which makes an angle of 30" with the ] 
I axis of X. 

4. Form the equation of the line whose intercept on the I 
' axis of X is d and which makes an angle of 45° with tliat | 
I axis. 

5. Show geometrically that the inverae eqnare of the per- I 
pendicnlar from the origin npon a line ia eqnal to the sum of \ 
the inverse squares of its intercepts on the axes. 

NOTB. The inverse aquare of a is 1 -»- o', 

6. Express the tangents of the angles which a line makes I 
with the co-ordinate axes in terms of its intercepts upon those J 
axes, and explain the algehraic sign of the tangent. 

7. Two lines have the common intercept a npon the axis ^ 
of X; the difference of their elopes is unity; and the sara of 1 
their intercepts upon the axis of l^is c. Find the separate 
intercepts upon y, and show that the equations of the two lines 



are 



and 



:; + 



JL. 



a c — a a c -\- a 

: What ia the relation of the two lines, 

y = 7nx + b + c? 
, What are the relations of the series of lines. 



y = mx+b, 
y = mx -\- Si, 
y = mx -\- 36, 
etc. eto. 2 
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10. What is the relation of the two Hues, 






Especially show where tliey intersect, the relation of the 
angles they form with the axis, and the angle they form with 
each other in teiins of f = ai-e tan m. 

34. The equations (1), (2) and (3) are examples of the 
numerouB forms which the equation of a right line may 
aaaame. We have now to generalize these forms. 

Def. An equation of the first degree between two 
variables, z and y, means any eqnaLiou which can be reduced 
to the form 

Ax + By -\- C =0, (4) 

A, B and C being any constant qnantities whatever. 

Theobem. Every equation of the first degree between n 
angular co-ordinates represents a straight line. 

Proof, The equation (4) may be reduced to the form 

Since the tangent of a varying angle takes all values, we 
can always find an angle, ^ e, whose tangent shall be — ^. 
On the aiis of X measure a distance — --j = a. 

Tiien, by (1), the locus of (5) will be the line which inter- 
eects the axis of X at the point x = a and makes an angle a 
with the axis of X, Since such a line is always possible, the 
theorem is proved. 

Scholium, The result of the above theorem may b 
pressed as follows: 

T}ie locus of the equation 

Ax->t-By^-C=0 
i» that straight line which intersects the axis of X at the 
distance — -j from the origin and makes with that axis t 
angle whose tangent is — j. 
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35. Reduction of the General Equation. Any p&ir of 
yalues of x and y which satisfy the equation 

Ax + By+ (7=0 
must also make 

m{Ax + By+C) = 0; 

that is, 

{mA) X + {mB)y + mC = 0. 

Hence^ since m may be any quantity whatever. 

If we multiply or divide all the coefficients, A, B and (7, 
which enter into the general equation, by the same factor or 
divisor, the line represented by the equation will not be altered. 

Example. The equations 

y — 2a; + 1 = 0, 
2y— 4r + 2 = 0, 
6y-10x + 5 = 0, 

all represent the same line, because they all give the same 
yalue of y in terms of x, namely, 

y = 2a; — 1. 

The same result may be expressed in the form: 

The line represented by the equation (4) depends only on 

the mutual ratios of the coefficients A, B and C, and not 

upon their absolute values.* 

36. From this it follows that special forms of the general 
equation may be obtained by multiplying or dividing it by any 
quantity. 

I. First Form. By dividing by B we obtain 

or ^ G 



* This introduction of more quantities than are really necessary for 
the expression of a result is quite frequent in Mechanics and Geometry. 
It has the advantage of enabling us to assign such values to the super- 
fluous quantities as will reduce the expression to \\i& tuq^Xi ^QT^^\2^fo\^ 
form. 
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whicft becomes identical with the form (2) by putting 

11. Second Form. By diyiding by C the general eqnation 
becomes 

^« + §y + i = o, (8) 

or A B ^ ... 

which becomes identical with (3) by putting 

in. jTfef rrf or Normal Form. Let us divide by VA*'^- B*. 
The equation will then become 

A p n 

x+ , v+ , =0. (10) 

VA' + B' VA'+ B'^ VA'+B* ^ ^ 

If we now determine an angle a by the equation 

B 

sm a = =, 

VA' + B' 
we shall haye 

cos a = Vl — sin'a = r, (11) 

Let us also put, for brevity, 





-P = 



VA' + B* 

The general equation of the line will then become 

a; cos a + y sin Of — jt? = 0, (18) 

which is called the Normal form of the equation of a 
straight line. 
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EXERCISES. 



Express each of the following equations in the forms (2), 
(3) and (10): 

1. 3aj + 4y + 16 = 0. 2. 4a; + 3y - 15 = 0. 
3. 12» — 5y — 13 = 0. 4. a? — 2y + 6 = 0. 
5. a;+y+c=0. 6. »— y— c=0. 

37. Relation of the General Equation to its Special Forms. 
The forms (1)^ (2) and (3) are examples of numerons special 
forms nnder which the equation of a straight line may be 
written. The general form is not to be regarded as a distinct 
form^ but as a form which may be made to express all others 
by assigning proper values to the constants A, B and G. 
For example: 

The form (1) is equivalent to 

y — mx + ma = 0, 
which is what the general form becomes when we put 

-4 = — m, 

(7= am. 

In the same way, to reduce the general form to (2), we 

haye only to put 

A=. — my 

C = -b. 
To redace it to (3) we pnt 

0=1. 

Again^ the normal form is one expressed by the general 
form when we suppose 

A = cos a, 
5 = sin Of, 
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We may also saj that the normal form is one 
-4* + ^ = 1. 

38. Since all forms of the equation of a straight line are 
special coBea of the general form, we conclude: 

If we demotisirate any theorem by means of the general 
form of the equation of a straight line, that demonstration will 
include all the special forms. 

39. Def. The constants A, B and C which enter into 
the equation of a straight line iire called its parameters. 

The parameters determine the situation of a line as co- 
ordinates do the position of a point. 

Only two parameters are really neeessaiy to determine the 
line, but there is often a conTenieuce in using three, as in the 
general form. 

A line is completely determined when its parameters are 
given. Instead of saying, 

" The lino whose equation if, Ax -\- By -\- C — 0, 
we may say, 

"The line (^l,fi, C)." 

40. Special Cases of Straight Lines. 

I. If, in the general eqnation of the straight line. 

Ax + By + C = 0, 

the coefficients A and B are 
of opposite signs, x must in- 
crease with y, the line makes 
an acute angle with the axis of 
X, and its positive direction isQ-^ 
in the first or third quadrant. 
QJi is such aline. 

II. If A and B are of the 
B:ime sign, one co-ordinate diminishes aa the other incre 
the line makes an obtuse angle with the axis of X, i 
positive direction is in the second or foarth quadrant, 

PS IB such a line. 




I 
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III. If A vaniBhcs, tlio equation may be reduced to J 

y = — 7j — ^ constant, J 

while X may have any value whatever, 1 

The line ia then parallel to the axis of Xand at the dia-l 

tanoe — ^ from it. 

IV. In the same way, the equation of a line parallel to 
the axis ot Yia I 

I X = a constant, i 

the constant being the distHDce of the line from the axis of Y. 

V. If this constant itself vanishes, the line will coincide 
with the axis of Y. Keuce the equation of the axis of y is 

3; = 0. 

VI. In the same way, the equation of the axis of x is 
y = 0. 



I 



EXERCISES. 

1. At what point does the line 

as; + c = 
cut the axis of X? 

3. Write the equation of a line perpetidieular to the axis "' 
of X and cutting ofE an intercept, 5, from that axis. 

3. What are the relations of the four lines. 



y '=0; y = ~ b; 
and what figure do they form? 

41, Special Problems co?tnecled ivith the General Equa- ] 
tion of a Straight Line. 

I. To fiiid the intercepts of the general straight line upon I 
the co-ordinate axes. 

By definition, the intercept upon the axisof Xisthe valuel 
of X when y = 0. Putting y = in the general equation, ifc J 
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Hence, if we put a for the intei-eept upon the axis of 2 
we have 

C 

In the same way, we find for the intercept on Y, which ti 
calU, 

IL To find the angle which a line maies with the axis ofX, I 
We have already shown {§ 34) that 



We can now find the sine and cosine of e by trigonometr 
tormulee, as follows: 

tan £ A 



Vi + tan'« 
1 




VI + tan'e ^ VA' + B'' 

III. To express the perpendicular distance ofapointfromM 
a given line. 

Let x' and g' be the co-ordinates of the point, and 
Ax+ Bg + C=:0 
the equation of the line. 

Since the position of the point is completely determine^l 
by its CD-ordinatee, and the hne 
by its parameters, A, B, C, the 
required distance admits of being 
expressed in terms of x', y'. A, 
B and C. 

Let P be the point, LN the 
line, and PQ the perpendicular 
from the point on the line; and 
let the ordinate PM o( the point 
intersect the line iu R. We shall 
then liave ^ 

PQ~ PRcoB e. (rtVJ 
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Notv if la a point OD the line whoso absciGsa is the same as 
that of P, Damely, l'; and if we put KM = y^ = the ordi- 
nate of R, we mnst have, since R is on the line, 
A^ + By, + C = a, 

... . Ai' +C 

which t ■■ — 



h gives 
Then PS 



!/, = -- 
-- PM - MM = 



Ji 



-y, 



_ A^ + Bg'A 



-TT"''- £- 

Substituting in («) this value of FB and the value of cos e 
from (13), we have 



PQ-- 



VA' + B^ 



Since the co-ordinateB of the origin a 
re haye 



= and 



(14) 
' = 0. 

(15)1 



■which givea the perpendicular from the origin on the line. 

EXERCISES. 

Find, for each of tlie lines represented by the following 
I equations, — 

The angle which it makes with the asis of X; 

Its intercepts upon the axes; 

Its distance from the point {4, 3); 

Its least distance from the origin; 

The length of that portion intercepted between the axes. 

1. 3« + iy + 10 = 0. 2. 3a; + 4!/ - 10 = 0. 

3. 5a: — 12y + 26 = 0. 4. x + p = 0. 

6. 4a: — 3y — 5 = 0. 6. a: — y = 0. 

7. a: cos « + y sin H — ^ = 0. 8. - + 1 ^1. 
9. Find the length of the perpendicular from the point, 

1(0, b) on the line — j- -■ = 1, and show that it is e(}iial fca'-l 
^e negatiye distance of the line from t\AQ on^^'Ci. 
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10. Find the points on the axis of X whicli are at a per- I 
peBdicnlsr distance a from the line — ^h'~^' 

43. Direct Derivation of the Normal Form. This form J 
may be derived as follows: 
From the origin drop the per- 
pendicular OM upon the line^ 
whose equation is required. 
Let P be any point of the 
line, and 

X = ON, tho abaciasa of P; 

y = NP, its ordinate; 

a E angle NOMoi the per- 
pendicular with the axis of X; 

P= OM. 

From Wdraw NQ parallel to the line, and PR parallel to J 
OM. Then 

OQ = ON COS a = xms a; 
QM = NP sin a = y ein a; 
OQ + QM = p = xooaa + ysm a. 




Hence 



X COS tx -\- y sin a - 



which is tho normal form of the equation. 

We honco conclude; 

In the normal form the parameters p and a are respectively I 

the perpendicular from the origin upon tke line, and the angU^l 

' which this perpendicular makes with (he axis of X. 

43. Distance! from a Line in the Normal Form. In this. I 
form A' -\- B' = 1. Hynce tho distance of the point whoM:l 
oo-ordiuatOB are x' imd y' from the line is 
x' cos a -\- y' e,m a — p 

I Uie Bame function which, eqnated to xero, represents tho Iine,l 
L Honco the theorem: 

If, in the expression x cos a -\- y sin a — p, wa suhtittii$m 
Jhr z and y the co-ordinates of any point whatever, the exprm^ 



stow tviU represent the distance of thai point from the line V)1u 
equation is x cos a -\- y siti a — p = 0. 

By supposing x' and y' zero, we find the distance of thej 
origin from the line to be — p. Since ^ itself liaa been taken I 
as essentially poaitive, wo conclude: 

I7ie expression for the distance of a point from the 
, ike normal form is negative when the point is on the same sidf^ 
as the origin, and positive on the opposite side. 

This agrees with the convention that the direction /row 1 
the origin to the line shall be positive. 



EXERCISES. 

1. Whiit is the relation of the two lines 

X cos 30° 4- y sin 30° -- ;i = 
and X COS 210° + y sin 310° ~ p = 0? 

3. Draw approximately by the eye and hand the liaefl 
represented by the following equations: 

X cos 30° + y sin 30° — 5 = 0. 
Z cos 60° + y ain 36° — 5 = 0. 
X cos 120° + jf aiu 120° — 5 = 0. 
X coa 210° + y sin 240° — 5 = 0. 

Lines Determined by Given Conditions. 

When a line is required to fulfil certiiin conditions, those J 
conditions must be expressed algebraically by equations of con- 
dition involving the parameters of the line. The values of the 
parameters are to be eliminated from the equation of the line 
by means of these equations of condition. 

Since two conditions determine a line, it will be convenient J 
r to employ a general form of the equation of the lino in whicls] 
I only two parameters appear. Such a form is 

ij = mx + b. ((i)| 

44. To find the equation of a line which shall pass througM 

I a given point and make a given angle with the axis of X 

Let {x', y') = the given point, and 

s = the given angle. 
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One oqaation of condition is then 
m = tan e, 
I irbicli determines the parameterm. This gives, for the eqna- 
I tion of the line, 

y = X tan e -\- b. (6) 

The condition that the line shall pass through the point i 

I (=''. y') is 

y' = mx' + I 

To eliminate 5, we anbtract this eqnation from (6) after J 
. substituting the value of m. This gives 

y — y' = tan c (a: — a;'), 

■which is the required equation of the line passing throngh the. 1 
point {x'j y') and making an angle f with the ads of X. If I 
we write m for tan f, it becomes 

^ y ~ y' = m(x - x'), (e) ] 

K«r mx - y - mx' + y' = " 

F which, compared with the general form 
I Ax + £y+ C=0, 

m giv 



S = -1; = - mx' + y'. 



45. To find the equation of a line passing through ttoo 
given points. 

Let {x^f y,) and (x„ y,) be the two given points. 
To determine the param- 
eters m and S, we have the 
1 eonditiona 



y, = mx^ + i, I 
which give, by subtraction, 



(d) 



i whence m = - 



T 




/ 
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SubtractiBg the flrat equation of (d) from (a), we have 
y - y, = m{x - x,), 
and sabstitnting the value of m gives 

- >'■ = !^^'}' - "■'• '''> I 

: 'Which la the reqnired equation in which the parameters m and 
i are replaced by the co-ordinates of the given points. 

To reduce the equation to the general form, we have, by 
clearing of denominators, 

-^ = y. - y,; i 

£=x,-x,; I (17) ] 

c = y,(«, - a^,) - 3^,(y.- y.) = ^.y. - ■'^.yv ' 

Rbhase. Host of the special forms of liie t^tjuaiioii ulraady given 1 
arc caaes in nhicii the line is dctenaioed b; given conditions. F 
eiample: 

Id tlie form (1) (g 33) tlie given quantities are tlie slope and the iut 
cept on tlie niis of X 

la Ihe form (S) tbcy are the slope nod the intercept on the bjeib of T. | 

la the form (3) Ihej are the two intercepts. 

In the Normal form they are the length of the perpendicular froai i 
the origin upon the line, and the inclination of the perpendicular to I 
the axis of X. 

EXERCISES. 

1. Write the equation of a line passing through the pointy 
(—1, 2) and making an angle of 135° with the axis of X. 

2. Write the equation of a line passing through the point 
(4, —1) and making an angle of 30° with the axis of X; find 
the intercepts which it cuts off from the axes, and the ratios 
of these intercepts to the length of the line included between 
the axes. 

3. Find the equation of the line passing through the points | 
(3, 4) and (3, —3), and find its intercepts on the axes, the angle I 
which it makes with the axis of X, and its distance from the I 
origin. 

4. Find the equation of the line making an angle of ISO* 
with the axis of X and passing at a perpendv^uW ivAaiosyi t 
from the origin. 
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5. Find the equa^,on of ihe line passing through the po 
(1, 5} and intercepting a length 3 on the axis of Y. 

6. Fiixi the equation of tlie line pusaing through the po 
(5, — 1) and intercepting a, length — 3 on the axis of T. 

7- Write the eqaationa of lines paeaing through the three ■ 
following pairs of points: 

I. The points (a, i) and (a, - fi). 
n. The points (— a, b) and {a, b). 
m. The points (a, b) and (- a, — b). 

8. What is the distance from the point (1, 5) to the linftj 
joining the points (— 3, 3) and (1, C)? Ans. r 

9. If the Tertiees of a triangle are at the points (1, 3),-fl 
(3, — 5) and (— 1, — 3), write the equations of the threeHj 
sides in the general form, and find the distance at which each J 
side passea from the origin, 

10. Write the equations of the three medial lines of this J 
last trisDgle. 

Note. A medial line of a triangle is Ibe line from either vertex to J 
tbe middle of the opposite Bide, 

11. Given the co-ordinates of the vertices of a triangle,! 
find the equations of the lines which Join the middle points 
of any two sides, and show tliat these joining lines are parallel 
to the aides of the triangle. 

12. Find the equations of the three sides of the triangle 
whose vertices are at the points {a, b), («', b') and a", b"). 
Then find the product of the length of each side into its dis- 
tance from the opposite vertex, and show that eacli of these 
products is equal to the double area of the triangle. 

First write the general equation oE each side, using the form (17%B 
Then note tlje relation hetween each value of Va' + B' ami the corre.] 
Bponding sido of tbe triangle. Then form the products and noti 

13. Show analytically that if a series of parallel lines arew 
equidistant, they contain between them equal segments of the | 
axes of co-ordinates. 24otc that the values of ^ for such line! 
are in arithmetical progi-easion. 
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Relation of Two Lines. 

46* Problem. To express the angle between two lines in 
terms of the parameters of the lines. 
Let the lines be 

and A'x + B'y+ (7'= 0. ) ^ ' 

The angle between them will be the difference of the angles 
which they make with the axis of X; that is^ using the pre- 
vious notation, it will be f — fi'. 

The expression for the tangent of « — «' will be the 
simplest? We haye, by trigonometry, 

. , ,. tan f — tan e' ,^ o. 

Substituting the values of tan e and tan ^ found from 
(13), this equation becomes, by reduction. 

Or, if we put, as before, 

m = tan «, m' = tan «', 
the expression will be 

tan (€ -. O = f " "^V (20) 

^ ' 1 + mm' ^ ' 

Either of the forms (18), (19) and (20) is a solution of the 
problem. 

47* The following are special cases of the preceding 
general problem: 

I. To find the condition that two lines shall he parallel. 
This condition requires that we have 

f - €' = 0° or 180^; 
that is, 

tan (fi — €') =; 0. 
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Hence, from (19), the reqnired condition ii 
A'B - AB' = 0, -1 

^_±\ (31) 1 

B'~B'\ 

II. To find the condition that two lines shall be perpen- ' 
dicular to each other. 

The lines will be perpendicular when 
c - e' = ± 90". 

' tan {.-.')=«>. 

In order that the second members of either of the equa- 
tions (19) or (30) may become infinite, its denominator mast 
be zero. Hence we must hare * 

AA' + BB' = 0, ) 



(33) , 



tan f tan e' 
■which are three equivalent forms. 



EXERCISES. 

Write the equations of tlie lines passiug through the origin J 
and perpendicular to each of the following lines: 

1. aa: + 5y + c = 0. Ans. bx — ay = 0. 

%. y = mx-\-b. 3. a{x + y) - b{x - y) = 0. | 

i. x + ny = c. 5. {x - x.) = m{y ~ yj. 

S, Write the equation of the line passing through the point ' 
(a, b) and perpendicnlar to the line 

Ax '\- By -\- G = Q. 

7. Write the equation of the line through the point (a, b) I 
parallel to the line 

Ax + By-^C=Q. 

8. Express the tangent, sine and cosine of the angle j 
^ between the lines 

ax -\- by -\- c =: Q; 
oa: - 6y + c = 0. 
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9. Write the equations of two lines ptisGing through I 
Korigin, and each makiog an angle of 45° with the line 

ax -\- iy ■{■ e = 0. 

Ans. (a-^ b)x — {a ~ i) y — % 
and (o - i) a: + (a + 6) ff = 0. 

10. Oompute the interior angles of the triangle the eqaa- 1 
\ tions of whose sides are 

a; - 8y + 7 = 0; 
a; + y - 3 = 0; 
x-\-Zy =0. 

11. If the co-ordinatea of the three vertices of a triangle 
are (3, 5), (3, — 3), (4, — 1), it is required to find the equa- 
tions of the three perpendiculars from the vertices upon the 

■ opposite sides. 
12. Find the equations of the perpendicular bisectors of l 
the sides of the same triangle. 
13. Show that the lines joining the middle points of the I 
eoDsecutivB sides of a quadrilateral form a parallelogi-ac 
Tg do this assume symbols for Itie co-ordinates <A the four v 
then express the middle points of the Bides by §23, and llipn the equa- t 
tions of Uie joioiDg lines by § 4S, and sbow that opposite lines a 
parallel, 

14. Find the condition that the lines 

»X cos a -^ y &\a a — p = and a: sin yS — y cos j6 — j 
may be parallel. 
15. If two lines intersect each other at right angles, and if 
a and b be the intercepts of the one line, and a' and b' of the 
other, it is required to show: 

(«) That of the four quantities, a, h, a', ¥, either three 
will be positive and one negative, or three negative and one i 
positive. 
^^ {p) That these qnantities satisfy the condition 
^ft aa' -f ib' = 0. 

^^H 16. What is the rectangular equation of the line whose J 
^^^bwlar equation is 
^B J- = 4co8i9 + 3 8in6? 
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17. Find the area of the triangle formed by the atraighta 
lines 

y = a; tan 75°, y = x, j = a; tan 30° -|- 3. 

18. Btiduce 3r eos — 3r sin = 7 to the form 

r cos (8 — a) = f, 
and find the values of a and^, 

19. Show that if 5" — a' = 1, the lines 
a; + (a + ft)y + c = and (a + l)x + (o= - J')i/ + li = J 
are perpendicular to each other. 

30. Show that when the axea are oblique, the ratio k ; J J 
of tho two co-ordiuateB of a point is equal to the ratio 
Dist. from axis of Y : Diat. from axis of X. 

SI. Show that the lines a: + y = a and x — y =■ a 
at riglifc angles, whatever be the axes. 

23. Show that the locua of a point equidistant from two | 
straight lines is the bisector of tho angle they form. 

48. To find the point of intersection of two lines givvn^ 
iy their equations. 

As already shown, the co-ordinates of the point of inter-^ 
section are those values of x arid y which satisfy both equationa^ J 
(§ 33). If the given eqaiitions are 

Ax -\- By -^^ C = % 
A'x-\-B'y-\-C' = 0, 
we find, for the values ot the co-ordlnateB, 
BC - B'O 



' AB' 



■A'B' 
AC 



^~ AB' -A'B' 
which are the required co-ordinates of the point of interseO"! 
tiou. 

Bbuabk. The preceding result affords another way of I 

deducing the coliilition of parallelism by tho condition that twniH 

lines are parallel when their point of intersection recedes tofl 

- infinity. Let the student fiud this as on ezeicise. 
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49* To find the condition that three straight lines shall 
intersect in a point. 

The required condition must be expressed in the form of 
an equation of condition between the nine parameters of the 
three lines. Let the equations of the lines be 

ax + Jy +c =0; 
a'x + Vy +c' =0; 
a''x + V'y + c" = 0. 

If the three lines intersect in a pointy there must be one 
pair of values of x and y which satisfy all three equations. 
By the last section we have^ for the co-ordinate y of the point 
of intersection of the first two lines, 

_ a'c — ac* 

and of the last two, 

_ a"c' - a'c" 

^ "■ a'b" - a"V' 

If the three lines intersect in a point, these values of y 

must be equal. Equating them and reducing, we find 

c{a'V' - a"V) + (f{a''l - aV) + c"{aV — a'b) = 0, 

which is the required equation of condition. 

EXERCISES. 

1. Given the three lines 

aj + 2y + 4 = 0, 
2a; — y — 7 = 0, 
dx-\- y + c = 0, 

it is required to determine the constant c so that the lines 
shall intersect in a point, and to find the point of intersection. 

Ans. (J = — 3. 

Point = (2, - 3). 

2. Express the condition that the three lines 

y = mx + (^9 
y = m'x + c', 
y = m"» + c", 
shall intersect in a point. 
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3. Find the point of intersection of the two lines 

y = mx + c, 
y = m'x — c. 

4. Prove algebraically that if two lines are each parallel t 
a third, they are parallel to each other. 

Note. We do thia by sboning that from the equations 
at/ -o'S =0. 
oi" - a"b = 0, 
I foHowi 

a'V - a"V = 0. 

5. If the equations of the foor sides of a parallelogra 
■e 

y = 7>ix + e, 

y = m'x — c, 

y = mx + c', 

y = m'x — c', 

it is required to find the co-ordinatee of its foar Terttcea and 
the equations of its diagonals. 

Ant., inpart. Equations of diagonals: 

^ ^ c-^o' 

6. What relation nmst exist among a, a', m and m' thi^ I 
the lines 



may intersect on the axis of X? 



Ans. a'm + am' = 



50. Transformation to Nets Axes of Co-ordinates. 

By the formnlEB of % 25, the eqnation of a line referred tol 
one system of co-ordinates may be changed to another system J 
by an algebraic substitntion. 

To make the change it is neoeaeary to express the oo«J 
ordinatea of the original flystem in terms of those of the neT"| 
system, and to substitute the expressions thus found in t 
eyaation ol the locus. 
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Example I. Let , 

Ax + By+C = (fl) J 

I Ik) the equation of a line referred to 
f the ayatem (X, V). 

Let it be required to refer the line 
to a system {JC, Y*) parallel to the 
firat and having the origin 0' ut the ■ 
point (a, b). 

By §36, the expressions for the original co-ordinates in 
terms of the new ouea will be 

x = z' + a; 
y=y' + b. 
Snbstitating these Talues in the equation (a), wo find for 
the eqnatioa of the line, in terms of the now co-ordinates, 
Ax' + By' +Aa + B5 + C = 0. 



urdinates remain na- 



The coefficients A and B of the e 
changed, showing that the line makes the same angle with the 
new axes as with the old ones. 

Exi-MPLB II. Let the new system of co-ordinatea have 
the same origin, but a different direction. 

The eqnationa of transformation are then (3) of | 27. 
Sabstituting the values of x and y there given in the equation 

1(a) of the preceding example, we have 
{AcobS + B sin S)x' + {Beo8S-A ain fi)y' + C=0. 
The sum of the squares of the coefficients of a^ and y' 
iednces to A' + 5', as it should. 
1. What will be the equation of the line 
y = 2x + 5 
when referred to new axes, parallel to the original i 
baving their origin at the point (3, 3)? 
3. What change mnst be made in the direction of the axis I 
of Xthat the line whose equation iax = y may be represented. ' 
by the equation x' = 2y' i 




EXERCISES. 
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Sectioh" n. Use of the Abbreviateb Notation.* 

51. Functions of the Co-ordinates. We call to mind that, 
oorreBponding to any point we choose to take ia the plane, 
there will be a definite value of eueh of the co-ordinates x 
and y. Hence if we tuke any function of x and y, encL, for 
example, as 

P E :r + % + 1, 
this function P will have a definite yalne for each point of 
the plane, which yalue is formed by subatitnting in P the 
values of the co-ordinates for that point. We may then im- 
agine that on each point is written the value of P correspond- 
ing to that point. 

Example. 



3 4 s Q 7 8 

1 3 3 4 5 S 

-1 Q 1 2 3 4 

-3-2-1 1 3 

_5 -4 -3 -2 -1 



The above scheme shows the valuea of the preceding func- 
tion P ~x -\- ^y -\-\ for a few equidistant points, assnmiDg 
the common distance between the consecutive numbers on 
each line to be the unit of length. 

53. horropio Lines. We may imagine lines drawn 
through alt points for which P has the same value, and may 
call these lines isorropic; that is, lines of equal value. We 
now have the theorem: 

" This section can be omitted without the student being thereby pro- 
venlet] from going on wiLh subsequent chapters. But, owing to tbe 
elegance of the abbreviated notation, the subject, wliicli is not 
abstruse, is recommended to all liaviug nutbematical Caste. 
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If the function P is of the first degree in x and y, the 
isorrcpic lines mil form a system of parallel straight lines. 

Proof. Let 

P^ax + hy-^c^ 

and let as inquire for what points P has the constant yalne 

h. These points will be those whose co-ordinates satisfy the 

condition 

P - i = 0, 
or 

^w? + Jy + c — i = 0. (a) 

This equation, being of the first degree, is the equation of 
a straight line^ whose angle witli the axis of X is given by 
the equation 

tan € = — T. 



Since a and i retain the same values, whatever values we 
assign iok, b has the same value for each line of the system, 
and all the lines are parallel. 

53* Distance between Two Lines of the System. To each 
value of k in the equation (a) will correspond a certain line. 
We now have the problem : 

To find the distance between the two lines for which P has 
the respective values Jc^ and k^. 




Let Oif and ON he the respective intercepts of the lines 
on the axis of X. We shall then have 

Distance MQ = MNwsl €. 
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Pnttmg y = in the two equations 

ay -{- bx -\- c — h, = \ 
and ay -\- bz -{- e — k, = 0, i 

we hare, for the intercepts. 



(35) 



0M = - 



flnd 





11N= ON — OM = 



t, -t , 



I 
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Hence, the distance apart of two isorropic lines is propor- 
tional to the difference between the values of P, 

64. Distance of a Point from a Line. Let ns now re- 
turn to the genei-al expression 



(«) 



PBax + by + c, 
and let us study ita relation to the line 

ax + by -i~ c =0;) 
that 18, to the line P =0.S 

In (a) we may suppose x and y to have any values what- 
ever. But in (b) X and y are reetricted to those values which 
corrcBpond to the different points of the line {a, b, c). 

Now from what has just been shown it follows that the 
points for which, in («), P haa the special value k all lie on 
a straight line parallel to the line P = 0, and distant from It 
by the quantity ■ 



Hence, if x, and y, 1 
pleasure, we have 



the co-ordinates of any point at 
ax, + by, + c 



Distance of point {x„ y„) from line {a, b, c) = 
,.A result already obtained in § 41. 




o 
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These results may be snoimed np io a third f 
\ principle of Analytic Geometry, as follows: 
If 

Iw any functioQ of the co-ordinates of the first degree, then— 

I. To every point on the plane will correspond one defimt* \ 
wriwe of P. 

II. This value of P is equal to the perpendicular dialano* i 
of the point from the line /* = multiplied by the constant J 
factor Va^ + *'. 

If the expression P is in the normal form, we have 

a* + 6" = 1, (§ 36) 

Land the factor last mentioned becomes nnity. 
Hence — 

m. If Vie have a function ofx and y of the form 
xcoa a -\- y s\n a — p = P, 
I this function will express ^ the perpendicular distance of the 
Ijwiwi whose co-ordinates are x and y from the line P - 

EXERCISES. 

1. Let the student draw the line 

3a: — 3y + 1 = 0, 
and let him compute the valnes of the expresBion 

for a number of points, and lay them down, aa in the scheme 
of § 51, until he sees clearly the truth of all the preceding 
conclusions. 

%, Imagine a plane covered with values of the function 

P = ax^l,yJrC, 

m % 51. Aroand the origin as a centre we describe a circle I 

of arbitrary radius, and on its circumference mark the points j 

where the values of P which it meets are greatest and least, i 

Show that all points thna marked lie on the line bx — ay = 0. 

Show also on what line the points will fall if the centra ul I 

circle is at the point (p, q). 
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Theorems of the Intersection of Lines, 

55. We represent by the symbols P, P', etc., Q, Q', i 
different linear functions of the co-ordinates; e.g., 

P = ax + by + c; 

P' = a'x + b'y -\- c'; 
P"E.a"x-\-l"y^c"; 
etc, etc. etc. 

Also, we sliall represent by the BymbolB M, Sf, etc., N, If, 
etc., such functions reduced to the normal form in which 
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Since the M's, 2f% etc., will be a special ease of the 
P'b, Q's, etc, every theorem true of all the latter will also be 
true of the former; but the rererse will not always be the 
case. 

The line corresponding to the equation 
P= 
may, for brevity, be called the line P. 
56. Theorem. If 

P = 0, P' = 

he the equations of any two straight lines, and if fi and y le 
any two factors which do not contain x or y, then the equa- 
tion 

I-lP + vP' = {b) 

will he that of a third straight line passing through the point 
of intersection of the lines P and P'. 

Proof, 1. By substituting in (J) for P and P' the ex- 
preBBions which they tepreaent, we see that /iP -\- vQ ha, 
function of the first degree io x and y. 

Hence (fi) is the equation of some straight line, 
8, That point whose co-ordinates satisfy both of the equa- 
tions P = and P' = must also give fiP + vP' = 0, 
and must therefore lie on the line (h). 
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But such point is the point of intereectiou of the lines 
P and P'. 

Hence the point of intersection lies on the line ifi), audi! 
(S) pusses through that point. Q. E, D. 

Corollary. If three functions, P, P' and P", are so f*-\ 
lated that we can find three factors, A, /i and v, which satisfy^ 
the ideality 

AP + fiP' + vP" B 0, 

then the three lines P = 0, P' = and P" = intersect^ 
in a point. 

For we derive from this identity 

whence, hy the theorem, P pusses through the point of inter- 
section of P' and P". 

57. Theorem. ConTersely, 
If P = 0, P' = and P" = are the equations oftkraeM 
lines intersecting in a point, it always will be possible to Jim 
three coefficients, }t, v and A, smcA that 
fiP + vP' + \P" = 
Proof. 1. Let the Talues of the three functiona P, P*'\ 
and P" be 

P =ax -\-iy + c = 0; ■ 
P' = a'x + b'y + c' = 0; t («)■ 1 

P" = a"x + b"y + c" ■ 
2. Let UB now suppose 

A = a'b" - a"b'; 

fi = a"b - ab"; \ (0i 

V E ab' ~ t ~ 
and let os form the expression XP + }iP' -^ vP". In thiB'| 
expression we shall havo 
Coefficient of a: = a{a'b" — a"b') ■+■ a'{a"b — ab") 

+ a"{ah' - a'b) (E 0); \ 
Coefficient of y = b{a'b" — a"b') + b'{a"b — ab") 

+ b"{ab' - a'b) {= 0); 
Absolute term = c{a'h" — a"b') + c'{a"b — ab"\ 
+ c'^aV - o.'b> 
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Because the tlii'ee lines pasa through a point, this absolute " 
term is zero {% 49). Hence the whole eipreasion is identically 
zero, and the values (b) of A, fi and v satisfy the conditions 
of the theorem. 

EXBRCISES. 

1. Show that if the eqnations P = and ^ = are so 
related that we can find two coefficients, fi and v, which form 
the identity 

then the two lines F and Q are coincident. (Comp. §§53, 53.) 
3. Having the two lines 

y — mx -\- a = 0, 
y -}- mx 4: 3a = 0, 
it is required to find the equation of a third line passing 
through their point of intersection and through the origin. 

Method of SolitUem. Calling the given eipreaaioDS equated to zero 
Pand Q, sod Doting tliat tbe equation of every line through the point 
of intersection may be exprcascil iii the form 

/.P+ vd = 0, 
we are to detennine the qiinntities /i and v so that this line shall pass 
through the origin. Hence the absolute term must vanish. This gives 
the condition 

fi = —iv, 
the value of v being arbitrary. SiihBlituting this value of ft, and divid- 
ing by y, we find the required equation, 

y — Smi = 0. 

3, Find the equation of a line passing tbrough the origin 
and through the point of intersection of the lines 

y —'Zx ~ a = 0; 
y + Zx + 3a = 0. 

4. Find the equations of tbe lines making angles of 45° 
and 135" respectively with the axis of X and passing through 
the point of intersection of the above two lines. 

58. To complete and apply the preceding theory, it is 
necessary to distinguish between the positive and negatire 
sides of a line. If distances measured on one side are positive, 
tiase on tbo other side are negative. But no rule is possible 
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for the positive and negative aides without some conventioii, I 
because the function P may change its eign withont changing* 
the poaitiou of the lioe. For example, the two equations 

z — ny 4- A = 0, 
— X -\- ny — h = 0, 

represent the same line; bnt all values of x and y whioh make I 
the one function equal to + P will make the other equal t 
— P, BO that the positive and negative Bides of the lines are 
interchanged by the change of form. 

Kow, in the first form, the distance of the origin from the 
line is 

h 
Vl + »*' 
Hence, 

When the absolute term in the equation is positive, the post-' I 
tive side of the line is that on which the origin is situated, ani ^ 
vice versa. 

In the normal form tlie absolute term is negative. Hence, 

In the normal furm apositive value of the function 

M = x cos a -\- y zina — p 

indicates that the point whose co-ordinates are x and y is on I 
[ the opposite side of the line from the origin, and a negative | 
' value thai it is on the same side as the origin. 

59. Theorem. If 



I are the equations of any two lines in the normal form, then^ 
\ the equations ' 

if4-iV=0, M-N=0, 

I will be the equations of the bisectors of the four angles which I 
I the lines Mand Nform at their point of intersection. \ 

Proof. 1. Because the functions Jf and JVare in the nop- 
mul form, they j-epresent the respective distances of any poiat. 
[from the lines ^ = and JV= 0. (.%54.'^ 
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S. Every pair of co-ordinates which fulfil the condition 



mat give 



M± JV=0 
M= ±N, 



BO that the point which thej ropresent is equally distant from 
the lines Jf and N. 

3. By geometry, the locus of the point equally distant from 
two lines ia the bisectors of the angles formed by the lines. 

Rbuark 1. This theorem bolds equally true of the equalioas of 
any two liacs ia nliich the sums of the squares of the coefflci^olB of to 
aad y are equal. For if, in the equations 

IP=ax +Sy +e =0, 
P~a'x-\- b-y + c' = 0, 
we Lave a' + 6* = o"+ 6", then, bj§ 58, the functions PandP', when 
not restricted to zero, express tlie distances of a point (x, y) from the ra- 
spective lines P and i*', multiplied by Va' + f and Vo'* -|- i' respec- 

iw, when these muliipliera are equal, every point whoso co-ordi- 
!B saliafy the cquaiioa 

P±P' = 
It be equally distant from the liaes P and P'. 
Rbiubk2. TheequaUon 

M-N=Q 

KMU be that of the bisector of tbe angle in which the origin is situated, 
f tad of its opposite angle; while the equation 

Jf+iV=o 
Kwill repr«Bent the bisector of the two adjacent angles. 

BXBRCISSS. 

Find the bisectors of the angles formed by the following 
irs of lines: 

, « ~ 2y = and 2a; — y = 0. 

S. y + na: — c = and ny — x -\- c = Q. 
3. Prove the theorem of geometry that the two bisectors 
of the angles formed by a pair of intersecting lines are at 
right angles to each other. 



d 



TBE STBAIOHT LINE. 



In oUier words, if the functiona Pand P" are such 




C + b' 



■' + f\ 



— 1 

ch ihat ^^M 

m 

the equations (^^^| 



tbeo show Uiat the two lines 

P+F' =0 and P-I 
iotersect at right angles. 

4. Show that itJf=Om<lN'~Os 
two liDes ia the normal form, then 

AiV"+/iJV = 0,1 

AJV - //JV = 0, I 
Till repreeent the loci of thoso poiatB whose distances from N 
and ^ are in the ratio n ; A, Also, show geometrically that 
ench a locaa is a straight line. 

5. In the preceding exercise, what condition mnst the co- 
efficients \ and /< satisfy in order that the equations (a) maj 
each be in the normal form? 

60. Applications of the Preceding Tfieorenu. The pi 
ceding theorems enable ns to prove with great elegance 
leading theorems of the intersections of certain lines in a tri- 
angle, 

I. The bisectors of the interior angles of a triangle meet in 
a point. 

Proof. Let 

L = 0, M=0, N = 
be the equations of the sides of the triangle. 

We Bnppose tlie origin to be within the triangle, becai 
we can always move it thither by a transformation of co-oi 
nates. 

Then, by what precedes, 

P =L-M=0, 

P* =M- N= 0, 

P" = N- L = 0, 

will be the equations of the bisectors. Bat these fonctioi 

P, P' and P", fulfil the identity 

P + P' + P" S 0, 
and reduce to the form § 56 when wo suppose 
A = /i = V = 1. 
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Hence P, F' and P" all paas through a point. 

II. The bisectors of any two exterior angles and of the 
third interior angle meet in a point. 

Proof. The equations of two exterior bisectors and of the 
third interior bisector are 

= 0; 



p 


= L + M 


J" 


~Jlf+ W 


P' 


= L- N 




which fnlfil the identity 

P - P* - P" = ii. 

III. The perpendiculars from the three vertices of a iri- I 
angle upon the opposite sides meet in a point. 

Let Pbe any point npon the perpendicular from y upon ] 
aff; PM X Ya, PN ± Yfi; and 
Y = angle aTfi. 

Then, because the angles PYa 
and a are complementary, 
PM = PFcoa a, 
PN= PY COB fi; 
PM: PN = cos a: COB fi. 
Therefore, if the equations of the aides Y<x and Yp are 

then, by the theorem of § 59, Ex. 4, the equation of the per- 
pendicular YP will be 

JVcos /S — .y COB <ir = 0. 

In the same way, if the equation of a/3 is JV^' = 0, we 
shall have, for the equations of the other two perpendiculars, i 

2f cos a — N" COB y = 0; 

N" COS y — N cos /3 = 0. 

The Bum of these three equations is identically zero, thus J 
wing that the three lines intersect in a point. 



THE ETRAIQHT LINE. 

61. Diagonals of a Quadrilateral, An elegant and in- 
etmctiTe application of the preceding theory is given by the 
following problem: 

To find the equations of the diagonals of a quadrilateral of 
which the equations of the four sides are given. 



general geometry, a qusdrilateral has three 
that eiLcli aide is supposed to be of indeSnile 



\ 



We remark that, 
disgonala. The reas< 
length, and si 

three others. A diagonal is 
then defined as the line Joining 
the point oC intersection of any 
two sides to the point of in- 
tersection of Uie other two 
Bides. The number of points 
of inteisectioD, or vertices, is 
equal to the combinations of 
two in four, or 6. Taken in 
pairs iheae 6 points have throe 
Junction lines, as shown in the 
figure. 

Solution. Let the equations of the four sides be 



= 0; 




We aaek for foar factors, x, A, /j and v, by which to foi 
the identity 

KP + XQ + fiR+ vSbO. (J) 

Four such factors can always be found when the parame- 
tere of P, Q, etc., are given, because by equating to zero 
the coefficients of x and y and also the absolute term in {/>) 
we shall have three equations which determine any three of 
tlie four factors w. A, fi and v in terms of the fourth. To 
the latter we may assign any value at pleasure. 

The identity (i) being satisfied, we shall have 

Now, {§ 56), 

kP + AQ = Q 






Co 
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is the eqnaHon of some line passing through the intersection ' 
of P and Q, while 

is the equation of some line paaeing through the InterGection I 
of R and S. 

But, by (c), these two lines are identical. Hence this com- 
mon line is a diagonal of the quadrilateral. We show in the 
same way that 

xP -\- i4R = or XQ-\-vS=Q 
IB the equation of the diagonal joining the intersection of P ] 
and R to that of Q and S. Also, that 

kP + rS = or \QJriiR = 
IB the equation of the diagonal joining the intersection of P 1 
and 8 to that of Q and R. 

Example. To find the equations of the diagonida of the I 
quadrilateral whoae sides are 

P~ x+ ? + l = 0; 

Q= a;+% — 3 = 0; 

R~ a:-3y + 4=0; 

8 = ^x— y — 2 = 0. 

Forming the expression (i), we find it to be 

{K+X+pi+2y)x+{H+U -3.IX- 1');/ +«-3A-f 4/i-SrEO. . 

Hence, to form this identity, (§ 8), 

(1) « + A + /* + S*- = 0; 

(2) « + 21 - ^H- v = 0; 

(3) « - 3A + 4;/ - 2v = 0. 
We solve as follows: 

(2) -(1) A - 3fi-3y = 0; 
(2) -(3) 5X - 6^ + V = . 

3X+ •iv = 0; 

9ti + 16y = 0. 




I 

I 

I 
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The yalue of *■ is arbitrary, aud values of x, fi and \, t 
from fractions, are obtained bj patting v = 9. The y 
of the four coefficients are then 

K =. 19; X= - 21; ft = ~ IG; v 
From these coefficients the equations of the diagonals arft J 
formed by the preceding formulas, and are found to be 
2x + 231/ - 83 = 0; 
X + 17y - 15 = 0; 
37a: + 10^ + 1=0. 
63. Fundamental Lhies of a Triangle. Let us consider J 
the following problem: 

If the equations of the three sides of a triangle in the nor- | 
malform are 





IP =0, 
M" = 0, 


what line is 


represented by the equation 




M+ir + M" = 0? 


Solution. 


It we put 




Q = M+M', 



the equation Q = will represent the bisector of the eiterior 1 
angle between the lines M and M' {§ 59). 
Also, the equation 

Q + M" = 0, 

which is the same as (a), will represent so?ne line passing 
through the point of intersection of M" and Q, that is, 
through the point in which the bisector meets the opposite 

3. 

In the same way it may be shown that the line {a) passes 
through each of the other two points in which the bisectors 
of the exterior angles meet the opposite sides. 

Hence the solution of the problem leads to the theorftm.'- 
The three points in which the bisectors oj tKt t^tetwr 
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angles of a triangle meet the opposite sides he in a straight line, 
namely, the line whose equation is 

M+ M' + M" = 0; 

Jf = 0, Jf = and M" = ieing the equations of the sidet 1 

in the normal form. 

We may akow in the same way that tlie three equatio 

M+Jir - M" = 0, 
M-M' + M" = 0, 

-M+M' + M" = 0, 

are the equations of three straight lines each containing the 1 
foot of one bisector of an exterior angle and two bisectors of J 
the two remaining interior angles. 



I 



EXERCISES. 

1, Show by the preceding theorems that if we form a 
triangle by joining the points in which each bisector of an 
interior angle meets the opposite side, the sides of this tri- 
angle will severally pass throngh the points in which tha-< 
bisectors of the exterior angles meet the opposite sides. 

2. Show that if 



= 0, 



Jf = 0, 



= 0, 



= 0, 



be the equations of the four sides of a quadrilateral in the ' 
normal form, then 

M + M' + M" + ST" = 

will be the equation of a straight line containing the three 1 
points in which the external bisectors of the three pairs of 1 
opposite vertices meet each other. 

3. Find the equations of the three diagonals of the quad- 
lilateral whoae sides are 



CHAPTER IV. 
THE CIRCLE. 



Sbotion I. Blkmbntabt Thbort. 




Equation of a Circle. 

63. Problem. To find the equation of a circle,* 
Let the co-ordinates of the T 

centre of the circle be « 
and b, and let P be any point 
of the circle. 

Galling x and y the co- 
ordinates of P, we have, for 
the Hqnare of the distance be- o'— 
tween C and P, 

CP^ = ix- a)' + (y - 5)'. (§ 17) J 

The oondition that P shall lie on the circle requires that I 

t this distance shall be eqnal to the radius of the circle. Let | 

r US put 

r = OP, the radius of the circle. 
The condition then becomes 

(^ - «)' + (y - f>y = r; (1) ] 

L ■which is the required equation of the circle. 

64. Theorem, Every equation between rectangular co- ] 
I ordinatea of the form 

wi^' + y') + ija: + iry + A = (s) I 



* In the almost universal Dotation of the higher geometry the word I 
"circle" is used to designate the cloeed curve wMcb,va. (^ 
! geometry, la caUad ihe Hreun\fer«wx ol Oit (i\ic\e. 
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in which the coefficients of x' and y' are equal, while there « 
no ierm in xy, represents a circle. 

Proof. DiTide by m, and put, for brevity. 



and the equation will be transformed into 

3? - %az •\- y* - 2hy -^ = 0, 



(:. - ay +{y-iy-a^-h' + \ 



{X - ay + (y - ly = «' + J' - ^^. (3) 

The first member represents the sqnare of the distance be- 
tween the fised point {a, b) and the Tarying point {x, y). The 
aecond member being a constant, the equation shows that 
the square of the distance of the two points is a constant, 
whence the distance itself is a constant. Hence the equation 
represents a circle whose centre ia at the point (n, b) and 

whose radius is v a' 4- S' — - 

■» J 

66. Special Forms of the Equation oj a Circle. ^" 

We may suppose a circle moved so that its centre shall 
occupy any required position without the form or magnitude 
of the circle being changed. 

If the centre be at the origin, we have « = and 6 = 0, 
and the equation of the circle becomes 

x' + y' = T\ (4) 

If the centre is on the axis of X, we have 6 = 0, and (jmh 
equation becomes | 

y' + (x - ay = r', 
which is the equation of a circle whose centre is on the axis 




If we snppoae a = r and S = 0, the oircle will be tangeiiU 
to the axis of Y at the origin, and the y 
equation will become 

y* = r' - {x^ - 2ac + r") 
= %az — x\ (5) 

which we may define as the equation 
of a circle when a diameter is taken as 
the axis of X and the origin is at the 
end of this diameter. 

BXERCISES. 

Find the radii and the co-ordinates of the centres of cirol 
having the following equations: 

1. 3^ + y' - 10a: + Zy + n = 0. 

2. 3a:* + 3^' + 6a; - 13y - 9 = 0. 
8. S*" + 2y' + 8a; - 18y - I = 0. 



i. mo^ + mif* + px 4* gif - 



'^m 



5, Write the eqnation of the circle whose centre is at th»l 
point (1, — 2) and whose radius is 7. 

6. Write the equation of the circle whose centre is in t 
position (p, q) and whose radins is Vp' + q*. 

I. Write the equation of the circle whose centre is at tj 
point (0, 5) and which is tangent to the axis of X. 

8. Write the eqnation of a circle passing through the ' 
origin and having its centre at the point (3, i). 

9. Find 'the eqnation of a circle of which the line drawn 
from the origin to the point (p, q) shall he a diameter, 

10. Find the eqnation of a circle of which the line from 
the point (1, 3) to the point (7, — S) shall be a diameter. 

II. Find the locus of the centre of the circle passing 
through the points (p, q) and (p', q'), and show tha.ti.'i.xd* 
straight line perpendicular to tlae Ime ^omvn^ Vtviae, -^txAA.V 






I 
I 
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Method of Solution. Since tlie two poiota arc to lie on the circle, tbdr J 
co-ordinales must e&tisfy the eciuatiou of the circle; Uiat is, v 
bare 

(p -oy + te -6)' = r'; 

Tlieradiusr being a quantity which must not appear in the equation, ne ' 
must climl Date it, vhlch we do by mere subtraction. We thus God an 
equation of the first degree between a and b, the co-ordinates of the 
centre. To express the locus in the usual form we may write z and y 
for a and b in thia equation, which will thea be the required equation of 
the locus at the centre. 

12. Find the locus of the centre of the circle passing 
through the points (1, 1) and (7, 9). 

13. Find the locna of the centre of the i 
through the origin and the point (p, g). 

14. Find the locus of the centre of the circle passing I 
through the origin and the point (3p cos a, 2p sin a), 

66. hitersectiomt of Circles. The points in which circles ] 
intersect each other, or in which a straight line intersects a | 
circle, are foand from the valaea of the co-ordinates vhioh | 
satisfy both equations. 

Let the two circles which intersect be giveu by the eqoa-l 
tions 

a:' + y' + «2: 4- hy +p = 0;( , . i 

** + y* + o'a^ + b'y +p' = 0. J ^ ' j 

By sabtracting one of these equations troni the other, we ] 
bave 



_ p' -p-\- {a' 



a)x 



whence 

By subetitnting this value of y in either of the eqnatioi 
(a), we shall have a quadratic equation in x. 

Since such an equation has two roots, there will be two 
points of intersection. 

But the roots may be imaginary. The circles will then 1 
not meet at all, but one will be wholly within or wholly with- | 
out the other. 

If the roots are equal, the points of intersection are c 
dent, and the circles touch each other. 




EXERCISES. 

1. Find the points of intersectioD and the length of the 
JODunon chord of the two circles 

!■ + y' = r"; 

X* -\- y' — ax = ^, 

The co-ordinates are: 

X = for both points; 

Common chord = — j a^r'— (r* — d")' f . 

3. Find the points of intersection and the length of the 
ninmon chord of the circles 

K* + y' - rt* = 0; 

x" -\- y' -\- iy — r' = 0. 

3. Determine the radius r bo that the circles 

z* + y" — Sa: = 3, 

bhall touch eacli other. 

Method cf Bolviiim. We find, eu in the preceding exerclBeg, tlie 
Taluea of the co-ordinates x and y or the points of intersection. In order 
Uutt the roota may be equal, the quantity under the radical sign in the 
[preauon for y must vanish. Equating il to zero, we shall hare 

r< - I0r» + 9 = 0. 

k equBtion of which the roots bts 8 and I . 

4. Find the distance apart of the two points in which the 

x-y-^l 
Intersects the circle 

x'-{-y' = 10. 
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67. Polar Equation, to tka 
Circle. 

Let be the pole, 0^ the 
initial or base line; 

p' and a the polar co-ordi- 
natea of the centre 6'; 

p and d the polar co-ordi- 
nates of any point P. 

We then haye, by trigonom- o' 
etry, 

P0'= OP' + 00^ -20P.00 COB POC; 
that is, r' = p' + p" — %pp' cos (0 — a), 
or p' - 3/3/3' cos (e - a) 4- p" - r' = 0, (6) 

the polar equation reqaired. 

It may also be obtained from the equation referred to 
rectangular aiea by pntting x =■ p(ia%0, y =■ pB\ix8, a =- p' 
COB a, and b = p' ain a. If the initial line pass throngh the 
centre, a = and the equation becomea 

p*-Spp'co8e + p"-r'=:0. (1) 

If the origin lie on the circa mference, p" = r' and the 
equation becomes 

p = %p' COS = 2r cos B. (8) 

NoTS. In the above we put p and p' lot the radii vectored in order 
to avoid confusing them with tbo radius of the circle, 'which we call r. _ 

Tangents and Normals. I 

68. Equation of Tangent to a Circle. The requirement 
that a line shall be tangent to a circle does not alone determine 
the line, because a circle may have any number of tangents. 
We may therefore anticipate that this requirement will be ex- 
pressed by an equation of condition between the parameters 
of the line. Let ns then oonatder the problem: 

To find the equation which the parameters of a line must 
satisfy in order that the line may he tangent t\ 
Let the circle be given by the equation 



1." 



")•+(»-* 



and let the equation of the line be 



By geometry, the situation of the line must be such tliat { 
the perpendicular from the centre of the circle upon it shall 
be equal to the radiua of the circle. Conversely, e^ery line 
for which this perpendicular is equal to the radius of the 
circle is a tangent. 

Now, the length of the perpendicular from the point {a, h) 
upon the line {A, B, 0) is 

aA+bn+ C 

The requirement that this perpendicular shall be equal to 
the radius r of the circle gives the equation 



aA + bB+ C^r VA' + B\ (1) 

'Which is the required equation of condition betfrecn the pai'O- 
meters A, B and G. 

If the equation of the line is in the normal form 
X cos « + J sin a — ^ = 0, 
we shall hare 

VA' + B' = VcobV + Bin"« = ± 1, 
fend the equation (1) will assume the form 

acosa+ bsiaa — p= ± c, (2) 

', Agnation of the tangent expressed in terms of the tan- 
ftnt of the angle which the line makes with the axis of S. 
Let y = mx + 6 be the eqnation of the timgent, and 
x' + f = ^ 
the eqnation of the circle. Eliminating y between these two 
equations, we have 

(1 + m')^ + imbx + (&' - r') = 0, 
which mast have equal roots, since the tangent touches the 
circle in only one point. Now the condition that this eqna- 
' roots is 



imay h 



e equal 



hrhence 

irhioh substituted 




CoDTereelj, every line whose equalion is of this form is afl 
tangent to the circle. 

■yo. Tangent determined hy Two Conditions. In the 
preceding article we employed only the one condition, that the 
line should be tangent to the circle. Hence the line could 
be completely fonnd only when one of the parameters was 
given. In order to determiuo completely the tangent line, 
some other condition besides its tangeucy to the circle mnst 
be given. Examples of such oonditions are: 

That the tangent line shall touch the circle at a given 
point 

That it shall pass through a given point not on the circle 

That it shall also be tangent to a second circle. 

71. Problem. Tojindtheeqtiation of the line tangmti 
ioa circle and passing through a given point. 

Let 3^ and y' be the co-ordinates of the given point, and 
a; COS a + 1/ sin a — ^ = 
the equation of the tangent. Since the tangent passes through 
the point {x'f y'), we must have 

x' cos a + y' sin a — p = Oj (4) 

which combined with (3) will determine the two parameters, 
a and^, of the line, 

We may, however, first eliminate p by subtraction, which 
gives the equation 

(a — a:') cos or -f {S — y') sin a = r. 

The solution of this equation, which is obtained by 
methods given in trigonometry, will give the value of a. It 
may also be obtained algebraically by substituting for cos « 
its equivalent, Vl — sin' a, or for sin a ite equivalent, 
♦'l — coa' a, or for cos a and s 






- coa' a, or for ( 
terms of tan a, viz., 



1 



their equivalents in 



tan a 



Vl + tan'a' Vl + tan'' 

In either case we shall have a quadratic equation, the i 
known quantity in which will be either sin a, cos a or tan a 
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If we write, for breyity, 

971 = a — a/, 
n = J — /, 

the solution of these equations will gire 



nr ±m Vm* + n* — r" 
sin ct = =— : — ^ : 

mr ^ n Vm* + ^* — r" 



oosa = 



tana = 



w« + n« 



mn ± r Vm* + w* — r" 



(5) 



The yalne of |i by (4) is 

j[) = a:^ cos a + y^ sin a, 

in which cos a and sin a must be replaced by their values 
given above. Substituting the values of cos a^ sin a and p 
in the equation 

a; cos a + y sin a — p = 0, 

the result will be the required equation of the tangent passing 

through the point {x'^ y'). The double sign shows that there 

may be two tangents drawn to a circle from a point without 

it* 

Case when the given point is on the circle. In this case we 

shall have 

wi* + n* — r* = 0, 

and the values (5) of sin a and cos a become 

n 
sm a = — : 
r ' 

m 
cos a = — : 



and 



mix/ + wv 
p = ■ — ^. 



Substituting these values in the equation of the tangent^ 

it becomes 

mx -{• ny " mxf — ny' = 0, 

or f» (ic — a/) + w (y — m'\ = ^* 
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If we substitnte for m and n their values, the equati 

{« - *') {^ - ^) + (6 - y') {y - y') = o. 

If we take the centre of the circle as the origin, we have 
ffl = 0, S = 0; 

and because the point (a^, y') is on the circle, 
x" + y" = r'. 

Making these substitutions, the equation of the tangent 
assumes the simple form 

a^'x + y'y = r*. (6) 

73. Def. The subtaugent of a curve is the projection 
on the axis of X of that portion of the tangent intercepted 
between the point of tangencj aud Its intersection with the 
axis of X. 

* Thus, if CT is the asis of 
X, MT ia the subtaugent corre- 
sponding to the tangent PT. 

Length of the SuUangent. To 
find the length of MT, we find 
the intercept OT on the axis of 
Xand subtract CM, the abecisaa 
of the point of contact. 

The equation of the tangent PT i 

^'^ + y'y = r 

and when y = 0, we have 

x^~=CT. 
Hence we have 



73. Def. The normal to any curve is the perpen- 
dicular to the tangent at the point of contact. 

Equation of the Normal to a Circle. The equation of the 
line perpendicular to 

^'^ + y'y = r' 



i 




B(6) 



4 



} and passing through the point of contact {x', y') is, by 1 47, 

y'x — x'y = Oj 

the equation required. 

The form of this equation shows that every normal of a I 
circle passea through the centre — a property which is easily 
established by elementary plane geometry. 

The length of the normal is that portion of the line in- 
cluded between the point of contact and the axis on which the 
. fiuhtangent is measured. In the case of the circle, the nor- \ 
Imal is constant and equal to the radius. 

Def. The subnormal of a curve ia the projection of J 
the normal on the axis of X. 

Thus, GM is the subnormal corresponding to the point P, 
and in the circle is eqnal to tlie abscissa of the point of contact. 

eXERCISES. 

1. Show that the condition that the line 
X cos or + ysinor — p=:0 
I" BhaU be tangent to the circle 

(a; — a)' + (? — *)' = «'+*' 
a cos a + i sin a =^ ± f'a" + J'. 
, What is the condition that the line 
y = 'mx -\- 
[ shall be tangent to the circle 

(a;-l)' + (j/ + 2)' = lG? 
3. What mnst be the value of c in order that the equation ] 



[ may be tangent to the same circle? 



■ -\ i.^'Ti.. 
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i. What mast be the value of m in order that the line 



may be tangent to the circle 



6. In the last example show that we ^ 
swer for the line 



and explain the equalj 
6. What must be 
the circle 

ix + 3y + {y-: 

may have as a tangeut the line 

y = 2x + 5? 



ty by geometric construction. 

the value of the radius d in order that 



Ans. d = 



VI' 



7. By elementary geometry, two circles are tangent to each 
other when the distance of their ccnti'es is equal to the sum 
or difference of their radii. By meuns of this theorem write 
out the condition that the circles 

(»-«)■ +to-J)' =r' i 

and (x — a')' + (y — i')' = r" ^M 

shall be tangent to each other. I 

8. Show that the length of the common chord of the circles 
whose equations are 



and 



(« 



f + (y-s)-: 



(:t-3)'+(j- 
V34. 
9. Find the condition that the circlea 

(«-4)' + te-i)' = o 
(I - i)" + (y - 4)' = « 



f touch each other. 



Mi -J). 




^ TO 



TSE CIRCLE.^ 

10. Show that the polar eqnatioD 
p" — (o cos d + J sin 6) p=p' 

ia that of a circle, and exprcsB its radius and the position of 
its centre. 

11. What curve does 



p = B cos {e-a) + b cos {d- ^)+C COB {d -y) + . . . 
' represent? 

1:^. A point moves so that the Bum of the squares of its 
distances from the four sides of a rectangle is constant. Show 
that the locus of the point is a circle. 

13. Given the base of a triangle {3&) and the sum of the 
squares on its sides (2m'), find tlie locus of the vertex when 

I the middle point of the base is the origin. 
An^. x' -i- ]/' = m' — J', 
14. Given the base (5) and the vertical angle {B) of a tri- 
Kngle, find the locas of the vertex when the origin is at the 
ttd of the base. 
' Ans. x^ -\-y' ~hx~ hy cot B = 0. 

15, Shoiv that if, in the equation 
x--\-y'-\-Ax^By-\-C=(i, 
Ire have 
4C>^' + -B', 

the circle will be imaginary. It is enough to show that the 
radius is imaginary. 

16. Show that a circle may be defined as the locas of a 
point the sqnare of whose distance from a fixed point is pro- 
portional to its distance from a fixed line. 

17. Show that a circle is the locns of a point the snm of 
the squares of whose distances from any namber of fixed 
points is a constant. 

»18. If -, = p, show that the circles 
^ + f-\-ax-\-by=(i, 
3^-^y' + a'x + b'y = 0, 
touch at the origin. 
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19. Find the locns of a poiufc whose distances from two 
fixed points have a fixed ratio to each other. 

20. Espresa analytically the locus of a point from wliich a 
tangent drawn to a circle will have a fixed length t. 

21. Find the locus of the point from which two adjoining 
segments of the same straight line shall be seen under the 
same varying angle. In other words, if A, B and are 
three points in the same straight line, find the locus of the 
point X which will satisfy the condition h 

Angle AXB = angle BXC. M 

22. If the equation of the circle »' + y' = r' is transformed 
to another ayatem of co-ordinates having the same axis but a 
different direction, show analytically that the equation will 
not be altered. 

23. Show analytically that if a circle cuts out equal chords 
from the two co-ordinate axes, the co-ordinates a and b of its 
centre will be equal. 

24. Find the equation of the circle which passes through 
the three fixed points («,y,), {3;,y,)> {x,y^- 

25. Having given the circle a;' -|- y' -|- lOz — 6y — 2 = 0, 
find the equation of its two tangents, each of which is parallel 
to the straight line y = 2a: — 7. 

26. The circle x" -\-y* = r* has tangents touching it at the 
respective points (a;, y,) and {x, yj. Express the tangent of 
the angle formed by these tangents. 

27. A line of fixed length slides along the axes of co-ordi- 
nates in such a way that one end constantly remains on each 
axis. What is the locus of the middle point of the line? 

28. Given a point {a, b) and a finite straight line whose 
length is c, find the locua of the point whose distance from 
{a, h) is a mean proportional between c and it8 distance from 
the line a; cos a: + y sin a = ^. 

29. Having given the equation of the circle y' = 2ra — a:', 
let chords he drawn from the origin to all points of the circle, 
and let each of them be divided in the constant ratio m : n. 
It is required to find the locus of the points of division. 

30. The same thing being GUppoeed, the chords, instead 
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lOf being divided, are each doubled. Find the locus of the 

31. On each radius of a circle baviiig its centre at the 
origin a distance from the origin is measured equal to the or- 
dinate of the terminal point of the radius on the circle. Find 
the locus of the point where the measures end. 

32. The same thing being eupposed, take on each radiua , 
a point at a distance from the centre equal to the abscissa of i 
the end of the radius, and Snd the locus of tbis point. 

33. Find tbe locus of the point from wbich two circles I 
■will subtend the same angle; that is, from which the angle 
subtended by the pair of tangents to one circle is equal to 
that subtended by the pair of tangents to the other circle. 

34. Find the equation of that circle which passes through 
the origin and cats ofE the respective intercepts j) and q from 
the poaitiye parts of the axes of Xand F. 

35. Find the locus of the point the sum of the squares of 
whose distances from the aides of an equilateral triangle ia 
constant, and show that it is a circle. (To simplify the prob- 
lem, let the biise of the triangle be the axis of X.) 

136. Find the polar equation of the circle when the origin 
h on the circumference and the initial line a tangent, 
87, A line moYea so that the sum of the perpendiculars 
AP and BQ from two fixed points, A and B, shall be a con- 
rtaut. Find the locus of the middle point of the segment 
PQ. 
38. The straight line whose equation is 3y + Sa; -f 19 = 
cuts the circle y' + x' = 113 in two points. What is the 
length of the chord which tbe circle cuts off from the line? 

39. Find the equation of the straight line which cuts the 
circle z' + y' = 1G9 in two points whose abacissie are 
spectively — 12 and + 7. 

40. Find tbe equation of a line passing through the point | 
{z'l y') and forming in the circle a^ + y' = r" a chord whose : 
length is d. 

41. Through the point {x', y'), inside tbe same circle, a I 
chord is to be drawn which shall be bisected h^ U^a "^x^&. I 
Find the equation of the chord. 
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Systems of Circles. 

74. Let UB consider the expression 

{x ~ ay -\-iy- by - J", 
which, for brevity, we shall represent by P, putting 
Pbz' + y* — ^ax — Uy + a' + S' — rf". 

To every point on tbe plane will correspond a definite 
value of P, found by aabstifcuting tbe co-ordin«tea of such 
point in this value of P. 

We may form any nnmber of expreesiona of thia form, 
sach as 



P' = af + y* — Za'x — S 
P" = a? -^-y* — %a"x — 2 






In general, the co-ordinates x and y which enter into P 
will be considered as entirely unrestricted, in which case P 
will be simply an algebraic function of x and y. 

Bat we may also inquire about those special vulues of x 
and y which satisfy the eqnation P = 0. We know from 
§§ 63, 64 that the points corresponding to these special 
values of x and y all He on a circle of radius d, haviug its 
centre at the point (a, b). Wo now have the — 

t&. Theobbm. The value of P for any point of the plane 
is equal to the square of the tangent from thai point to the 
cirele P — 0. 

Proof, LetPbe thepoint (a;,)/), 
and let O be the centre of the circle 
P = 0, which is, by hypothesis, the / 
point (a, b). We then have 

and because PTO ia a right angle 




= (*-«)•+(»-«)■ 



which is the value of the function P, thoa proving the 
iheorem. 

RESIA.RK. If the point (x, y) is taken within the circle, P 
will be negative, and the length of the tangent, being the 
square root of F, will be imaginary. 

76. Thbobbm. If P = and F' = are the equations 
of two circles, any equation of the form 



ftP 4- yp' = 



(«) 
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mwiU represent a third circle passing through their points of 
intersection. 

Proof. We first show that (a) is tlie equation of some 
circle. Substituting for P and P' their values, we have for 
the equation of the curve 

(fi^y){^^'j^y^)-^^a + va')x-%{^b->ryb')y 

+ /,(«' + S' - d'} + y(a" 4- 5" - O = 0. 

Here the coefficients of x* and y* are equal and there is no 
term in xy. Hence (| 64) the curve represented by the 
equation (a) is some circle. 

Secondly, tlie co-ordinates of all points in which the 
cireles P and P' intersect must satisfy both of the equations 
and P' = 0. Hence they also satisfy the equation 



IaP + vP' : 



and therefore the poiuts of intersection he on the circle of 
which the equation is (a). 

Hence this circle passes through the points of intersection 
of the circles P and P'. Q. E. D. 

Cor. The curve represented by (a) depends only on the 
Ho of the factors n and v, and remains unchanged when 
ith are multiplied by the same quantity. 

By assigning different valnes to the ratio /* : y, we may 
itermine as many circles as we please passing through two 
"points. 

A collection of circles passing through two ^\.\i.Va'\% caSsa^- I 
a family of circIeB. 
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77. Peoblbm. To find ike locus of the point from w7ttfli' 
the tangents to two circles shall have a given ratio to each 
other. 

Solution. Let /" = and P' = be the equations of the 
two circles, and let the tangeats from the moving point be in 
the ratio m : m'. 

The square of the tangents irill then ba in the ratio 
m' : m". But thpao squares are represented by the respective 
yalnes of F and P' correapondlng to the point from which 
the tangents are dmwn. Hence between these values ofP 
and P' we liave the proportion 

P:P' = m': m", 
which gives 

m"P - m'P' = 0. (S) 

Because the co-ordinates of the point from which the 
tangents are drawn must satisfy this equation, this equation 
is that of the required loctis. 

Comparing with § 76, we see that the equation is of the 
form (a). Hence: 

Thboeem. TJie locus of the point from which the lengihs 
of the tangents drawn to two circles have a constant ratio to 
each other is a third circle, passing through the common points 
of intersection of the first two circles, and therefore a third 
circle of the same family. 

78. Tlie Radical Axis. It the ratio m : ffi' is unity, the 
equation (i) will reduce to 

P - P' = 0, 
or, substituting for P and P' their valuea, 
2(a' — a)3;+ 2(5' - % + a" — a' + h" - S' - d" + <?' = 0, 

which, being of the first degree, is the equation of a straight 
line. From the results of % 76, this line must be the common 
chord of the two circles. Hence: 

Theoreu. lite locus of the poijit from which the tangents 
to two circles are equal is the common chord of the two circles.. 

This locus is called the radical axle of the two circles. 
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Imaginary Points of Intersection. 

79. The theorem of §77 holds equally true whether 
the circles P and P' intersect or not; that is, it leads to a 
third circle passing through the poiuta of intersection of two 
circles, even when these two circles do not intersect. If in this 
last case the third circle, which we may call P", really inter- 
sected either of the others, say P', this result would be self- 
contradictory. For in snch a case the circle P could not pass 
through the intersection of P' and P", and so the result of 
tho theorem would be false. 

But if the point of intersection of P and P' is nowltere, 
there will be nothing contradictory ia the result, if only P" 
iatersecta each of them nowhere. 

Again, in § t^ we have found a perfectly general equation 
of the radical a^is founded on the definition that the radical 
axis is the line joining the points of intersection of two circles, 
■which equation gives the real i-adical axis even when the circles 
do not intersect. 

If we take any special case, we shall find that the algebraic 
procoBSGs are the same whether the circles do or do not really 
intersect: only, in the latter case, the co-ordinates of the 
points of intersection will be imaginary. To illustrate this in 
the simplest way, take the two circles 

x' + f^l; 
(^-3)'-f (y-3)'-9. 

To determine the points of intersection we must find 
values of x and y which satisfy both equations. The second 
equation is, by reduction, 
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a^ + 3/' - 6j; - 6y + 18 = 



{a) 



Substituting the value oix* -\-y' = 1 in the first member. 



- + s = -.- = 
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By sabatitnting for y' its valae 1 — a;", we find 



CotDplcting sqnare, 

^ 3 ^"'"36" 36 ~ 36' 
The square being negative shows that the roots are iraagi- 
naiy. The solution gives, for the points o£ intersection, 

5 ± V=^ J 




The co-ordinates z and y being imaginary, the circles do 
not really intersect. But these imaginary values of the co- 
ordinates satisfy the equations of both circles and also the 
eqaation (J) of the radical axis, as we readily find by the 
calculation: 

, 6' - 7 ± 10 ^^:^ _ ± 5 y^7, 



36 



18 



x-\-y ■ 



. 5 ± 7 + 5T7 _ 10 _ 



fl 



In taking the sum of the fii'st two equations, the imaginary 
terms cancel each other and we have x" -{- y* = 1. 

Subtracting 6 times the third equation we satisfy (a), and 
the third ia identical with (5), which is the equation of the 
radical axis. 

We adopt the following forms of language to meet this 
class of cases: 

I. An unaginary point is a fictitious point which we 
suppose or imagine to be represented by imaginary co-ordi- 
nates. 

II. When imaginary co-ordinates satisfy the equation of a 
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I onrve, we may talk about the corresponding imaginary points i 
; to that curve. 
III. A cur?e may be entirely imaginary. 

Tlie equation 

\ IB that of a circle. But we may write it in the form 
{X - ly + {y - 1)' = - 1. 

The first member ia a sum of two eqaares, and tlierefore 
JjiOBitive for all real valnes of x and y, wliile the second mem- 
■ber ifl negative. Hence tliere are no real pointa whose co- 
BordiQates satisfy the equation. 



i 
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EXERCISES. 

1. If we take, on the axis of X, two imaginary points 
whose abscisBiiS are a + bi and a — bi respectively, find the; 
abscissa of the middle point between tbem. 

2. Using tlie method of g 45, find the equation of the 
'line joining ttie imaginary points whose co-ordinates are — 

let point: x' = ci, y' — a-{- 2cj; 

3d point: x" = b -{• ci, y" = a +25 + 2c»; 

and show that it is the real line 

y = -2x-\-a. 

3. Find the equation of the circle whose centre is at the I 
point (re, 2S) and which cuts the axis of Xat the points ds-- 
Bcribed in Ex, 1. 

Ans. (x — ay + {y — 25)* = 35'. , 

4. Find the equation of a circle belonging to the family 
fixed by the pair 

(^-4r + (y-3)' = ]6, 

{^ - zy ^ {y- hy = 9, 
id passing through the origin. 
7M. /( = 20; y = - 9; Eq. : ll(ic'-V y"j — \%Vx — ^'iy ^ 



Section II. Synthetic Geometet of the Cibcie. 
Poles and Polars. 

80. Let there be two points, P and P', on the same 
L Btraight line from the centre of a fixed circle, and bo sita- 




ated that the radius OR shall be a mean proportional between 
OP and OP'. 

Throagh either of the points, as P', draw a line Q perpen- 
dicular to the radius. Then 

The line Q is called the polar of the point P with 
respect to the circle, and the poiat P is called the pole of the 
line Q with respect to the circle. 

Had we drawn the line through P, it wonld have been the 
polar of the point P', and P' would have been the pole of the 
line through P. 

81. The following propositions respecting poles and 
polars flow from these definitions: 

I. To every point in the plane of the circle correaponda 
one definite polar, and to every line one definite pole. 

II. The polar of a point and the pole of a line may be 
found by construction as follows: 

(n) If the pole P is given, we draw the radius through 

the pole intersecting the circle at R. Wo then find the point 

_ i" by the proportion OP: OR = OR: OP'. 

^m The perpendicular through P' will be the polar of P. 

^H, (d) If the polar is given, we draw the perpendiculiir from 



r 
I 



TSB OZBOLE. 

tre upon the polar, and produce it if necessary. K * 
it intersects tlie circle at H and the polar at P', we determine 
OF as the third proportional to OF' and Oli. The point F 
will then be the required pole. 

III. When the pole ia within the circle, the polar ia wholly 
without it. 

IV. If a pole ia without the circle, the polar cuts the circla 1 

V. When the pole is a point on the circle, the polar ia the J 
tangent at that point. 

VI. If the pole approaches indefinitely near the centre of J 
the circle, the polar recedes indefinitely, and vice versa. 

83, Fundamental TnEOKEM. If a line pass through a 
point, the polar of the point will pass through the pole of the line. 

Proof. Let the line CD pass 
through the point F. 

By definition, we find the polar 
of P hy drawing the radius OM 
through P, taking the point P' so 
that, putting r for the radiua OM, 

OF:r = r: OP', («) 
and drawing P'Q' J. OP'. 

We find the pole of CD by draw- 
ing OQ X CD and finding a point P" such that 

OQ:r=r: OP". (b) | 

We have to prove that P" lies on the polar P'Q'. If we * 
call Q' the point in which OQ meets the polar P'Q', the tri- 
angles F'OQ' and QOP, being both right-angled and having 
the angle at O common, are equiangular and therefore similar. 
Hence 

OQ:OP= OP' : OQ'. 
Comparing the proportions (a) and (5), we have 

OP.OP' = OQ.OF", 
which givea the proportion 

OQ: 0F= OP' : OF". 
Comparing this proportion with (c), we ha^e 
OQ' ~ OP". 
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r Hence P" and Q' coincide; that is, the pole P" lies oa the 
" polar P'Q'. Q. E. D. 

Cor. 1. We may imagine sevoral linsB all passing, like CD, 
throngh the point P. The theorem shows tliafc the poles of 
these lines aU lie on P'Q'. Hence, 

If several lines pass through apoint, their poles will all lit 
upon thepolar of the point, 

I Cor. 3. We may imngino several points, all lying, like P, 
on the line CD. The theorem showe that the polars of these 
points will all pass throngh Q', the pole of CD. Hence, 

If several points lie in a straight line, their polars will all 
pass through the pole of the line. 

Aehark, These several theorems may be more readily 
grasped when placed in the following form: 

l.lfa line turn round on a point, its pole will move along 
the polar of that point. 

. If a point move along a line, its polar will turn round 
ten the pole of that line. 

83. Theoebm I. If from any 
Kjpoin^ two tangents be drawn to a 
T circle, the line joining the points 
f of contact will be the polar of the 
[ jpoint. 

Proof. Let the tangents from 
' P touch the circle at M and JV. 
Let Q be the point in which OP, 
\_Jrom the centre 0, intersects the line MN. 





By elementary geometry, OQN and OJVP are right tri- 1 
inglee. Because they have the angle at common, they are \ 
Fequiangular and similar. Hence 

OQ: 0N-= ON: OP. 

Now, since ON\a the radius of the circle, this proportion 
|«hows that Mlfia the polar of P. Q. E. D. 

Theobem II. If through any point a chord be drawn iff 
a circle, the tangents at the extremities of the chord will tneet 
on the polar of the point. 

Proof. Let the chord pass 
through the point Q, and let 
the tangents meet at P'. By 
Theorem I., i" is the pole of the 
chord; therefore, because Q liea 
on the cliord, the polar of Q 
passes through P', the pole of 
I the chord. Q. E. D. 

Cor. 1. If any number of chords be drawn through th»\ 
I same point, the locus of the point in wJiieh the tangents at-, 
their extremities intersect will be a straight line, the polar of^ 
I the point. 

r. 2. ConverBeij, If from a moving point on a straight 
line tangents he drawn to a fixed circle, the chords joining t1i« 
[ corresponding points of tangency will all pass through the polo 
. of the line, 

THEOREMS FOR EXERCISE. 

, If we take any four points, A, S, A' and B', on a circle, 
and if P he the point of meeting of the tangents at A and B, 
and P' the point of meeting of the tangents at A' and B', 
then the point of meeting of the lines AB and A'B' will be 
the pole of PP'. 

2. If we take four points. A, B, X and Y, on a circle, such 
that the tangents at ^ and .Band the secant A'F pass through' 
a point, then the tangents at Xaud FiiaA Vtve sacKcS, AT 
vill also pass through a point. 
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Centres of Similitude. 

84. Def. The line joining the centres of two circles i 
called their central line. 




Theorem. If the ends of parallel radii of two circles be 
joined by straight lities, these lines will all jiass through a 
common point on the central line. . 

Proof. Let CP and C'P' be any two parallel radii, and 
S the point in which the hne PP' intereecta the line GC 
joining the centreB. The sinular triangles SPC, 8P'C give 
the proportion 

SG : SC' = CP : CP'. [a) 



Putting, for brevityj r = the radiua CP, and r' ■■ 
CP', this proportion gives, by division. 



- SC' •.SC' = CP- CP' : CP' = r-r':r', 

CC ■.SG' = r-r': t'. 



80' = 



-.CC; 



. the radius. ^^H 

I 



that 18, the difltance SC is equal to the line CC mnltiplied 
by a factor which ia independent of the direction of the nidii 
CP, CP; therefore the point S is the same for all paira of 
parallel radii. Q. K D. 

Case of oppositely directed radii. If the radii CP, CP' 
iie di'awa ia oppoaite directions, it may be ehown in a similar 
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Iiray that the line PP' intersocts tlie central line CC ii 
Ijioiiit S' determined by the proportion 

CS' : CS' = CP : C'P' = r:r', (5) | 

■ Thence iS" is a fixed point in this case also. 
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Def. The two points throngh which pass all lines joining ] 
the ends of parallel radii of two circles are called the cea- 
tres of similitude of the two circles. 

The direct centre of similitude is that determined | 

by similarly directed radii. 

The inverse centre of similitude is that determined \ 

by oppositely directed radii. 

Corollaries. The following corollaries should, so far s 
necessary, be demonstrated by the student. 

I. The direct centre of similitude is always without lh» I 
central line of the two circles, and the inverse centre is always I 
within this line, however the two circles may be situated. 

II. If the two circles are entirely external to each other, the 1 
centres of similitude are the points of meeting of the pairs of I 
common tangents to the two circles. 

III. Comparing the proportions {a) and (&), we see that the ] 
point £^ divides the line CC externally into segments having { 
the ratio r : r', while S" dirides it internally into segments I 
having this same ratio. 

This is the definition of a harmonic division. Henco 
TJte two centres of similitude divide harmonically the lint | 
joining the centres of the two circles. 

85. The following are fundamental theorems relating to I 
\ centres of similitude: 

Theorem I. Every line similarly dvindmg Iwo ■paToO; 
lra(2u of two circles passes through Ihvxr ceutxe of si.TaM^t.'*' 
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Proof. Let A and A' be the points in which the line A 
YidoH the radii; 

S', the point in which this line cute the central lino; 
S, the centre of similitude; 
r, r', the radii of the circles. 




"We than have, by the property of the centre of similitude, 

C'S : VC = CP' : OP - C'P' = r':r-r'. (a) 
The Bimilar triangles CAS' and C'A'S' giye 
C'S'; CS'= CA' : CA; 
■whence, by division, 

C'S':CC= CA' : CA - CA'. 
By hypotheeia, the radii are similarly divided at A and A 

CA' : CA = r':r; ' 
whence, by division, 

CA' : CA - CA' = r:r~r'. 
Comparing with (a) and (b), 

CS': CC=zCS: CC; 
whence CS' = CSaai the points iS and 5" coincide. Q.E,D. 
Beuark 1. If the radii are oppositely directed, the 
centre of aimilitude will be the inverse one. The demonstra- 
tion is the snme in principle. 

Beuare 2. The demonEtration may be shortened IqrJ 
I empioy'sag the thcoiem of geomcti'y that there is only oiu 



i 



point, internal or eiternal, in wliich a lino can be divided in 
s given ratio. (See Elementjn^ Geometry.) By tlie funda- 
mental property of the centre of similitude, it divides tho 
central line into segmentB proportional to the radii of the 
circles. It may be sliown that the point S" divides the central 
line into segments proportional to OA and O'A'. From this i 
the student may frame the demonstration ae an exercise. 

Theorem II. Conversely, Jf any line pass throuyh a 1 
ixntre of similitude, and parallels he drawn from the centres I 
of the circles to this line, the lengths of these parallels will be ] 
proportional to the radii of the circles. 




The demonstration is so easy that it maybe supplied I^i 

I the student. 

86. The Four Axes of Similitude of Three Circles, If ] 
there be three circles, they form three pairs, each with its 
direct and inverse centre of similitude. There will ther&- J 
' fore be six such centres in all, throe direct ones and three in- ] 
I Terse ones. The following propositions relate to this case: 

Theorem III. Tlie three direct centres of similitude He j 
F in a straight liiie. 

Proof. Let r„ r, and r, be the radii of the three circles. 

Let 8^, S, and 5, be the direct centres of similitude of the | 
I pairs of circles (3, 3), (3, 1), (1, 2) respectively. 

Let a line AB be passed through S, and i% 

From the centres of the three circles draw three parallel J 
f lines, .B,, R, and R, to the line AB. Then, 

Because AB is a line passing through the tea.Ua iAi\'a^Q«| 
\ tude S„ 
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E,:Ji,=r,: r,. (Tl 

Because AB ia a line pasBing throagli iS,, 

R,:Ji,= r,: r.. 
Taking tlie quotients of these ratios, we have 

hence the line AB divides the radii r, and r, similarly. 




Therefore this line passes through the centre of flimilituda 
S. of the circles (1, 2). (Th. I.) Q. E. D. 

Theorem IV. Each direct centre of similitude lies in the 
tame line with the two inverse centres of similitude which are 
not paired with it. 

The demonstration of this theorem is bo nearly like that 
of the last one that it may be supplied by the student. 

Def. A straight line which contains three centres of simili- 
tude of a system of three circles is called an axis of simili- 
ttide of the system. 

Corollary. For each system of three circles there are four 
axes of similitude, of which one contains the three direct cen- 
tres of similitude, and the others each contain one direct and 
two inyersQ centres. 

EXEHCISEa 

1, Show that if two of tho three circles be equal, two of 
the axes of similitude will be parallel, and vice versa. 

2, If all three circles are equal, describe the axes of simili- i 




The Radical Axis. 

87. Theobem. If any perpendicular be drawn to tie 
cmtral line of two circles, the differeiice of the squares of thi 
tangents from any onepoint of this perpendicular will be tMm 
tame as from, every otlier point of it. 

Proof. Let PJVbe any per- 



pendicular to the central line 




p 


of the circles C and C", and 


yf 


\ 


P any point on thia perpen- y^ 


/ 


dicniar. ^<r~^ 


/ 


\\ 


Let 5 and 5' represent the f\ / 


\ 


/r 


diatancee of P from and 0'. i \/_ 


\ 


-A 


Becaase the tangents PT \ 


r 


V 


and PT meet the radii drawn \ 


J 


v_ 


to the points T and T of con- ^^ -^ 






tact at right angles, we have 






Pr = ff - r'; 




PT' = R" - r". 







I Henoe, for the difference of the squareB of the tangents, 

pj,. _ pj,. ^ n- _ ff. _ f^ _ ,..). (1) 1 

From the right triangles FNC and PNC, we find, in the 
some waT, 

ij" - ii" = NO' 

I vhence, from (1), 

PI" _ py = NO 



-NO"; 



NO" 



-(r--r"). 



P) 



The second member of this eqiiution has the same value at 

whatever point on the perpendicular P may be situated, 

I which proves the theorem. 

Corollary. If we choose the point N so as to fulfil the j 
[ oondition 

JVC" - NO" = r" - r'\ (3)j 

e ehall have 

P2" = PT", 
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and the tangents will be equal from every point of the per- 
pendicular, which will then, by definition, be the radical azis. 

88. Case when the circles intersect. In this case the 
tangents drawn from either point of intersection are both 
zero and therefore equal. Hence this point is on the radical 
axis, and this axis ia then the common chord (or secant) of' 
the two circles. Hence another defiuition: 

The radical axis of two circles is their common chords 
produced indefinitely in both directions. 

EXERCISE. 

In the preceding construction the circles have been drawn 
completely outside of each other. Let the student extend 
the general proof (1) to the case when the circles intersect, 
showiug that the two tangents from every point of the com- 
mon secant are equal, and (2) to the case when one circle is 
wholly within the other, showing that the radical axis is then 
wholly without the outer circle. 

89, The Radical Centre of 
Tfiree Circles. If we have three 
circles, each of the three pairs 
will have its radical axis. 
now have the theorem : 

The three radical axes of three ' 
circles intersect in a point. 

Proof Let.il, 5 and C be the 
three circles, and let be the 
point in which the radical axis of A and B intersects the ] 
radical asis of B and C. 

Because ia on the radical asis of A and B, 
Tangent to ^ = tangent to B. 

Bocause is on the radical axis of B and C, 
Tangent to B = tangent to C. 

Hence Tangent to -4 = tangent to C; 
whence lies on the radical axis of A and C, and all threo'l 
axes pass through 0. 



\ 




THE CIBOLE. 

Def. The point in wliich tbe three radical axes intersect ilj 
called tlie radical centre of the three eireleB. 

Cor. TJiB radical centre of three circles is a certain potnii 
from which the tangents to the three circles are all equal. 

90. System of Circles having a Common Radical Axit. J 
The theory of a family of circles, developed analytically in the-'I 
preceding section, will now bo explained synthetically. 

Frobleu. Let its haiie a circle A and a straight line Jf: J 
it is required to find a second circle X, such that N s. 
the radical axis of the circles A and X. 




Solution. From the centre A draw an indefinite line jIX | 
I perpendicular to the line N. 

Take any point P on the radical axis N, and from it draw ] 
a tangent FT to the given circle. 

From the same point, P, draw another lino, PT^, in any J 
direction whatever; make PT' = PT, and from 7" draw TX 1 
perpendicular to PT' and meeting the central line in X. \ 
The circle roimd the centre X with the radina XT' will b» J 
that reqiiired. 

For PT, being perpendicular to the radius, ia tangonfr"! 
to the circle X; and because PT = PT, the line through? 
P perpendicular to the central line is the radical axlB.; 
I Hence the given line Wis the radical axis of the two circles;-' 
I whence the circle Xfnlflls the condition of the problem. 

Since the line PT may be draivn in any direction what-> I 
[ ever, we may find an indefinite number of circles ijte'i'a.^oii'' 
[ the conditions of the problem. 
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The conBtniction of these circles ia shown in the figors. \ 
Since the tangents from P are all equal, it follows that thofl 




line PN is the radical axis of any two circles of a famSyS 
passing through the same two points, real or imaginary. 

Tangent Circles. 

91. The following propositions lead to the solution ( 
the noted problem of drawing a circle tangent to throe gireoil 
circles. 

Def. When two circles each touch a third, the line 
through the points of tangency is called the chord of con- 
taot. 

When two circles touch each other, either one must be 
wholly within the other, or each must be wholly without the 
other. Hence contacts are said to be of two kinds, inte~nal 
and external. 



Theorem I. Tirst, 1/ a circle is tangent to a pair ofM 
other circles, the chord of contact passes through a centre Oj' 
similitude of the pair. 

Secondly, This centre of similitude is the direct one wM 



the contacts are of the same kind, and the ineerse one lohtn 
they are of opposite kinds. 

Proof. The points of c 
tact are readily shown to be c 
tres of similitude of the respective 
pairs of tangent circles. 

By § 86, any two centres 
Bimilitade of different pairs lie ' 
on a Btraigiit line with one of the 
centres of similitude of tiie third pair. 

Hence the points of tangency are in the same line with a 
centre of similitude. Q. E. D. 

Eemark 1, An independent proof of the theorem is ob- 
tained by drawing the radii from each centre of the pair of 
circles to the points in which the Joining lino intersects the 
circumferencea, and showing that the radii, taken two and 
two, are parallel. 

Bemark 3. The second part of the theorem is left as an 
exercise for the student. 

93. Bomologous Points. If a common Eeeanfc to two 
circles be drawn through either of their centres of Bimilihide, 
it will intersect each circle in two points. By combining 




either of these points on one circle with either of the points 
on the other circle we may form four pairs of points, as 
{P, P'), (Q, Q'). {Q, P'), and {P, Q'). The pairs at the 
termini of parallel radii, namely, (P, P') and \q, Q'), are 
called homologous points; those at the termini of non- 
parallel radii, as {Q, P') and {P, Q'), are caUad -ftaSK^W*- 
mologouB. 
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93. Thbokeu IL If Iko eecanls be drawn tTtnmgh a 
centre of similitude, then — 

I. The distances of any two homologous points on one secant 
from the centre of similitude will be proportionai to the dis- 
tances of the corresponding points on the other secant. 

U. The products of the distances of two anti-homologoua 
', points will be the same on the tioo secants. , 




ihesis. Two secants, SQ' and ST, from the centre 
1 of similitude S, cut the circles ia tlie points P, Q, P' and \ 
' Q', and R, T, R' and T reepectiYely. 
Conclusions: 

I. SP : SP' = SR : 8R'; 
SQ:SQ'=ST'.8T'. 
II. SP. SQ' = SR. 8r = SQ. SP' = ST. SR'. 
Proof. I. Draw the central line and the radii to the 
[ points of intersection. Because of the parallelism of the radii 
^OP and OP', etc., we have 

Triangle SOP similar to triangle SO'P'; 
Triangle SOQ similar to triangle SO'Q'; 
Triangle SOR similar to triangle SO'R'; 
Triangle SOT similar to triangle 50' Z". 
From the similarity of those triangles, we have 
SO:SO' = .SP : SP' = SQ : SQ' 

= SR : SR' = ST : ST. Q. E. D. 

II. The seound and last of these proportions give 
SP.SQ' = SP*. SQ; I 
SR. ST = SR" . ST. ) 



(") 



By a fnndamental property of the circle, shown in elemei^ I 
tary geometry, 

SP . SQ = SR . ST; 
SP' . SQ' = SR' . Sr. 
Multiplying these equations, we have 

SP . SQ' X SP' . SQ= SR.sr X SR' . ST. 
By eabstitation from (a), this equation becomes 
(SP.SQ')' = (SR.sry; 

■whence, extracting the square root and combining with {a), 
we have conclusion II. Q. E. "D. | 

94. £>ef. When a circle toncbea two others, we call it a 
direct tangency when the two tangencies are of the same kind, 
and an inverse tangency when they are of opposite kinds. 

Several pairs of tangencies, lill direct or all inverse, may 
be called of the same nature. If one pair is direct and another 
inverse, they are of opposite natures. 

Eemabk, It will be noted that the chords of contact j 
pasa throngh the same centre of eimilitude in the cose of two 
pairs of tangencies of the eamo nature, but not otherwise. 
Hence, in what follows, wlienever we have several circles \ 
touching two others, we shall suppose the tangencies to be of 
tlie same nature. 

95. TsEOHEM III. If each circle of one pair is a tan- J 
■ gent of the same nature to the two circles of another pair, then I 
1. the radical axis of each pair passes through a centre of simili- 1 
I tilde of the other pair. 

Proof. Iiet the circles P and P' touch the circles and 
0' at the points M, N, M' and iV'. 

The point of meeting, S, of the lines JVif and IfM" will J 
1 a centre of similitude of and 0' (§dl)< Hence we have J 

SM. 8N-= 8M'. SIf. (g 93)1 

But SM. SNJB equal to the square of the tangent from. S 
I to the circle P (El. Qeom.),and iSif. SN'\.a'0ae%H'^i3x«.cS.'<^% 



tangent from 8 to the circle F', Tiie tangents being equa] 
8 is on tlie radical axis of F and F'. Q. E. D. 




It IB shown in the Bame Vioy that a centre of similitude of 
P and J" is on the radical axis of and 0'. Q. E. D. 

Cor^ 1. If each of tliree circles is a tangent of the same 
natnre to two other circles, then, by this theorem, one of the 
centres of similitude of each two out. of the three circles most 
lie on the radical axis of the two circles which they touch. 
Hen CO, 

When each of two circles touches each of three other circles, 
their radical axis will form one of the axes of similitude of the 
three circles. 

Cor. 2. The same thing being supposed, each radical 
axis of the three circles will, by the theorem, paaa through a 
centre of similitnde of the pair which they touch. This centre 
of similitude will therefore be their point of intersection. 
Hence, 

WJien each of two circles touches each of three other circles, 
the radical centre of the three circles will be a centre of simili- 
tude of the two circles, 

90> Frobleh. To draw a circle tangent to three given 
circles. 

Construction. Let L, ^and JVbe the three circles. 

Find their radical centre, C, and an axis of Bimthttide, S. 



Find tho poles p, q, r, of S with reEpect to the thi'ei 
Epircles. 

Join Cp, Cq aud Cr, and let I, m, n and V, m', n' be tlie 
KiintB in which these lines intersect tlie three circles. 




The circle through the three points I, in, n will be one oi 
r the tangent circles required, and the circle through the three 
points V, m', n' will be the other. 

Proof. The axis of similitude S ia the radical aiie of 
tome pair of circles touching the three given circles (§95, 
I Cor. 1), and C is one of their centres of similitude (§95, 
I Cor. 2). 

Let na call Xand Fthe two circlea of this pair, which are 
►not represented in the figure.* 

Let m, I, n and m', n', I', instead of being defined by the 
P»bove construction, be defined as the points of tangenoy of 
* this pair of circles whose centre of similitude is at C. Then, 
by (§ 91), the lines mm', nn' and W will all pass through C. 
Through m' draw the common tangent to the circlea M 

tand X. and through m draw the common tangent to if aud 
Y, and let P be the point of meeting of these tangents. 
h 






The Ittngcnt circles and tangenta are omitted from the printed 
:Ilgure to avoid coufuBing it. The sludent cau supply them so fOi^^k 
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Then^ because the tangents Pm and Pm' touch the same 
circle if at m and m', they are equal. 

Hence these lines are also equal tangents to the circles 
X and T\ hence P lies on the radical axis of Xand T^ that 
is^ on the line 8, 

Because the line mm' is the chord of contact of tangents 
from P, it is the polar of P; hence the pole of 8y a line through 
X, lies on the polar mm\ That is^ the line Gq^ found by the 
construction^ passes through the points of contact m and m\ 

In the same way it is shown that the points of contact I, V 
and n^ n' are upon the lines joining C and the poles jp and r. 
Q. E. D. 



CHAPTER V. 

THE PARABOLA. 



Equation of the Parabola. 

97. Def. A parabola is the locus of a point which 
moves ill a plane in such a way that its distances from a fixed 
point and from a fiscd straight line in that plane are equal. 

The fixed point is called the focua, and the fixed straight 
line the directrix of the pai'ahola. 

Tho curve is traced EaechaniCBllj' as foUowe: 

Let F be the fixed point or focus, and RIV the fixed straight line or 
directiix. Along tlie latter place the edge of a 
ruler, and to the focua attach one end of a 
tiiread whose length isequal to that of a second 
ruler, iJQ, right-angled at D. Then having at- ^ 
tached the other end of the thread to tlio ruler 
at Q, Btretchthclhread tiglitly against the edge 
of the nUer Z>Q with the point oC a pencil, 
while the raler ib moved on ila edge DR along 
the directrix .Rif ; ibe path of P will be a 
parabola. For in every position we shoil 



rliich agrees with the deSnition. 



^^lave 

^Bkrliic 

^^H 98. Problem. To find the equation of the parabola. 
^f Let F be the focus, and TY* the directrix. Through F 
^^draw OX perpendicular to YV. Take y 

as the origin, OFus the axis of X, h- 

and the directris OF as the axis of K 

Put 0^= p, and let P be any point on 

tho curve. Join P J", and draw Pif per- ' 

pen dicular to the directrix YF'. Then^ 

by the definition of the curve, we have 
^L PF= FN. ^ 





Let OM, PM, the co-ordinates of P, bo x and y. Then we ■ 
have 

PM' + FM" = PF' 
= PM' 
= OM'; 
that is, y' + (x — p)' = x', 
or y' = %p(x- -ip), (1) 

which ia the equation of the parabola 
with the asaumed origin and axes. 

When ^ = we have x = Jp; tliat is, OA =. AF, or the 
curve bisecta the perpendicular distance between the focuB 
and the directrix; and siuce thei-e is no limit to the possible 
distance of a point from both focus and directrix, the curve 
extends out to infinity. From (1) wo see that for everyposi- 
tive value of x greater than p there are two values of y, equal 
in magnitude but of opposite signs. Hence the curve is 
symmetrical with respect to the axis of X. If x be negative 
or less than ^p, the values of y are imaginary; therefore no , 
part of the curve lies to the left of A. 

Def. The point A where the curve intersects the perpen- 
dicular from the focus on the directrix is called the vertex 
and AX the axis of the parabola. 

The equation (1) will assume a simpler and more nsefnl 
form by transferring the origin to the vertex, which is done , 
by simply writing x for x — ^; hence (1) becomes , 

f = -ipx, (2) 

which is the form of the equation of a parabola which we 
shall use hereafter. 

In equation (2), let x = ip. 



Then 




Hence FL = FL' = ZAF, 
and LL' = 2p = iAF. 

Def. The double ordinate throngh 
the focus is called the principal para- 
meter or latus rectum. 

Ccr. The length of the semi-parameter is p. 
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99. Focal Distance of any Point on the Parabola. 
Let r denote tho focal diBtaoce FP of any point P (§ 98). 

!hen, by tho definition of the curve, we iiave 
FP = JSrp 

= 0A+ AM, 
r= ip + ^, (3) 

'ih, being of the first degree, is sometimes called the lin- 
^eor eqaation of the parabola. 

100. Polar Equation of the Parabola, 

Pboblem. To find the polar equation of the parabola, 

Ithefocua being the pole. 
I Let ^P = r, XFP = 8. Then, from the figure, we have 
\ FP = PN 
I = 0F-\- FM 

I ='il,AF-\-FM, 

p[ r =p + r COB 6; 



irhence r = 



1 - COB y " 



,^' 



(4) 



If we count the angle from the 
vertex in the direction AP, we shall 
have AFP = 6, and therefore (4) be- 
comes p 



■ 1 4- cos 6 ~ 



3 cos' 




I which is the form of the polar equation generally used. 

Cor. The polar equation may also be easily deduced from 
the linear equation of the curve. Thus, when the vertex ia 
the origin, the linear equation ia 



pid transferring the o 



= ip + a:; 
1 to the focus by writing a; -}- ^ for 



Diameters of a Parabola. 

101. Def. The diameter of a purabola is the locus of 

the middle points of any Bystem of parallel chords. 

Problem, To find the equation of any diameter. 

Let X, y be the co-ordinates of P, the middle point of any 
chord OC; x', y' the co-ordinates of (?'; 
length of the chord; 8 the inclination of 
the chord to the axis of the curve. Draw 
the ordinates PM, CM' and PD parallel 
to AM'. Then we have 

AW = AM-\- PD, 
or a:' = a; 4- r cos 8, 

and CM' = PM-\-C'D, 

or y' = y -if-r sin 9;' {b) 

and since the point {x', y') is on the 



Snbstitnting the values of ar' and y' as given by (a) a 
(6) in (c), v^e have 

(y + r sin 0)' = 2p(x + r cos 0), 
or r* sin'S + 2(y sin 6 — ^ cos 0)r -\- y* — 2px — 0, 
from which to determine the two values of r. But since the 
point (a;, y) is the middle of the chord, the valaea of r are 
equal in magnitude but of opposite signs; therefore the co- 
efficient of r must vanish, which gives 

y sin 8 — p cos = 0, 
or y = P "^ot 8 




where m = tan 6, the elope of the chord to the axis of X. 

Hence the equation of any diameter is 

y = ^ cot 8. (6) 

Since the second member of (6) is constant for any system 
of parallel chords, every diameter of a parabola is a straight 



4 

(6) 

pstem 
•aigkt 
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line parallel to the axis q/'X(§40, III.). BecanBo m may have 
aoyTalue whatever, (6) can be made to represent any straight 
line parallel to the axis of the curve. Heuce every line paral- 
lel to the axis bisects a system of parallel chords. 

Cor. To draw a diameter of the curve, bisect any two 
parallel chords, join the points of bisection and produce the 
line to meet the curve: it will be a diameter. 



L Tangents and Normals. 

P 103. Pkoblbm. To find the equation of a tangent to a 
parabola. 

Let {x', y') and {z", y") be the co-ordinates of any two 
points on the carve. Then the equation of the secant throogh 
Ibese points is 



U---')- 



(a) 



Bib 

^HBnt since (a^, y') and {x", y") are on the cuitc, we have 

■ y" = 2px' (b) 

■!and y'" = 2px". (c) 

From (i) and (c) we get 

y'" — y" = 2p(x" - x"); 
whence 



x" - x' y" + y" 
which substituted in (n) gives, for the equation of the secant, 

>y — V' = - „ . — ifa: — x'\. 
Now when the point (x", y") coincides with the point 
(a:*, y'), the secant will become a tangent, and then n^' =. 7^ 
and y" = y'; hence the equation of the tangent at the point 

_(*'. y') is 



y'y =px~ px' + /' 
= px ~ pxf 4- 2px' 
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Cor, Let {x', y') be the co-ordinates of any point c 
parabola; the equation of the tangent at that point is 

and the equation of the diameter pnssiDg through the point 
(a;', y') a 

Eliminating y' from (a) and (J), we have I 

y^mix + x') 1 

for the equation of the tangent. But m is the slope of the 
parallel chorda to the axis; hence the tangent at the extremity 
of any diameter of a parabola is parallel to t!ie chords which 
are bisected by that diameter. 

The equation of the tangent may alao be derived in- 
dependently of the point of contact in the following manner. 

103. Problem. Topid the condition that the line 
y = mx + A 
may be tangent to a given parabola. 
The equation of the curve is 



whence, by eliminating y between these eqniftions, we get 

[mx-\-hy = 2px, 
or mV 4- {2mh — 2p)x + A' = 0, 

which determines the abscissaB x of the two points in which 
the line intersects the cnrve. But since the line is to he a 
tangent, the two values of the abBciasfe will he equal. The 
condition that this equation may have equal roots* is 
(3m4 — ZpY = imVi'i 



whence 



" 2m ' 



* The comlltioQ that the roots of the quadratic equation 
a^ + bx+e = 
siu31 be equal is M — to; = 0. (Chap. ] 
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' the required condition. Substituting this value of A lu i 
, equation of the line, we liave 



y = mx + 



'im' 



(9) 



which ifl the equation of the tangent to a parabola in terms of ! 
the slope and semi-parameter. 

Conversely, eyery line whose equation is of this form i, 
tangent to a parabola, 

104. The Sublatigent. Def. The Bubtangent is the 

projection of the tangent upon the axis of the parabola. 

To fnd where the tangent meets the axis of X, make 
, jf = 0, in (8), and we get 
0=p{x-\- x% 
x=^ — x'; 
I thatia, AT=AM; 
or, tlis guhlangent is bisected at the 
vertex. 

This property enables us to draw 
a tangent at any point on a para- 
bola. Thus, let P be any point on 
the curve; draw the ordinate PM, and produce MA to T, 
making .dr equal to ^ if; join rp. Then 2"/* ia the tangent j 
required. 

105. TheNormdl. Def. The normal to a curve at any I 
point is the perpendicular to the tangent at that point. 

Problem. Tofind the equation of the normal to a para- I 
bola. 

The eqnation of the tangent at any point {x', y') has been 
L flhowa to be 

!, = £-(»! + :«'); («) I 

and let y — y' = m{x ~ x') (fi) I 

be the eqnation of a line through (z', y') and normal to the | 
^ cnrre at that point. 

Jow in order that the linea repieaftiitfti. \ 
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may be perpeodicular to each other, we must have the 
ditioD 






- = 0, (§i7) 

v' 

or m= — ^i 

P 

therefore (5) becomes 

which is the equation of the normal at the point {x', y'). 

106. The Subnormal, Def. The Bubnormal ia the 

projection of the normal upon the axis of tlie parabola. 

To find where the normal iuteraecta the axis of X, make 
y = in (10). Then we have ^m 

p = X — x' ^1 

= AN'-AM 
= MN; 
that is, the subnoTmal MN is constant and equal to half the 
parameter or latus rectum. 

107. Thborem. 'a tangent to a parabola is equally in- 
clined to the axis of the curve and the focal line from thepoint 
of tangancy. 

Proof. From {§ 104) we have 

FT= AT+ AF 
= AM-^t- AF 
-FP; 
therefore the angle PTFis equal to the angle FPT. 

Cor. Let PD be drawn parallel to the axis AX; th^n PD 
is a diameter of the curve (§101), and the angle NPB is equal 
to the angle TPF. Since the normal PNis perpendicular to 
the tangent, the angle iJPJVis equal to the angle NPF. 

Rbuare, The properties just proved fled an application in the use 
of parabolic reflectorB inleoded to bring rays of light to a focus, as in 
tlie reflecting telescope. Since the curve and the tangent have the same 
the point of longencj, rays of light are reflected b; the 
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Garre as \bej woold bo by Ibe langeut at that point; trnd because the 
angle of incideoce is equal la Uie angle of retlucUon, it follows tliBt if 
rays of liglit parallel to Uio axis of tlie curve fall upou a parabolic refieo 
tor, the; will all bo reflected lo the focus. Converse!;, if a lumioouB 
bod; be placed in the focus of a parabolic reflector, ail the raja proceed- 
i iog therefrom will bo parallel after reflecllon. 

lOS. Peoblbm. To find the locus 0} the foot of ikeper- 
\fendicv,lar froin tJte focus upon a variable tangent. 

Let x', y' be the co-ordinates of any point P on the cnire. 
The eqaatioQ of the tangent at F ie 



» = if (« + »=■)■ 



(«) 



The equation of the line through the focas whose co-ordi- 
I itates are (^, 0), and perpendicular to (a), is 

t-And since the point {x', y') is on the curve 

y" = %px', (e) 

B have now to eliminate x' and y' from {a), {b) and (c). 
From (c), 

Zp' 
lirhich substituted in (a) gives 



w 



From (5) -w 



[ Thich substitui 



py 



-ip' 



I in (d) gives, after obviona reductions, 
\l/' + {X - ip)'\^ = 0- 
Therefore we must have either 

3' + (x- ipy= o' a; = 0. 
The former gives y = and x = ip, the focus, whv<Ai I 
lowever is not the locus of the intei&QC^Q'Ci ol V(i^ ^^^ ^$a 
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for fjthongh these valuoe of x and y satisfy {b), they do m 
BatUfy (a). We conclude, therefoi'e, that the latter, namely, 
a: = 0, (11) 

is the equation of the required locas, which- is the tangent at, 
the origin or the axis of Y. 

109. Pkoblem. To find the locus of the point of inler 
seclion of two tangents to a parabola which are perpendicular^ 
to each other. 

Let the equation of one of the tangents he 



1 



M 

) 

■ 



Then the equation of the other, porpendicnlar to (a), is 

11= '- — ivm, 

" 111 ^ ' 

or »iy = ~ X ~ iptii'. (ft) 

Mnldplying (a) by m and subtracting (3) gives 

= 8(1 + m*)x + (1 + m')p, 
or x= — ip, (12) 

the equation of the required locns, wliich is the directrix. 

110, Problem, To find (he length of the perpendicular 
from the focus upon the tangent at any point. 

Let P denote the length of the perpendicular. The equa- 
tion of the tangent at the point {x', y') is 

y'y-p{x + x')=Q. (§102) 

The perpendicular P from the focus, whose co-ordinates 
are (i;), 0), is {§ 41) 

^^ p{p-V^^)^ p{Z^+p) 
2 Vy"+p' a V~2px'+p' 
= iVp{p + 'ix') 

= iV^, (§99) (13) 

where r is the focal distance of the point of tangency. 



111. Problem. To find the co-ordinates of the point of 
contact of a tangent drawn from a given point to a parabola. 

Let {x'l y') be the oo-ordinatea of the required point of 
contact, and (A, h) the co-ordinatea of tho given fixed point. 
The equation of the tangent at {x', y') ia 

y'y = p{x -\- ■■^y, 
and ainoe the tangent passes through the point (h, k), we also J 
have 

*/=?(«' +*)■ 

Becauae the point {x', y") is on the curve, we have 
y" = 2px'. 

Solving (a) and (S) for x' and y', we have 
x' = k' - 2ph ± Jb Vf — 2pA; 
y' = k ± '/^ — %ph. 

These equations show that from any fixed point two tan- 
genta can be drawn to a parabola, and that tho points of con- 
tact (x', y') will be real, coincident or imaginary according 
as i' — 2ph > 0, =0, or < 0; that is, according as the 
point (A, h) is without, on or within the curve. 

lis. Pboblem. To find the equation of the parabola 
referred to a?iy diameter and the tangent at its vertex, as axes. 

Let A' be any point on a 
parabola; take this point as 

origin and draw thi'ongh it jr- , , 

the diameter A'X* for the K/^ ^^ ■ 4^ \ 

new axis of X, and the tangent \yrl\ 1 ^i 

TA'Y' for the new axis of Y. , 

Let T'A'X'=A'TX=e, ' 
and h and k the co-ordinates 
of A' referred to the original 
axes AX, AT. 

Let {x, y) be the co-ordi- 
nates of any point P referred to the original axes, and {x', y') ' 
' the co-ordinates of the same point referred to tha ueio ^ta-v, 
I draw the ordinates Pjr, /"Jf , and dia\i IT N Mii A* H, "^ml*^- 
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lei to ^ F) and let Q denote tlie iaterEection of the diamete 
A'i^ and the ordinate PM. Then, from the figure, we haw 

x = AM= An-\- A'Jif + M'Q 

= h +x' + PM' coa PJItQ 
= /t + a* + y coa 6, 
and y = PM=A'H+PQ 

= k + PM'slnPJirQ 
= k -\- y' sin 0. 
Bat since the point {x, y) ia on the carve, 

y* = %px. {M 

Substituting tbe values of z and y as given by (a) and (dn 
in (c), we have 

{k + y' ain 6)' = 2p{h -\-x' -\-y' coa 6); 
whence 

y" sin' e + 3y'(i sin — /) cos 0)+ it* — apA = gpar*. 
But, by (6) of § 101, 

i = J) cot fl; 
and since the point (h, h) is on the onrve 

i' = %pn, 

therefore we have 

y" sin' 6 = %pz', 

or y" = ^-fsa:', (l>i 

■^ ain' ^ " 

which is the equation of tbe carve referred to the new axes. ; 

Cor. This eqaation may also be expressed in terms or 

A'F, the focal distance of tbe points'. Thus, by (3) of §99, 

A'F=ip + h, 

i* = 2»A, or A = ^. 



and 
Therefore 



= i(p+^cot'0) 
I 
= ip{l + cot' B) 
_ P 
2ein'6' 



(aince k=pcot6 



Therefore, denoting A'F by ^p', equation (14) may be writtea 

or, suppressing the accsnts on the Tariablea, 

y' = Sj-'a:. (1B> \ 

Cor. From the identity of form in the eqaationa 

y' = 2px and y° = 2p'x, 

I ve may at once infer that the equation of the tangent referred I 

to any diameter is j 

y'y =p'{^ + ^'). (ifi) J 

If in this equation we put y = 0, we get 



I 



or, the intercept on the axis of X is equal to the abscissa of 
the point of contact, and therefore the subtangent to any 
diameter of a parabola is bisected by the vertex. 

Polos nnd Folars. 

113. Bef. A chord of contact is the chord joining 

the points of contact of two tangents. 

Pkoblbm. J'o find the equation of the chord of contact 
of two tangents from an external point. 

Let (x^, yj be the co-ordinates of the external point, 
{x'l y') the co-ordinates of the point where one of the tangents 
through (a;,, y,) meets the cnrve, and {x", y") the co-ordi- 
nates of the point where the other tangent meets the corre. 

The equation of the tangent at {x', y') is 

y'y = p{x' -\- x); (a) 

and since this passes through {x^, y,), we have 

y.y' = P{^' + ^>). (*) 

and, for the same reason, 

y,y" = Pi^" + X,). (c)" 

Hence the equation of the chord of contact is 



I 
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for this JB the equation of a straight line, and is satisfied by 

X =■ 3f, y = y' an^ ^ — ^"j y = y"> 

' as we aee from (J) and (c). Therefore (17) ts iAe equation of 
the chord of contact of the tangents through the point {a:,, y,). 
114. LocuB of the Point of Intersection of Tivo Tangents 
Let {x„ y,) be the co-ordinates of any fixed point through 
which a chord of contact of two intersecting tangents ia drawn, 
and (a;,, y,) the co-ordinates of the point of intersection of the 
tangents. Then the equation of the chord of contact is, by 

I the last section, 

I Viy = P{^t -^ ^)) 

but since {x^ y^ is a point on the chord, we mast also ha^ 
the condition 

which the co-ordinates of the point of intersection must al- 
ways satisfy, howeTer the chord of conta.ct may change its 
position as it revolves about the fixed point (jt,, j,). Therefore 
the equation of the required locus is 

y^ = p{^ + ^,), (isy 

which is that of a straight line. Hence we have the theorem: 

If through any fixed point we draw chords to aparabola; 

and if through the ends of each chord we draw a pair 
tangents, 

then the point of meeting of every pair oftange?its will lie 
on a certain straight line. 

Def. Such straight line is called the polar of the point 
through which the chords pass. 

It follows from this theorem that if (x„ y,) be any fixed 
point, the equation of the polar of that point is 

y,y = Pi^ + ^.) (i»y 

wben referred to the axis, or 

yj/=p'{x + x,) (ao>J 

-if referred to a diameter and a tangent at its vertex as axes. 



by 
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Direction of the Polar. 

Making y, = in (20), we have 

x= -z^ {%VA 

vbich is the equation of a line parallel to the axis of Y. Heno^^ 

TJiepolar of any point is parallel to the tangent at the end of 
the diameter passing through that point, and is situated at a 
distance from the vertex of the diameter equal, but in an oppo- 
site direction, to the distance of the point, 

115. Polar of the Focus. 

Pot {ip, 0) for x„ y, in the equation of the polar, and we 
get 

x= -ip, (38) 

which is the equation of the directrix. Therefore 
The polar of the focus of a parabola is the directrix, 

EXERCISES. 

1. Find the points of intersection of the line y = 3x — 6 
with the parabola y' = 2x. Ans. (4, 6) and (1,— 3), 

2. Find the equation of a line through the focuB of the 
parabola y* = lUx and making an angle of 30° with the azu. 
of a;. . a: _ 

-*««■ y = yf - Vs. 

3. Find the equation of the line through the Tertei and 
the extremity of the latua rectum, Ans. y = ±2z. 

4. Find the equation of the circle which passoa through 
the vertex of a parabola and the eitremitiea of the Intus rec- 
tum, Ans. x' -\- y' ^= ipx, 

5. Find the equation of the tangent at the extremity of 
the latna rectum, and the angle between this tangent and 
the line drawn to the vertex from the same extremity of the 
latua rectum, Ans. y = x-^ y); tan*~"4-. 

6. Determine the equations of the normala at the extrem- 
ities of the latua rectum, the co-ordinates of the points in 
which these normals again intersect the curve, and the length 
of the chords formed by the normals. 



vi' 
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t. Show that if tho focus of a purabola is the origin, asm.-^ 
the axis of the ctirre the axis of X, the equation of the para* 
bola is y' ~ p{%x + p), and the equation of the tangent at 
the point (x', y') is 

y'y = Pix + a;' + p). 

8. With the aame origin and axes as in the last exampNl 
ehovr that the equations of the tangents and uormala a 
estremity of the latus rectum are 

x^ y-\-p = G; 
X ± y — p = 0. 

9. Prove that the circle described on any focal chord a 
diameter will touch the directrix. 

10. A tangent ia drawn to a parabola at the point {x', y*)** 
Find the length of the perpendicular drawn from the foot o 
the directrix ou this tangent, 

Ans. y' '-P\ 
3 Vy" +p- 

11. Pairs of tangents are drawn to a pai-abola at points! 
whose absciasfe are in a constant ratio. Show that the locus 
of the intersection of the tangents is a parabola. 

13. Find the polar equation of the parabola when the 
Tertex is the pole, and the axis of the curve the initial line. 
Atis. r = 2p cot 6 cosec 6. 
13. If r and r' be the lengths of two riidii vectores drawn ■ 
at right angles to each other from the vertex of a parabola 
show that 

{rr')* = 4p'(r* + r^). 

14 Find the eqnation of the parabola referred to the tan- 
gents at the extremities of the latus rectum as axes. 

Ans. {x -yy-Z Vip(x + y) ~ 2p' = 

15. If tangents be drawn to a parabola at the estremitiei 
of any focal chord, show that they will intersect at right ' 
angles on the directrix, and that the line from their point of 
intersection to the focus ia perpendicular to the focal chord. 



16, From an external point (z', y') two tangents are drawa 1 
F to a parabola. Show that the length of the chord of contact itt J 



I and that the area of the triangle formed b; the chord and tan- 
gontB is 



(y" ~ Zpx'Y , 



17. If m, m' be the slopes to the axis of the parabola 01 
[ the two tangents in the last example, show that 



18. If {7f, y') anti (z", y") be any two points on a par»>l 
bola, Bhow that the tangent of the angle coutained by tha T 

tangents touching at these points is 

P{'/" - y') 
I y + y"y' 

19. In what ratio does the focna of a parabola divide that 
segment of the axis cut out by a tangent and normal drawn 
at the same point of the parabola? 

20. A triangle is formed by three tangents to a parabola. 
Show that tho circle which circumscribee this triangle paasea 
through the focus. 

31. Show that the parameter of any diameter is equal t 
four times the focal distance of its vertex, or equal to the foe 
double ordinate of tliat diameter. 



I Note. The parameter of any diameter is llie focal chord bisect 
by [bat diameter, called 3jy 
; 



If TP and TQ are tangents to a parabola at tho points 
P and Q, then if i^'be the focae, show that 

FP. FQ = FT*. 
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33. Show that the area of the triangle in Prob, 20 is ha] 
that oE the triangle formed hy joining the points of conta 
of the three tangents. 

S4. Given the oublioo of a parahola, show how to find t 
focns and the axis. 

25. The base of a triangle is 2a, and the Btim of the I 
gents of the base-angles is m. Show that the locns of the Tei 

tei is a parabola whose semi-parameter is — . 

36. Prove that y = a: tan 6 -j-p coaec 20 is a tangent 
a parabola whose latns rectum is p, the origin being at t 
focus, and the axis of the curve the axis of A'. 

27. Tangents are drawn from any two pointa P, Q to & 
parabola. Show that the co-ordinates of T, the intersecttoii 
of tb.e tangents, are 



1 COB {d, + d,) 
4^ sin 0, sin 0, ' 



1 sin {9, + d, 
4" sin 9, sin &. 



where tan 5, and tan 6, are the slopes of the tangents to the 
axis of X. 

38. If all the ordinatea of a parabola are increased in the 
Bame ratio, show that the new curve will be a parabola, and 
express its parameter in terms of the ratio of increase. 

29. At what point of a parabola is the normal double the 
subtangent; and what angle does that noimal form with the 
axia of the parabola? 

30. Find a point upon a parabola such that the rectangle 
contained by the tangent and normal shall be twice the square 
of the ordinate; and show the relation of such point to tl 
focus. 

31. Find that point on a parabola for which the normal 
equal to the difference between the suhtangent and the st 
normal. 

32. Having given the parabola y' = Gx, find the equati 
of that chord which is bisected by the point (4, 3). 

33. Find the equation of that chord of a parabola whiol 
is drawn from the vertex and bisected by the diameter y 
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CHAPTER VI. 

THE ELLl PSE. 



Equations and Fundamental Properties. 

1 IG. Def. Alt ellipse is tht; locus of n point the enm. 4 
I of whose distances from two fixed points is constant. 

The two fixed points are called foci of tlie ellipse. Thns, j 
if the point P move in such n way that PF-\- PW is con- 
stant, it will describe an ellipse. 

The curve may be described mo- 
chanically lis follows; Take any two 
fixed points Fund F',smA Httacb to 
them tbe extremities oF a thread nliosc 
length is greater tlian tbe diBtanccJ^i'''. 
Place a peadl-point P against Ibe 
lliread, and slide it so as to keep Ibc 
thread coDstaotly stretched: the point 
P will describe an ellipse, for id every 
position we shall have PF ■\- PP' 



the 




length of tbe thread. 



I 

I 



The line AA' drawn through the foci and terminated by 
the cnrve is called the traosverse or major axis, and BB' 
bisecting J J' at right angles is called the conjugate or 
minor axia. The two are called principal azea. 

Tlie semi-axes GA and CB are represented by the symbols ! 
a and S respectively. 

The point C midway between 
the foci is called the centre. 

From the manner in which the 
curve is generated, we see that .A 

AF= A'F* 
and 

PF-^ PF' = AA'. 
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117. Problem. To find the equation of the ellipse. 

Solution. Let G, the intersection of AA' and BB', be 
the origin; CA the aiis of X, and GB the asia of Y; put 
6jJ = CA' = ff, Cf = OF" = c, and x, y tlie co-ordinatea 
of any point P on the locus. Then we shall have 



= VPM' + MF' = 
= VFM' + MF" = 
Therefore, by definition. 



PF : 
PF' . 






Vy' + {c~ zy + Vy' + ic + 7)' = So. 
Clearing this equation of snrdB, it rednces to 

(a' — c')x' + a'y' = a'{a^ — c"). 
But, by defiuition, 

a' - c' = BF' - CF" = BC == 8"; 
therefore we have, by anbstitufcing in the above, 

J'a;' + a'y' = a'b'; 
or, dividing by a'b'', wq buve 

? + l" = i. 

which Is the simplest form of the equation of the ellipse. It 
is called tJie equation of the ellipse referred to its centre and 
axes, because the centre is the origin and the axes are the 
axes of co-ordinates. 

Def. The distance GF = CF' = c between the ceatrsl 
and either focas is the linear eccentricity of the ellipBe.:! 

The ratio - of the linear eccentricity to the semi-major.l 

axis is called the eccentricity of the ellipse. 
By the common notation. 



is the expression for the eccentricity in terms of the semi*! 



I 



Cor. If we transfer tlio origin to A', whose co-ordinates -I 
l.are (— a, 0), the equation (1) becomea, by writing {x — a) | 
Kfor X, 

(j= — g)' 1 y' _ t 

a' -^ b'~ ^' 

' ft form of the equation of the ellipse which is sometimes use- 
' Jtul. 

EXERCISES. 

1. Find the eccentricity and eemi-aies of Ihe ellipse 

IQx^ + 25y' = 400. 
RsuAKK. Reduce the aecoud member to unit; by dividing by 400, 
ftDd compare wilb (1). 

2. What are the aemi-oxes and the equation of the ellipse j 
when the distance between the foci is 2 and the sum of the I 
distances from each point of the curve to the foci is 4? 

3. Determine the eccentricity and semi-aiea of the ellipsea 
having the following equations; 

(fl) k" + 3y' = 6; (5) aa:" + 4y' = 9; (c) li" -f 9y* = 16; 
(d) m7? + ny'=p; {«) |«' + p' = p (/) oa:' + Sy* = 1- 

4. Using the preceding notation, prove the following pro- 
poaitions: 

I. The distance of either focus from the centre is a 

II. The distance of either focus from the nearest end of J 
the major axis is a(l — e), 

III. The distance of either focus from the farther end of ] 
ithe major axis is a(l + e). 

IV. The distance from either end of the major a 
ither end of the minor axis is a V'i — e*. 

V. If we define an angle ^ by the equation 
sin ^ = e, 

'e shall have for the semi-minor axis 
^ = a COS q). 



5, Find the points in wliich the circle a;' + y' = 
sects the ellipse ^ + 2y' = C. 

6. Write the equation of that ellipse whose minor axis I 
10 and the distance between whose foci is 12. 



118. If 1^ 



1 solve equation (1) with respect to y, we fi 
* .AT i 



y = ±- 



This equation shows that for every value of x there will 
be two values of y, equal but with opposite signs. Mence tlte 
curve is symmetrical with respect to the major axis. 

By solving with respect to x we show in like manner 
the curve is symmetrical with respect to the minor 

Def. A chord of an ellipse is any straight line terminal 
by two points of the ellipse. 

A diameter of an ellipse is any chord through its centre. 

Cor. The major and minor axes are diameters. 

Def. The parameter or latns rectum is a choi 
through the focus and perpendicular to the major axis. 

119. Theorem I. Tlie parameter of an ellipse is a third 
proportional to the major and minor axes. 

Proof. The semi-parameter is, by definition, the value of 
the ordinate y when x = ae. From equation (I), we have 



latea^^^ 
re. 



If we pot p for the semi-parameter, 
tion in this equation. 


ne find, bj substid 


^■=^:(»--.¥)=^,. / 


r ^- 


h' t — 

Hence ^ = -, or ap = V, \ 


" Vj 


or a-X = i:p. ^^ ^ 1 


Cor. The length of the semi-parameter FL is j 


^=»(i-o. 


(» 
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THE ELLIP8S. 

ISO. Focal Radii, or Radit Vedores. 

Def. Tlie focal radii of an elli])fie are the lines drawn 

from any point on the curve to the foci. 

Pboblgu. To express the lengths 
of ike focal radii in terms of the ab- 
scissa of tlte point from which they 
are drawn. 

Let r and r' be the focal radii of ' 
the point P, whose co-ordinates are 

<^. j)- 

Becanae FO = OF' = ae, 

tehave i* = FM^ + PM' 
= (x- my + f 




= (x- a,)- + "-,{'• -A 



«■)(«• -0') 



= x* — Zaex + a'e' + (1 - 

= a' ~ 2aex -\- e'x'. 

Therefore r = a — ex. (4) 

In the eame way we find, foi the other focal radius, 

r' = a + ex. (6) 

These expressions are of remarkable simplicity, Bnd, being 
of one dimension in x, either of them is called the linear 
equation of the ellipse. 

We observe that their sum is Za, as it should be. 
Cor. Equations (4) and (5) show that if a point move on 
the circumference of an ellipse in suck a way that its abscissa 
increases uniformly, one focal radius will increase and the 
other will decrease uniformly. 

In other words, if the abscissm of several points are in 

arithmetical progression, their focal radii will also be in 

arithmetical progression. 

_ 131. Folar Equation of the 

TUipse, the right-hand focus being 

le pole. 

Let r and 6 be the polar ( 
dinates of any point P on 
ilipee; that is, r = FP a 
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6 = the angle AFP. Join PF^. Then, from the triangle 
FPF', we have 

PF* = PF* + FF* - 2PF. FF . cos PFF". 

But FF = 2ae and cos PFF = — cos -4-?!P; 

therefore PF^ = l^r' + 4a'e* + 4aer cos 0, 
and by the fundamental property of the ellipse we haye 

PF+PF = AA', 

or r + Vr^ + 4mV + 4a6r cos d = 2a; 

whence we easily find 

'^ ~ 1 + « COS 0' ^**' 

which is the required equation. 

The polar equation may also be easily obtained from the 
linear equation of the ellipse; thus, from (4), we have 

the origin being at the centre/ 

Transferring the origin to the right-hand focus, whose co- 
ordinates are {ae, 0), it becomes 

r = a(l — e*) — ex, 

which in polar co-ordinates becomes 

r = a(l — e^) — er cos d; 

whence r = :r-\ s^ 

1 + 6 cos 6 

as before. 

If the left-hand focus be taken as the pole, the student 
may easily show that the polar equation is 

1 — e cos 6' 

Cor. If = 0, we have r = \ T ^ ' = «(1 — «)* which 
is the value of AF. 



When 9 = 180°, we get r = a{l + e), wliich is the valaa 
|o2 A'F. 

When 9 = 90°, r = a(l — e'), the semi-parameter. 
These resnlte agree with those of §§ 117, 119. 

EXERCISES. 



liricity SID q>, express its semi-major axis and semi-parameter 



D terms of b and c 



Ans. a = b eec ip; 
= 6 c 



I 



I 

I 



L 



distance from the focus to the nearer end of the 
major axis is 3, and the semi-parameter is 3. Find the 
major and minor axes lind the eccentricity. 

3. Express the ratio of the parameter to tlie distance be- 
tween the focus and either end of the major axis. 

The major axis is divided by the focns into two seg- 
ments. Show that the rectangle contained by these segments 
is equal to the rectangle contained by, the semi-niajor axis and 
the semi-parameter, and also equal to the square of the semi- 
minor axis. 

5. Write the equation of an ellipse in terms of its semi- 
minor axis h, and its semi-parameter j?. 

Ans. p'x' + l^y* = S'. 

6. Find the points in which the several straight lines 

y = Zx, i/ = 2x + l, y = 2a; -I- 3, 
intersect the ellipse x' ■+■ 2y' ^ 6, and the lengths of the three 
chords which the ellipse cuts out from the lines, 

7. Find the equation of the ellipse when the right-hand 
focns is the origin, the axes being tlie major axis and the 
latus rectum. 

Ans. -, -f- 1. -)- — = _,. 

8. The sum of the principal axes of an ellipse is 108, and 
the linear eccentricity 36. Find the equation of the ellipse 
Effld the eccentricity. 



A«>. ^, + ^ 
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Diameters of an Ellipse. 

133. Theorem II. Every diameter of an ellipse is bi- 
sected by the centre. 

Proof, Let y = mx be the equation of any line through 
the centre. Eliminating y between this eqaation and that of 
the ellipse, we have 

5+=?=i ■ 



from which to determine the ahBCissfe of the points in which 
the line intersects the ellipse. Since this equation contains 
terms in cc' hut none in x, it will reduce to a pure quadratic, 
of which the two roots are equal but with opposite signs. 
From these roots we shall get, by sabatitnting in the equation 
y = mx, two equal values of y with opposite signs. Hence 
the points of intersection are at equal distances on each side 
of the origin. 

133. Theorem III. Tlie locus of the centres of paraUd 
chords of an ellipse is a diameter. ^ 

Proof. Let y = mx ~\- h (a) 
be the equation of a chord; the 

slope t» being the same for all ^/ r— ^4 

the chords, while h varies from VZ---^^^n\ \v 

one chord to another. 

"We first And the points of in- 
tersection of the chord with the ellipse in the nsual way. 

Eliminating ^between (a) and the equation of the ellipse, 
we find the abscissas of the points of intersection to be deter- 
mined by the quadratic equation 

which being reduced to the general form becomes 

Now we need not actaally solve this equation to obta 
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the result we want, namely, the abscissa of the middle point J 
of the chord. We know that if we put, for brevity, 
_ 2a'mh 
" ~ a'm' ■+■ b" 

^ am -\- b 
I and call the roots x. and x^ we shall have 



I 



g. = i(-y-» >'-^l . 
a'. = i( -;' + *'/ -4?), 

vhich give the absciasce of the two points in which the chord \ 
intersects the ellipse. The corresponding ^olues of ^, from I 
(a), are 

y, = mx, -f h; 
y, = mx, + S. 

By {§ 33), the co-ordinates of tlio middle point of the 
chord are the half-stims of the co-ordinates of the estromities. 
If, then, we put x', y' for the co-ordinates of the middle point I 
of the chord, we haro 

, , ffl'ffiA 



a*m* -j- i" 
y' = i7ft(«, + ».) -I- A 

= mx'^-h 

am -f- 

b'h 



0)\ 



"" a'm' -(- b'' 

The problem now is. What relation exists between x' and J 

y' when we suppose h to vary and all tlie other quantities which J 

«nter the second member of {b) to remain constant? We oh- I 

tain this relation by eliminating h between tlie two equations, I 

i Tvhich is done by multiplying the first by 5' and the second I 

I by a'm and adding the products. Thus we find 

b'x' + a'm!/' = 0. (7)1 

This is a relation between the co-ordinates of the middle ] 
wintB of the parallel chords which iatiue lot «fi."S8!K*s'A"V 



140 FLAME ASALmO GBOXSTBT, 



tliat is, for all Buch chorda; it ia tlieretore the eqaation i 
the required locus, and, from its form, is a straight line 
through the origin and therefore through tiie centre of the 
ellipse. 

134. Conjugate Diameters. If we omit the accents i 
(7)j we may write it in the form 



line I 

the 



By assigning different Talnes to m,* or, which is the same 
thing, by giving different directions to the pai'allel eliords, the 



may represent any line passing through the centre and bisect- 
ing a system of parallel chords. 

II m' be the slope of the diameter which bisects all the 
chorda whose slope is vi, we have 



y = m'x, 
the equation of the diameter; 

tat,b,(J), !'=-^ 

is also the equation of the duimeter. 



(8) 

Theorem IV, If one diameter Insects ctiords parallel to 
a second diameter, the second diameter will Insect all chords 
parallel to the first. 

Proof. If m and m' be the respective slopes of the ti 
diameters, we shall have 



(8)~ 

I to 
rda ^^ 

i 



since the first bisects all chords parallel to the second; hni 
this is also the only condition which must hold in order that 
the flecond may bisect all chorda parallel to the first. 
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Def. Two diameters each of which bisects all chords par- 
allel to the other are called ooAjiigate diameters. 

Cor. As the chords of a set become iadefinitely short near 
the terminus of the bisecting diameter, they Coincide in direc- 
tion with the tangent at the terminus. Hence: 

Theobem Y. The tangent to an ellipse at the end of a 
diameter is parallel to the conjugate diameter. 

135. Pboblbm. Oiven the co-ordinates of the extremity 
of one diameter y to find those of either extremity of the con- 
jugate diameter. 

Solution. Let PGP' and BCD' 
be any pair of conjugate diameters, 
and (a?', y') the giyen co-ordinates 
of P. Then the equation of CP is 






[since m = "^ 1 




and the equation of Diy is 

y = - 



or 






X 



x\ 



and the equation of the ellipse, 

ay + *V = a'S". 
Snbstitating from (b) in {c), we have 

{h*x" + ay V = «*»"> 
but since (a/, ^0 ^ on the ellipse, we have 

iV + ay* = a'J'; 
therefore a'iV = ay*. 



(«) 



('') 



or 



a 



a: = ± j^\ 



Substituting this value of x in (a), we get 



^ a 
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[ VI. 



136. Thboebm 

jugate semi-diameters is constant 



'. of the s< 



I of two c 



squares 

sum oj 
squares of the semi-axes. 

Proof. Let (x', y') be the co-ordinatea of P (last figare); 
and denote the aemi-coo jugate axes CP, CD by a' and 1/ 
reBpectively. Then we shall have 



GP" + CD^ = z" -f y" + ^y" + -^ 



or a" 4" 5" = a' -|- b*. 

137. Peoblem. To find the ai 

Let 9 and 6' be the angles which 
the semi -conjugate axes make with 
the major axis, and ip the angle be- 
tween the conjugate axes. Then 

<p = e' -e 

and 

ein^j = sins' 008 0- 



VP, VU by a' and a'^H 

(9) 1 

e between two conjugate 




Denote the Bemi-eonjugate axes by a' and b', and the co- 
ordinates of F by k;', /. Then (8 135) the co-ordinatea of D 



Bin0' =-r;: 
ab" 

8abstituting in (a), we have 
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Bat since {y', y') is on the cnrye, 

JV + ay = a'b\ 
a"y ah 



Therefore 



sm ^ = 



(10) 



aba'V " a'b'' 

128. Theobeh YII. The area of the parallelogram which 
touches an ellipse at the ends of conjugate diameters is constant 
and equal to the area of the rectangle which touches the ellipse 
at the ends of the axes. 




Proof. From the last equation we haye a'b' sin <p = ab; 
but a^y sin (p is eqnal to the area of the parallelogram CFQD, 
and ab is eqnal to the area of the rectangle CAEB; therefore 
the parallelogram QR8T = the rectangle EFQHy which is 
constant. 

Cor. 1. The triangle CPD is eqnal to the triangle A CB^ 
each being one half of the parallelograms Q(7 and j^67respec- 
tiyely. 

Cor. 2. HP denote the perpendicular from (7 on QT, we 

haye 

P . CD=^ area of CPQD 

= ab. 

a'b* a'b' 



Therefore 
But, by § 126, 
Hence 



P* = — 

CD' V 

V = a« + y - a", 
a'b' 



P'=^ 



a* + y - a' 



M' 



(ti\ 
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129. Pkoblem. To find the equation of the ellipse r. 
f erred to a pair of conjugate diameters as axes. 

Let CP, CD be any two eoujc- 
gate Bemi-diametera; tako CP for 
the new axis of X, and CD for the 
new axifl of Y; let the anj 
ACP=a, and the angle A CD = 
{x, y) the co-oidiuatea of any point 

Q of the ellipse referred to rect- 

angular axes, and {x', y') the co-ordiuatea of the aame point 
referred to the new axes. 

The formnlte for passing from rectangular to obliqne axes 
are (§ 29) 

x ■= x' COS a -\- y' coa yff; 

5 = a;' sin a + y' sin p. 
But since {x, y) is on the ellipse, we Lave 
a'y' -}- i'a:' = «'&'. 
Eliminating % and y froni these three equations, we havfl^ 
after reduction, 

{«' ain'a: -\- b* coB'a-)3;" + (a' sin'/? -f b* cos*/?);/" 

+ 2{a' siu a; sin /3 -j- 5' cos a cos p)7^y' = a'b\ 
But since (7P and CZ> arc conjugate semi-diumutera, we haw 
by (8), the condition 



,, , , Bin or em 6 

that IS, -^ = 

cos a COB p 

or a' sin « sin /3 + (i' coa a coa /? = 0. 

Therefore the coefficient of a^'j' viiniahea aud we have 

(a' ain'ff + S'cos'a)a:"+ (a* siu'/>' + S' oosV)y"= b'6', (12) " 

which is the equation of the ellipse referred to the new a 

By putting y" = 0, we get 

«" = , . . ''•''. . = cp; 

a sia a ■\- cos a 



I which wo have already dcEoted by a". 
egot 



^ a' Bin"/3 + 6" cosV 
fc^which we have denoted, by b". 
Heoce (13) may be written 

a" ' o" ' 

I or, anppreBfiing the accents on the variables, since the equatio 
I is entirely general, 

^ + f^ = l- (13)1 

Comparing this with (1), we see that the equation of thel 
' cnrve referred to the major and minor axes is only a particn- I 
lar form of the more general one which we have just obtained. > 
From the identity of form in (1) and (13) we see that the J 
transformations of the former are applicable to the latter; 
therefore it follows that any formulna derived from the equa- 
tion of the ellipse by proceaaea which do not presuppose the 
axes to be rectangular will be applicable when any pair of 
conjugate semi -diameters aro aubstitnted for the principal i 
Bemi-axea. | 

130. Supplemental Cliords. 

Def. The two straight lines drawn from any point on an 
ellipse to the extremities of any diameter are called aapple- 
mental chords. 

If tbe diameter is the major axis, the chords are called , 
principal supplemental chords. 
Helation between Two Supplemen- 
L tal Cliords. Let PP' be any diame- 
ter, andPC P'Q two supplemental 
Bchords; {x', y') the co-ordinates of 
■i*, and therefore {— x', — y') tbe 
loo-ordinatea of P', and (x, y) the 
o-ordinates of Q. Then the eqna^ 
Jtion of the line PQ may be written 
y ^ y' = m{x- 




I3i 
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and the equation of the line P'Q may be written 

y + / = ^'{^ + ^'y, 

whence, by mnltiplication, 

y* — y" = mm'(a:' - x"). (a) 

But since the points (a:, y) and (x', y') ara on the curve, 
we have 

a*y' + 6V = (X*S' 
and o'y" + &V'= a'5'; 

whence o'(j' — y") + *'(^ ~ ^^O = ", 

or y- _ y" = _ _(^ _ a;'.). 

Comparing (a) and (J), we have 

mm = ;, 

a 

which IB the condition that holds for conjugate diameters 
whose slopes to the major axis are m and m' respectively 
(§134); therefore— 

Theoeem VIII. If any chord of an ellipse is parallel to a 
diameter, the supplemental chord is parallel to the conjugate 
diameter. _ 

Relation of the Ellipse and Circle. 

131. Let a circle be described on the major axis of s 
ellipse as a diameter; its equation 
referred to the centre as origin is 

jr,' = a' — a^, («) , 

where y„ representa the ordinate f 
F'M. 

The equation of the ellipse gives ^ 

y! = ^(o- - '^y (») 

Comparing (a) iwid {b), we have 




XBS SLLBVS. 



w 



that is, the ordinate of the ellipse at anj point is found bj 
multiplying the ordinate of the circle by the constant factor 

. Hence we have I 

Theorem IX. If all the ordinates of a circle be dimin- 
iahed in the same proportion, the circle will be changed into 

n ellipse. 

133, The Eccentric Angle. 

Def. If we join P and C, the centre of the ellipse, the 
ngle P'CA is called the eccentric angle of the point P. 

Pbobleu. To express the co-ordinales of any point of the 
lipse in terms of the eccentric angle of that point. 

Let the eccentric angle = 9», and x, y, the co-ordinates 
of the point P. Then, since P'0 = AG,yi(i shall haTO 



E = n cos <p; 



- a Sin 9> = 



a q). 




133. Pboblem. To find the area of, 

Describe a circle on the major 
axis as a diameter, which we can con- 
ceiye to be divided into any num- 
ber of equal parts. At any two ad- 
jacent points, as M, N, draw the 
common ordinates MP', NQ', and 
through P and P' draw PH, P'lT 
parallel to the axis. Let the ordinates 

1PM, P'M be denoted by i/, and y^ 
respectively. Then, since the rectangles MH, MH' have the 
same breadth, namely, MN, they are to each other as their 
heights MP, MP'; that is, 
1 



I 



ME' y„ a 

In the same way it may he shown that any other pair of 

similar rectangles in the ellipse and ciicla \ua.'^e 'On.feT^\^^ 



m 



I 
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i : a, and therefore the sum of all tbo rectangles Id the eUipBfrfl 
is to the sum of alt the correspond ing rectangles in the circle T 
Bsh: a. 

Now if the number of equal parts into which the flsla is 
divided be increased indefinitely, the sum of all the rectangles 
in the ellipse will approach the ai-ea of the semi-ellipse as a 
limit, and the sum of all the rectangles in the circle will ap- 
proach the area of the semi-circle as a limit. 

Thorefoi-e we shall ultimately have 

Area o f the ellips e _ S 
Area of the circle ~ a 

Bat the area of the circle = Tra'; therefore we shall have \ 
the area of the ellipse = ^ab. Hence: 

Theorem X. The area of an ellipse is a viean propor-'] 
iional between the areas of the circles described on t!ie major^ 
and minor axes. 



Tangents and Normals to an Ellipse. 

134. Peoblem. To find the equation of Ike 
an ellipse at a given point. 

Ij&tx'jt)' be the co-ordinatea 
of any point on the curve, and 
x", y" the co-ordinates of an 
adjacent point on the curve. 
Tlie equation of the secant pass- 
ing through the points x', y' 
and 3/', s" is, by § 45, 



Since {x', y') and [x", y") are on the ellipse, we have 
a*y" -\- 5V = a'b* 
and a'y'" -f- 6V" = a'b*; 

therefore o'(j"* — y") -|- b'{z"* — a") = 0; 

'" - v' _ _ *'_ x" -^ x' 
" - *' «' ' y" + y'' 




' whence 
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SubBtitating in (a), we haye^ for the equation of the secant, 

y - y - -I -yr^.i- - -')' W 

Now if the points (»', y') and (a;", y") approach each 
other until they coincide^ the secant 88^ will become the tan- 
gent TT. We shall then haye at the limit 

a;" = a/ and y" = y'; 

hence {b) becomes 

which is the equation of the tangent at the point a;', y'. 

This equation may be simplified thus: Multiply by a^y' 
and we get 

or -^ + ^ = 1. (15) 

The equation of the tangent may also be expressed inde- 
pendently of the CO ordinates of the point of contact, as fol- 
lows: 

135. Pboblem. To find the condition that the line 

y z=z mx -{^ h 
may ie tangent to the ellipse 

If we eliminate y between these equations, we haye 

x^ (mx + hy _ 
a*"*" b' ^^' 

or {b* + aW)a;« + 2a'mhx = a\b' - A"), (a) 

for determining the abscissae of the points in which the line 
intersects the ellipse. Since the line is to be a tangent to the 
ellipse, the two yalues of the abscissa will be eo^uaU "S^^ '^^ 
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^* 


condition that this eqnation may have eqnal roots is 


bytho 


theory ol qnadratic equationa (§ 8), 




4a"(d' -1- a'OT'){&' - A") + Wm'h' = 




whence /(' = 6' + a'»i'. 


(16) , 


or A = ± i^6' + <x'm', 


^ 


the required condition. 


^ 


SubatitTiting this yalae of h in the given equation 


oJ the ■ 


line, we have 


(") 


J = «.n ± f 4- + «■».• 



for the equation of the tangent. 

Conversely, every equation of this form is the equation of 
Bome tangent to the ellipse. The double sign shows that there 
will always be two tangents having a given slope. 

Kemabe. From the facility with which this equation en- 
ables us to solve many problems involving the use of the eqna- 
ti«] of the tangent, it is sometimes called the magical eqoa*^ 
tionof the tangent. 

136. The SuUangml. 

Def. The projection on the axis of X of that portion of 
the tangent intercepted between the point of contact and the 
axis of X is called the subtangent. 

To find where the tangent intersects the axis of X, ■( 
make y = in the equation of 
the tangent. Thus the equa- 
tion of the tangent is 

^, i- ^, - i- 

Making ^ = 0, we have 

x = %,= CT. 
ar 

Subtracting CM op x', we have 

Snbtangent = MT 



Cor. The subtangent is independent of h; hence dU 



4 

f 
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tHUpses described on a common major axis have a common 
Bubia?tgeni for any given abscissa of t lie points of contact. 




This property enables us to draw a. tangent to an ellipse 
from any point on the mivye. 

Thus, let P be any point on the curve; describe a circle on 
AA' as a diameter, and produce the ordinate PMtQ meet 
the circle in Q, Then if x' is the abaciaea CM, we have 

Sabtangent of elhpse = ; — = siibtangent of circle = MT. 

Hence if QT be drawn tangent to the circle and meeting A A' 
produced in T, then, by what has just been proved, Twill be 
the foot of tangent to the ellipse at P, which ia found by join- 
ing TP. If the point T were given, we would first draw 
TQ tangent to the circle, aud from the point of contact Q 
draw the ordinate QM, intersecting the ellipse in P, the re- 
quired point of contact; and by joining P and T we itoald 
have the required tangent. 

137. Tangent through a Given Point. I 

Let the tangent liue be required to pass through a given ' 

point (z'l y'); we shall then have the condition 

y' = mx' + A, {a) 

■which, combined with (IG), will enable us to determine ti 



A. Equation (a) gives 



- 2mi'a' \ Tii*x", 
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which, substituted in (16), gives 

(a' — x")m' + %x'y'm + S' — y" = 
— x'y' ± Va'y" -\- i'a:" — a'b 



■whence 



(18) 



Sinoe there are two valaes of m, two tangents to an ellipse 
can be drawn through a given point. There are three cases 
depending on the position of the point: i 

I. If the position of the point is such that ■ 

a'y" + 5V" - a'5' < 0, T 

the Talne of m ■will be imaginary. The point (a;', y') will 
then be within the ellipse. 

II. If a'j" + b'z" — aV > Oj the two values will be real 
and difEerent. 

III. If a'y" + S'x" — a'b'' = 0, the point (x', y') will be 
on the ellipse, the two tangents will coincide, and the equa- 
tion can be reduced to the form (16). 

138. Problem. To find ike locus of the point from 
which two tangents to an ellipse make a riyht angle with eacj 
other. 

Let the equations of the tangents be 

y = mx -\- Vb* 4- «''»'; (' 

y = m'x+ fi' + aW\ (J) 
Then the condition to be fulfiUed is {§ 47) 

mm' + 1 = 0. (c) 
Eliminating m' from (6) nod (c), the equation of the two 
tangents will bo ^1 

y~mx= V b^ + a'm^ : ■ 

■my -\-x = Va' + b'm*. ^| 

Wow, what we want is the locus of the point which is on 
both tangents at once; that is, the locus of the point whose 
co-ordinates satisfy both of these equationa. To find the re- 
quired locns, we must eliminate m from the equations, whiofca 
B do thus: 



in 
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Squaring and adding^ we have 

or ic' + y' = a' + SS 

which is the equation of a circle whoso centre is at the origin 

and whose radius is Va* + b*. 

We thus have the result: If we slide a right angle around 
an ellipse so that its sides shall continually touch the ellipse, its 
vertex will describe a circle whose radius is equal to the dis- 
tance between the ends of the major and minor axes. 

139. Pboblem. a perpendicular being drawn from 
either focus of an ellipse upon a moving tangent, it is required 
to find the locus of the foot of the perpeiidicular. 

Let 

y = fwa: + W + a^m* {a) 

be the equation of the tangent The equation of a line per- 
pendicular to (a) and passing through the focus whose co- 
ordinates are ae and is 

y = - ^(^ " ae). (J) 

From {a) we have 

y — mx = W + a'^% 
and from (J), my -\- x = ae. 

Squaring and adding^ we get 

(^ + y') (1 + w*) = y + a'm' + aV 

= a\l + m') 

(since a^e* + S* = a*). 
Therefore we have 

^ + y' = a\ 

the equation of the required locus, which is a circle described 
on the major axis of the ellipse. The same result is obtained 
if we draw the perpendicular from the other focus. 

140. Perpendiculars from the Foci upon the Tangent. 
Pboblem. To find an expression for <Fie leugtK oj t\x^ i^w* 
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pendlcular from either focus upon 
the point (x'f y'). 

Let p and p' be the perpen- 
dieulara FQ, F'R reapectively. 
The equation of the tangent is 
Vx'x + a'y'ij - a'h' = 0; 
and since the co-ordinates of the 
foci F and F" are {ae, 0) and 
(— ae, 0) respectively, we shall 
hare, by § 41, 



ellipse at 




__ ab^ex' — fl'5' _ ab'{ex' — a) 



Vb'x" + a'y" Vb'x" -j- a'y" 
which are the required expressions for the perpendicnlara. 

Product of the Perpendiculars from the Foci upon the sm, 
Tangent. We find, by multiplicatioD, 
_ a'J'{rt' — e'x") 
b*x" + a'y" 
_ a'h'(a' - e'x") 

b*x"-\-a'(a^b*—ti'x") 
__ a'b''{a^ — e'x") 
~ b'x" + a'(a' — x") 
__ a*{l-e')(a'-e'x") 
a\l-e')x"+a'{a'-x") 

[since b* = a*(l — ^j" 
_ a'{l -^)(fl' -^x") 



an expreaaion which is independent of the co-ordinates x' and 

y'- 

Hence: 

Theorem XI, The rectangle contained by the perpen* 
"nulars from the foci upon a tangent to an ellipse is coi^M 
ti and egual to the square oflAe semi-minor axis. 
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For the ratio of the perpendiculars we haye 

P __ « — ftp' 
j[>' "" a + ftp* 

= p. (§ 120) 

Hence: 

Thbossk Xn. The perpendiculars from the foci upon the 
tangent have to each other the same ratio as the focal radii of 
the point oftangency. 

141. The Normal to an Ellipse. 

Pbobleil To find the equation of the normal line at any 
point of an ellipse. 

Let z^, y' he the co-ordinates of any point on the ellipse. 
Then, by § 134, the equation of the tangent at that point is 

*V , b* 

The equation of a line throngh 3/, y' and perpendicnlar to 
(a) 18, by § 47, 

which is the equation of the normal at x', y'. 

142. The Subnormal. 

Def. That portion of the normal line intercepted be- 
tween the point on the curve and the axis of X is caUed the 
normal, and its projection on the axis of Xis called the sub- 
normal. 

To find where the normal cuts the axis of X, we make 
y = in the equation of the normal; then we get (see fig.^ 
§136) 

Hence the snbnonnal 

JVJf= CM-CN 

= (1 - «•)*'. 



y - / = ^A^ - ^), (21) 
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143. Theorem XIII. The normal at any point on 6 
ellipse bisects the angle con- 
tained by the focal radii of 
that point. 

Proof. Let us pat 0, ^t-', 
the angles FPN and FTN 
respectively. 

By the theorem of BineSj 
we have 

Bin V' _ FN 
Bia FNF ~ ~FF' 

Now, FP and J"P nre the focal radii whose lengths are J 
given by the equations (4) and (5), gl20. Alao, by§§13aj 
and 143, we readily find 

FN =ae~ «V = e{a - ex') = er; 
F'N= ae + eV = e{a + ex') = er'; 
whence {a) gives 

6 sin PNF= sin i}>; e sin PNF* = sin ^ 
and then, ainoe sin FNF" = sin PNF, we have 

i, = f'. 
Therefore the normal PJ\rbi£!eotH the angle FPF\ 

Cor. The tangent at any point of an ellipse hiaects ^mI 
exterior angle formed by the focal radii of that point. 

For if one of the focal radii, as F'P, be prodneed to any^ 
point Q, and the tangent PT be drawn, the angles F'PF, 
FPQ are supplementary; and since NPT ia a right angle and 
/•^bisects the angle F'PF, iTalso bisecfa the angle FPQ, 
which is the exterior angle formed by the focal radii FP, F'P, 

Eemaek, If a ray of light proceed from F to any point 
P on the ellipse, it will be reflected to F'. For this reason 
the points ^and J" are called /ow, or burning points. 

The theorem just proved enables us to draw a tangent at 
any point on an ellipse. Thus, let P be any point on the 
carve; draw the focal radii PF, PF'\ produce one of them, 
as PF', and bisect the exterior angle thus formed by PT,M 
which 18 the tangent required. 
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EXERCISES. 



1. Show tbat there is a certain segment of the major axis 
of an ellipse from which norniala not coincident with that 
axis may be drawn to the ellipse, and two other segments from 
which such normals cannot be drawn, and define these seg- 
ments. 

2. Show that the normals from three or more equidistant 
points on the major axis intersect the ellipse iu points whose 
abscissffl are in arithmetical progression. 

3. Show that the ordinate of the point in which a normal 

interseeta the minor axis is in the constant ratio -5 to 

that of the point where it intersects the ellipse. 

Reciprocal Polar Relations. 

144. Ohord of Contact. 

Def. The line which passes through the points where 
two tangents from an external point meet an ellipse is called.1 
the chord of contact. 

Problem. To find the equation of the chord of contact. 

Let {h, k) be the co-ordinates of the point from which the 
two tangents are di-awn; {x', y'), the co-ordinates of the point 
where one of the tangents throngh (A, k) meets the curve, 
and {x", y") the co-ordinatea of the point where the other . 
tangent meets the cnrve. 

The equation of the tangent at {x', y') is 



r + 



yv . 



1; 



aud since this passes through (A, k), we have 



t Similarly, 



k Hence it follows that the equation of the chord of contact is 






for this iB the equation of a straight line, and is satisfied fori 
X = x', y^y' aud z = x", y = y", as we aeo from (S) and 

Cor. From what haa been shown in the preceding section, 
it IB evident that this eqaation, referred to any pair of conju- 
gutfi diameters as axes, is 

hx ky 

145. Locus of Jnlerseclmi of Two Tangenti 
be the eo-ordinates of any fixed 
point C through which the chord 
of contact corresponding to the 
two intersecting tangents is ' 
drawn; (x", y"), the co-ordinates 
of P, the intersection of the tan- 
gents. By the preceding aoetion, 
the equation of the chord TT' is 

^"^ I y"y 



but since {x', y') is a point < 
dition 




the chord, we have the oon- 



lO 



which the co-ordinates of the point of intersection must always 
satisfy. Hence, regarding x", y" as variables and omitting 
the accents, the equation of the locus of the point of intersec- 
tion of the two tangents is 

"~ -*>=,. (34) 



• Cor, This equation, referred to a pair of conjugatediam- 
eterB as axes, will be 

146. Pole and Polar. 

The identity of form in the equations of the tangent, the 
cfiord of cotitact and the lociie of the intersection of tangonta 



^ 
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drawn from the extremities of chorda pusaing tlirongli a fixed 
point IB ouly the expression of a reciprocal relation wliicn 
exists between the locus and the fixed point (x', y'). This 
relation is one of polar reciprocity and is expressed by the 
following theorem: 

Theokem XIV, 1. If chords tJi an ellipse be drawn through 
any fixed point and tangejits be drawn from the exlremiltes of 
each chord, the locus of the ititerseciiona of the several pairs 
of tangents will be a straight line. 

2. CoDTersely, If from different points in a straight line 
pairs of tangents be drawn to an ellipse, their chords of con- 
tact will intersect in onepoi?it, 

Defs. The straight line which forms the locus of the 
intersection of two tangents drawn from the extremities of 
any chord which pnsaes through a fixed point is called the 
polar of tliat point. 

Reciprocally, the fixed point is called the pole of the 
straight line which forms the locns. 

Thus, if P be the fixed point through which the chorils 
QG', HH' are drawn, and pairs of tangents GR, O'R, HQ, 
H'Q be drawn from their extremities, intersecting in R and 
Q respectively, then the line Qli is the polar ai P, and P is 
the pole of QR. If the pole is ~ 
on the curve as at H, then the 
tangent HR is the polar; and if 
the pole is without the curve, as 
at Q, then it follows that t 
chord of contact HH' is the/ 
polar; hence we see that the 
tangent and the chord of con- 
tact are respectively the polars of the point of coutact a 
the intersection of the tangents drawn from the extremities 
of the chord of contact. 

Hence it follows that if (z', y') be the co-ordinates of any 
point within, on or without tho carve, the equation of the 
polar is 




ind of 



^+y=i. 



V5.'s^ ' 
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or, when referred to a pair of conjugate diameters as ases, 

The equation of the diameter conjugate to that which 
I poasea through the point {x', y') is 



I 



a" b" ' 

■which shows that the diameter and the polar (S7) are parallel; 
hence we have the following theorem: 

The polar of any point in respect to an ellipse is parallel to 
the diameter conjugate to that which passes through the point. 

147. Polars of Special Points. 

Polar of the Cetiire. If in the equation of the polar (26) 
W0 suppose the pole (x', y') to approach the centre, x' and y' 
will approach zero as their limit, and one or both the co- 
ordinates, X and y, of any point of the polar will increase 
indefinitely. Hence the polar of ike centre is at infinity. 

This is also seen from the fact that taogenta at the ex- 
tremities of any diameter meet at inOnity. 

Polar of a Point on one of the Axes. When y' = 0, we get 

a: = -17 = a constant, 

which shows that the semi-major axis is a mean proportional 
between the distances, x' and x, of the pole and polar from 
the centre. Since the eame reasoning may be applied to a 
point on the minor axis, we conclnde: 

Theorem XV. Either semi-axis is a mean proportional i 
between the distances cut of from it by a pole upon it, and by 
the corresponding polar. 

Polar of the Focus. Substitnting for [x', y') the co-or-_ 
dinates of either focus (± ae, 0) in (~6), we have 
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or, the polar of either focus of an ellipse is perpendicular A 
the major axis and at a distance from the centre equal io - 
measured on tiie sam« side as the focus. 
148. Directrix of an Ellipse. 




If DR ia the polai- of tlie foena F, we haye 



but from the linear equation of the curve we have 
FP = a- ex; 



The same reaaoning applies to either focus and its polar. , 
Hence: 

Theorem XVI. 27ie focal distance of any point on an- 
ellipse is in a consiajit ratio to its distance from the polar Oj' 
the corresponding focus, the ratio being less than unity an^. 
equal to the eccentricity of the c; 

Def. The polar of either lopua \a c;A\c&- a. &x«<Arn3.- 
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EXERCISES. 

1. Show that an ellipse has a pair of equal conjugate 
diameters Tvhose direction colDcides with the diagonals of 
the rectangle on the Jises. 

2. Show that the equal conjugate diameters of ao ellipse 1 
bisect the lines joining the extremities of the axes. 

3. Find the co-ordinates of the point in an ellipse suoh J 
that the tangent there is equally incLined to the axes. 

„' ;,' 

Ans. ■ 



4. If r and r' denote the focal radii of any point on ita J 
ellipse whose eccentric angle is tp, show that 

r = a(l — e cos <p) and r' =a{l + e cob ^). 

5. Find the equation of the tangent at the extremity of 
the latus rectum. Ans. y -\-ex = a. 

6. Find the equations of the lines joining (1) the extremi- 
ties of the axes; (3) the centre and the extremities of the latera 
recta. 



0<^T«; 



i=±' 



1. Find the equation of the normal at the extremity (tfl 
the lutus rectum. 

Ana. y- -^^06^ = 

8. If the normal at the extremity of the latus rectnia^ 
passes through the extremity of the minor axis, show that theifl 
eccentricity of the ellipse is determined by the equution 

fl* + e' - 1 = 0. 

9. Show that the equation of the tangent at any point iB i 

- COS ^ + "I eiu p — 1 = 0, 
whcro g> is the eccentric angle of that point. 



10. Find the equation of the straiglit line which is tan- 
gent to the ellipse 30j' + Sar" = 100 at the point (2, 2). 

11. Through the right-hand focna of the ellipse 
<* + IGx' = 1600 is drawn a focal radius making an angle 

of 30" with the axis of X, Find the equation of the tangent 
to the ellipse at the end of this radius. 

12. Express the intercepts which the normal to an ellipse 
cuts off from the co-ordinate axes in terms of the principal 
axes of the ellipse and of the co-ordinates of the point (a:,, y^) 
in which the normal cuts the ellipse. 

13. If ^ ia the angle which a radius from the centre of the 
ellipse forms with the axis of X, and 6' the angle which the 
tangent to the ellipse at the end of that radius forms with the 
same axis, find what relation exists between and 6'. 

14. From tJie centre of an ellipse to a tangent is drawn a 
line parallel to the focal radius of the point of tangency, and 
meeting the tangent at the point p. Find the locus of j> as 
the tangent changes its position. 

15. From one focus of an ellipse a perpendicular ib dropped 
upon the tangent and produced to an equal distance on the 
other side. Show that its terminus is in the same straight 
line with the point of tangency and the other focus. 

16. The same thing heing supposed, find the locus of p 
when the tangent moves around the ellipse. 

17. To the ellipse a'y' -f- ^'^ = "'5' and its circumscribing 
circle y' -{- z' = a' tangents are drawn snch that the points of 

gency shall have the same abscissa. What relation exists 
between the snbtangents, and what relation hetween the sub- 
normals? 

18. Find the equations of the tangents drawn from the 
point (0, 8) to the ellipse whose equation ia 20^' -|- 5x' = 100. 

19. If that point of an ellipse to which a normal is drawn 
approaches indefinitely near to the major axis, what limitwill 
the intercept of the normal npon the axis of X approach? 

20. On the major axis of an ellipse a point is taken whose 
abscissa is x'. Find the slope and equation of the tangents 
from this point. 
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1, At what poiDts will the tangents which make an angle j 
of 45° wiih the principal axes cut tlioee axes? 

33. Find the intercept npon the minor axis when the \ 
normal approaches the end of that axis. 

23. Find the eqnutions of the two tangents to the ellipse ' 
fiy* 4- Sar" =7 15 which are parallel (o the line 3;/ — 4a: + 1 = 

S4. To the ellipse 36y' + 25a;' = 900 iire to he drawn tan- 
gents cutting the axis of X at an angle of 30°. Find the ct>- J 
ordinates of the points of tangency. 

25. Having given the ellipse b'x* -\- n'_iy* = a'h' and the ' 
circle x" -\- y' = ub, it is required to find the equation of the 
common tangent to tiio two curves. Find also the angle at 
which the curves intersect. 

26. If two points as poles be taken on a tungent to an 
ellipse, where will their polars intersectp 

Z1. The choi-d of contact to two tangents of an ellipse is 
required to pass through the focus. What is the locus of the 
point where the tangents intersect? 

28. Find the pole of the line y = mx -^-It with respect to] 
the ellipse o'y' + 6'a;' = a'b'. 

29. If tangents to the circumserihed circle of an ellipse bfl-^ 
taken as polai-a, what will be the locus of the pole? 

30. Find the locus of the pole when the polar is required I 
to be a tangent to the circle described upon the minor axis of J 
the ellipse as a diameter. 

31. If a series of poles be taken on the diameter of s 
ellipse, show that the ijolars will all be parallel to each other. 

32. If chords he drawn from any point of an ellipse to the 
ends of either principal asis, show geometrically that they are 
parallel to a pair of conjugate diameters. 

33. If a line of fixed length slide with its two ends con- 
stantly upon the respective sides of a right angle, show that 
any point upon it describes an ellipse. 

34. The area of an ellipse is to be equal to that of the con- 
centric circle passing through it* foci. Find its eeeentricity. 

Ans. e = \ — s — i • 



r 
I 
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35. The minor axis of an ellipso is 13, and its area ia equal 
to tliat of a circle whoBe diameter is 20. Wliat ia its major 
axis? 

36. The area of an ellipse is equal to that of a circle cir- 
cumscribed around the eqnare upon its minor axis. Find the 
angle whose sine is the ecceutricity. Ans. 60°. 

37. Show that the equation of the normal at the point 
whoso eccentric angle is ip is 

ax sec <p — by cosec ip = a' — 6'. 

38. If <p and rj/ be the eccentric angles of any two points 
P, Q on an ellipse, show that the area of the parallelogram 
formed by tangents at the extremities of the diameters 

through P and Q is . , , ?-. When ia this ai-ea a 

sm{<p — tp) 
minimum P 

39. Show that the circle described on any focal chord as a 
diameter touches the circle described on the major axis as a 
diameter. 

40. Normals are drawn to an ellipse and the circnmserib- 
ing circle at points having the same abscissa. Show that the 
locus of their intersection is a circle whose radius is a -|- 6. 

41. Show that the locus of the intersection of tangents 
to an ellipse at the extremities of conjugate diameters is an 
ellipse. 

43. Show that the tangents at the extremiUeS of any chord 
of an ellipse meet on the diameter which bisects that chord. 

43. If ^ and <p' denote the eccentric angles of the vertices 
of two conjugate diameters of au ellipse, show that 

tan tp tan q>' -\-l = 0. 

44. If 9 denote the angle which any focal chord makes 
with the major axis, show that the length of the chord is 

, _ , i"^, and the length of the diameter parallel to the 

chord IB 



V(l— e'oos"(?)' 
45. If tp and <p' be the eccentiic aG^*ia q^ ^"k^ '««<i t^-l^^'s. 



PLANS ANALYTIC GEOMSTST. 

on an ellipse, Bhow that tlie equation of the chord which joins 
the points is 

JcoBi('p+ <p').x-\- a&m^{^(p-\- tp').y = ahco&\{tp— <p'). 

46. Find the polar eqnation of the eliipse (1) when the 
a the pole, and (2) when the left-band vertex is the 

pole, the major axis heing the initial line in both ca^s. 
5' _ _ ga&' cos 6 

l~e' coTe'' *" ~ a" sin'f? + b' cot 

47. Show that the perpendicular from the centre on the ] 
chord which joins the extremities of two perpendicular diam- 
eters of an ellipse is of constant lengtb. 

48. Find the polar co-ordinatea of that point on an ellipse 
at which the angle between the radius vector and tangent is 
a minimum. Ans. a; cos~'e. 

49. If the equation 2:' -|- y = n' represent an ellipse, ei- 
presa its eccentricity in terma of the angle between the axes. 

50. Show that tlie snm of the reciprocals of two focal 
chords at right angles to each other is constant and eqnal to 

»■ + »■ 



51. A tangent is inclined to the major axis of an ellipse at 
an angle 8. Show that the rectangle contained by perpendi- 
culars upon it from the ends of the major axis varies as cos'd. 

52. If r„ r, r, be the radii vectores corresponding to the 
angles e - 60°, 0,6 + 60°, show that 



r, r, »■ "~ i latus rectum" 

53. Show from the eqnation y' = -JtZax — a?) and from I 

g 119 that if the major axis of an ellipse becomes infinite 1 
while the parameter remains finite, the ellipse will become a 1 
parabola. 

54, Show that the line from the focns to the point of in", 
tereectiou of two tangents bisects the angle formed by thej 
focal radii of the points of taiigency. 



CHAPTER Vil. 

THE HYPERBOLA. 



Equation and Fundamental Properties of 
the Hyperbola. 

149. Def. An hyperbola is the locus of a point the 
difference of whose distances from two fixed points is con- 
stant. 

The two fixed points are called the foci of the hyper- 
bola. 

The distiinces from any point on tlie curve to the foci are 
called focal radii, qv focal distances. 

The byperbola ia described mechaoicttllj as toUowa: Take any two 
fixed poiots, as f and F', and at 
one of tbem, aa F', let a rulor be 
pivoted, wbile to tlie otber poiot, 
F, is fastened a iljread wbose 
length is, leti Lliaa that ot tbe 

Attach the other end of the 
tliread to the free end of the ruler 
aXJD, and stretch the thread tlgbtly 
against the edge of the ruler with 
a peuoil-point, P, Then, while the ruler is moved round the pivot at F', 
let the pencil-point Glide alon;; the edge of the ruler so as to keep the 
thread tightly etrelcbed; the pencil-point will describe an hypei-hdla, be- 
cause in every position of P we shall have 

F'P - FPT= (FP -f PD) - (FP + FD). 
But F'P+ PD is the length of the ruler, and FP+PD is the length 
of the thread, and the difEereace between the lengths of these is con- 
stant; therefore we have 

FP -FP ~ 

wLlcL agivm with Ihe dcfinllLou. 




r 
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By iDtercbiLDging the fixed eitremities of the ruler and thread we | 
shall obtaiQ a eecond figure equal and similar in every respect to the , 
first, but turned in the opposite direction. Thus wo bbc that the com- , 
plete curre coiiststa of Ivio branches, as represented above. 

150. Problem. To find the equation of tha hyperbola. 
Let the straight line drawn 
through the foci be talten 
as the aiis of X; the point 
C midway between the foci 
be taken as the origin; and - 
the perpendicular to FF" 
through C as the axis of Y. 
Let the distance between the 
foci = 2c; the difference be- " 
tween any two focal radii = 2a; and x, y, the co-ordinates of 
any point P. Then we have 

F'M = x-\-c; 
FM=x~c; 
and therefore 

PF" = {x-{-cy + y*; 
FF'={x-cy + f; 
and, by the fundamental property of the curve, 

V^+TjTf-f _ f(^-c)' + j' = Ha. 
Freeing this equation of surds, we have 

(c' — a')x* — a'y' = a*{c* — a'), 
which ia the required equation. 

This, however, may be simplified by putting, for the sake 
of brevity, 

c' - a" = 5"; (2) 

hence we have 

i'x' - «y = a'S*, (3) 

or, dividing through by a'b', 

which is the equation of the hyperbola referred to its centre 



(1)^ 
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151. Relations among Axes aJid Foci of llie Hyperiola, 
If, in the equation (3), we put y = 0, we have, for the 
pointB in which the curve cuts the axis of X, 
x=±a=GAor CA'. 

Therefore the curve cuts the axis of Xm two points, A.f^ 
and A', equidistant from tlie 
origin and between the origin 
and the foci. 

Def. The points A, A' 
wheretheline joining the foci - 
cuts the curve are called tlie 
vertices of the hyperbola. 

The line A A' is called the 
transverse axis. 

The point C ihidway between the vertices is called thej 
centre of the curve. 

If a; = 0, we have 



1 




y = ±i V^^, 

which shows that the curve cuts the axis of I' in two iviagi- 
nary points situated on opposite sides of the centre and at 
the imaginary distance b */— 1 from it. 

Measure of! now on the asia of Kthe distances GB, CB'^ 
each equal to i, the real factor of this imaginary value of y. 
Then: 

Def. The line BB' is called the coAjngate axis of th*. 
hyperbola. 

Solving the equation (3), for y, gives 

J,= ±^*'?^^, (6). 



which is real for all values of x greater than a. Hence, when 
■ a, ff has two real values equal in magnitude hut of opposite 
signs; therefore the curve is symmetrical in reference to the 
axis of X. 

It 2 < a, tho values of y are imaginary; theriife^fei\ia"s^"«*' 
, of the curve lies nearer to the teatte VJa^a Vo.e, ■^etfCv'i^- 



I 



PLAJm AJULTTJO QEOMETBT. 

If X increases vithatit limit in either direction, y increases 
TirithoTit limit, and therefore the curve extends indefinitely 
both to the right and to the left of the points A, A'. 

Bj Bolying the equation of the cnrve for x, we can easily 
show in a similtir manner that the curve is symmetrical in 
reference to the axis of Y. 

Def. The distance CF = CF" = c of each focus from? 
the centre is called the linear eccentricity of the hyper- 
bola. 

The rj.tio - is called the eccentricity of the hyperbola, 
and is represented by the symbol e. 

Since c' = a' + V, 

a' + b' 



bola. 
Thers 

I and is rep 
Since 
we have 
Hence 
than unit 
From 



(6) 

Hence the eccentricity of an hyperbola is always greater 
unity. 

From (6) we Gnd 

(7) I 

which expresses the semi-conjugate axis in terms of the aemi- 
transverse axis and the eccentricity; and since e > 1, 5 may 
be greater or less than a. For this reason we do not use the 
terms major and minor axis as in the case of the ellipse, 

Cor. By comparing the equation of the ellipse with that 
of the hyperbola, we see that the equation of the latter may 
be deduced from that of the former by simply writing — S' 
for + b'. Hence 

Any function of b in the ellipse will be converted into the 
corresponding function in the hyperbola by vierely changing 
I i into b V'^^. 

15S. Equilateral Hyperbola. An hyperbola in which, 
the transverse and conjugate axes are equal is called an 
equilateral h3rperbola. 

From (3) we see that the equation of the equilateral I 
[ bypeibola is 

3^ — y' = a". 
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153. Def. The parameter or latus rectum of an hy- 
perbola is the chord through the focus perpendicular to the ' 
transverse axis. 

Theorem I. The parameter of an hyperbola is a tMrd pro- I 
portional to the transverse and conjugate axes. 

In order to find the value of the parameter or latus rec- 
tum, we put X — c in the equation of the corre. The eqn»- , 
tion of the curve may be written 



And substituting c for x and denoting the semi-parameter by 
I jp, we have 



(8) 



ap = S'; 



that is, 


a:t: 


lb -.p. 


- Cor. 


The length of the a 


imi-parameter, in termfl of a and 


«, 11 


p = ai 


(.•-1). 



154. Focal liadii. 

Problem. To express the lengths of the 
terms of the abscissa ofthepoint 
from which they are drawn. 

jet r and r' denote the focal 
radii of any point P whose co- 
ordinates are {x, y). Then, from 
the figure, we have 

r* = FM' + PM' 
= (x-a6r + y' 

= (« - aey + (e- - \){z' - «') 
— e'a;' — 2aex -\- a'; 
Lirbence r = ex — a. 




1 

0) 

X, 

4 
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In a similar manner vo find 

r' = ex-\-a. (10) 

Either of these expressiocs, being of one dimension in x, 
is called the linear equation of the hyperbola. 

We obseiTe that their difference ia 3c, as it should be. 

155. Conjugate Hyperbola. 

We will now point out the signification of the line BB', 
whose length is 25 and which is defioed as the conjitgate axis 
of the curve. It is so called bj reason of the important rela- 
tion it bears to a companion-curve, called the co^jugato 
hyperbola, whose equation we will now develop. ~ 

Let an hyperbola be described 
about the ioci 0, G' situated on ' 
the axis of y, and at the same 
distance from the centre (7 as t 
foci F, F'oi the hyperbola wh icli 
we have hitherto been consider- 
ing. Let (a:, y) be the co-ordi- 
nates of any point Q on this new 
enrre. Then, retaining the same 
origin and axes of i-eference as before, we shall have 

CG =CG' = c, x= NQ and y = ON; 
therefore 0'^ = (c + y)' + a:'; 

QQ' = {o~y)' + x\ 

Let the difference between the focal radii G'Q, GQ be 35 
instead of Sa. Then we shall have, by the definition of the 

curve, _ 

V{^+W+^' - +'(c-j')'+a:' = 35, 
which, when freed from radicals, becomes 




5V - (c' - b')y^ = ~ b\c' - J'). 



But 
therefore 



ox — ay ■■ 



- o"4", 
-1, 
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I whioli is the eqaation of the eompanion-cuire or conjugatt j 
Xhyperhola. I 

I If in (11) we put x = Q, I 

I y=±b=CB or CB', \ 

I vbich ahoTB that the conjugate hyperbola has its transverse 1 
I axis coinciding in direction and equal in magnitude to the j 
I ooDJngate axis of the primary curve, 
I If y = 0, we have 

I x= ±a V^^. 

' But OA = a and AA' = So; therefore the transverse asis of 
the primary curve is the conjugate axis of the new cnrve. | 
Thus we see that what is called the conjugate axis of an hyper- 
bola is in fact the transverse axis of the conjugate hyperbola. ' 

Def. A conjugate hyperbola is one which has the 

conjugate axis of a given hyperhola for its transverse axis, 

and the transverse axis of the given hyperbola for its cooja- 

gate axis. 

I By comparing (4) and (11) we see that the equations of an I 

I hyperbola and its conjugate differ only in the sign of the con- , 

I Btant term. Since the conjugate hyperhola holds the same ' 

[ relation to the axis of I^that the original does to the axis of X, 

I we may obtain the equation of the foi-mer from that of the 

latter by simply interchanging the quantities which relate to ' 
\ the two axes. Thus if the equation of the original hyper- ■ 
I hola is 
I yx" — a'y' = a'V, 

\ then, by interchanging j 

I X and y, a 

I a and i, ^^^^H 

I ve have, after changing signs, ^^^^H 

I J'a:' — a*y' = — o'J', ^ 

Lnrhioh is the equation of the oouiugAibe V^^xXt^i^a.. J 
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156. Polar Equation of the Hyperbola, the left-hand 
focus being the pole, and the transverse axis the initial line. , 




Let tlie angle A'F'P = B and PF' = r be the polar cxWl 
ordinatea of any point P. Then we shall have 

PF* = PF" 4- FF" — %PF'. FF' cob FF'P, 
or PF' = r' + ia'e' — iaer coa 6. 
Nov, by the f andamental property of the curve, we have 

PF-PF'==%a, 
or Vr' -f 4a'e' — iaer coa d — r = 2a; 

whence we get 

(12) 



«K - 1) 



1 + e coa e- 
which is the equation required. 

The polar equation may also be very readily obtained from 
the linear equation of the curve in the same manner as in the 
case of the ellipse. (See g 121, Ellipse.) 

e from its polar equa- 



157. To trace the form of the 
Hon. 

In (12) let d = 0. Then r = a{e — l) = F'A'. As Q 
increases from past 90°, r increases and becomes infinite 
when 1 + e cos — 




I, while Q increases from to the angle whose cosine is 
, th&b portion of the carve is traced out which begins at 



is 1 
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jl'andpasaea IhronghP to an indefinite distance from the vcr- I 

tei. Aa 6 increases from the angle wlioae oosine is - 

r ia negative and decreaees; hence the portion P'A in the | 

lower right-hand quadrant is traced out. When 6 = 

f = — ffl(e+l) = P'A. As 6 increases from ISU" to tlie angle I 

■whose cosine is in the third quadrant, r is negative and J 

increases numerically, and hecomes indefinitely great when 1 

cos 6 = . Thus the portion AP" is traced out. As d I 

increases from that angle in the third quadrant whose cosine I 
is to 360°, r again becomes positive, is at first indefinitely | 

great and then diminishes until = 360°, when r = a{e — 1) 1 
= F'A', aa it should. Thus the portion P"'A' in the lower J 
left-hand quadrant is traced out. 

EXERCISES. 

1. Prove the following propositions: 
I. Tlie distance of each focns from the centre is a 
11. The distance of each focus from the nearer vertex ig] 
a[B — 1), and from the farther vertex a(e + 1). 

Ill, The distance between the vertices of the hyperbola 
and of its conjugate is equal to that between the centre and 
^^ the foci, 

^^L IV. If we put t' for the eccentricity of the conjugate i 
^H hyperbola, we shall have 

H «■+.": 

^H y. The eccentricity of an equilateral hyperbola and of its I 

^^^ conjugate are each V^. 

^H %. Find the semi-axes and eccentricity of the hyperbola ] 

I 



I IGa:" — 9/ = 144 Ans. a=%; b 

3. Find theeccentricity and semi-parameter of the hyper- J 

t'ei 

I tola SGx' — 35y' ^ 900. Ans. e = — i^'. 



^^l-lu. 
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4. Wiafc ia tlie equation of the hyperbola when tlio di9»' 
tance between the foci is 6 and the difference of the focsl 
radii of any point of the corre is 4? 

Ans. 5a:" — iy* = 30. 

5. The diatiinee from the focns of an hyperbola to the more 
remote vertex is 4 and the eccentricity is ^. Find the equa- 
tion of the carve and ita latiis rectum. Jj 

Ans. -r'^ — -r^i' = 1; latus rectum = -^r-. I 
8 4^' 3 

6. What is the equation of the hyperbola whose transverse 
axis is 10 and whose vertex bisects the distance between the 
centre and the focus? Ans. 3a;' — y' = lb. 

7. The equation of an hyberbola is x" — iy' = 12. Find 
the equation of the coujugute hyperbola and its eccentricity. 

Ans. x' — 4y' = — 13; e = Vb. 

8. If e and e' denote the eccentricity of an hyperbola and 
its conjugate, show that 

e' ~ a' 

9. Find the equa^on of the hyperbola when the left-hand 
focus ia the origin. J 

Ans. ■j7, i + ~x = e' — 1..^ 

10. Show that by multiplying every ordinate y of an 
ellipse referred to its centre and axes by the imuginary unit 
V— 1, it will be changed into an hyperbola having the same 

11. A line parallel to the transverse axis is drawn so as to 
intersect both an hyperbola and its conjugate. Show that the 
segments contained between the two hyperbolas diminish 
indefinitely as the line recedes indefinitely. Alao, that the 
i-ectinigle contained by one of those segments, and by the sum 
of the two segments, one of which is eut out of the line hy 
each hyperbola, is equal to the square upon the transTerse 
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Diameters of the Hyperbola. 

158. Def. A diameter of an hyperbola ia any line 
passing through the centre. The length o£ a diumeter is 
the difitance hetween the points in which it meets the curve. 

Theorem II. Srery diameter of an hyperbola or of its 
conjngate is bisected ty the centre. 

Proof. Let the equation of any line through the centre of 

hyperbola be 

y=^mz. (a) 

The equation of tlie hyperbola is 

S'l* — a'y' = a'J', (5) 

iind the equation of the conjugate hyperbola, 

fi'x' — a'y' = — a'b'. (c) 

TiDg (a) and (S) for x and y, we have 



ab 



^V- 



(d) 



id solving (o) and (c) for x and y, we havo 



are 



From (d) and (e) we see that the points of intersection of 
the line y — mx witli the hyperbola and its conjugate are at 
equal distaucca on each side of the origin. Q. E, D. 

"When 5' > n'm" or m< ± -, the values of x and y in (tf) 

are real, which shows that the line {a) intersects the given 
hyperbola at finite distances from the centre; while in (e) the 

of X and y ai'e imagiimry, which ■ ehowa U\ft,t 'Osia \\sj» I 
i) does not then interBcct tlie conj\x^Skte'\\-3-^«\>'i^'i^- 
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If 6' < a'm' or m > ± — , the values of x and y in ((f) 

are imaginary, while in (e) they are reo?, showing that the 
line does not then meet the given hyperbola, but meets the 
conjugate at finite distances from the centre. 

15f>. Asymptotes. If b' =a'm* or m = ± — , the valiu 

of X and y in both (4) and (5) become infinite. Hence the 

diameter whose slope to the transTerse axis ia either ~\ — or 

meets the hyperbola or its conjugate only at infinity. 

Def. That diameter of an hyperbola which meets the 
hyperbola and its conjagate at infinity is called an asymp- 
tote of the hyperbola. 

Cor. 1. The equation of the q , 
asymptote GP is 



y = 



-4 = 0; 




and of the asymptote CQ, 

f> ^ , V ^ 

x= X, or -+4 = 0, 

a' a ' b 

Cor. 3. Equations (13) and 
(14) are the equations of the diagonals of the rectangle formed 
by the axes of the curve. Ilence : 

Theorbu III. The asymptotes coincide with the diagonals 
of the rectangle contained by the transverse and conjugate axes. 

160. Theorem IV. T)ie locus of the centres of paral- 
lel chords of an hyperbola is a diameter. 

The demonstration of this theorem is similar in every re- 
spect to that of Theorem III. of the Ellipse. Substituting 
— it" for b' in g 123 of the Ellipse, we have, omitting the 
aocenta on the variables, 



— b'z -\- c^my = 



(^B 
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as tlie equatioa of the locus of tho centres of parallel ohorda^ 
This is the equation of a straight line throngh the centre, and 
is therefore a diameter of tho curve. By giving m suitable 
values, (15) may be made to represent any line through tho 
centre. Hence 

EiiBTy diameter iisecls some system of parallel chords. 

If m' be the slope to the transverse axis of any diamete 

Tvliich bisects a system of parallel chords whose slope is i: 

then the eqaation of the diameter is 

y = m'x. 

But, by (15), 

V 



I 



is also the equation of the diameter; 
therefore m' = -i— , 



or mm' = —5, (I'V 

■which is the relation which must hold between the slope o 
any system of parallel chords and the slope of the diameter 1 
which bisects these chords. Hence: 

Theorem V. If one diameter bisects chords parallel t 
second diameter, the latter wilt bisect all chords parallel to the 1 
former. 

161. Conjugate Diaineters. 

Def. Two diameters are said to be conjugate to each 
other when each bisects all the chords parallel to the other. 

The equation of condition for conjugate diameters is. 



by (16), 



^1 by 

^^M vhere m and m' denote their respective slopes to the trans* J 

^H Tcrse axis. Since the second member of this equation is posi* 

^H tive, m and m' must have the same signs; that is, they must I 

^H be both positive or both negative. Hence the angles which | 

^^1 conjugate diameters make with the transverse azis must t 

^^L bolli acute or both obtuse. 



FLAJm ANALYHa QSQXETRT. 

m < -, ?»' > s -; 

a a 

m > , J« < ; 



Whence it follows that the conjugate diameters of an hyperbola 
lie on the same side of the conjugate axis, but on opposite 
sides of an asymptote; bo that if one of two conjugates, as PP', 




meets the hyperbola, the other, QQ', will meet the conjugate 
hyperbola, FP' produced bisects all chords parallel to Q^ 
in either branch of the hyperbola, and Q§',prodnced if necea- 
sary, bisects all chorda drawn between the two branches of the 
curve and parallel to PP'. 

Conversely, QQ' produced bisects all chords of either 
branch of the conjugate hyperbola parallel to PP', and PP' 
jirodueed bisects all chorda parallel to QQ' between the two 
branches of the conjugate hyperbola. 

Cor. Since the chords of a set become indeSnitely Bborta 
near the extremity of the bisecting diameter, they will coin-J 
eide in direction with the tangent at that point. Hence; 

Theorem VI. The tangent to an hyperbola at theend ofd 
diameter is parallel to the cmijugate diameter. 

163. Problem. Given the co-ordinates of the extremi^ 
of one diameter, to find those of either extremity of the cotyi 
^at0 diameter. 
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Let PP' and QQ' be any two 
conjugate diameters, and (x'y y') 
the co-ordinates of P. 

The equation of GP is 

y' ' y' t \ 

y = ^-,x, since m = — „ (a) 



and the equation of QQ' is 




V 



or 



y = -5— a? 



(*) 



and the equation of the conjugate hyperbola is 
Solving (5) and (c), we have, since JV — a'y" = a'J% 



(«) 



a 



and 



^ a 



163. Theorem VII. The difference of the squares of two 
conjugate semi'diajneters is constant and equal to the differ^ 
ence of the squares of the semi-axes. 

Proof. Let (a;', y') be the co-ordinates of P (last figure). 
Then the co-ordinates of Q will be 

^- 'A 

If the semi-conjugates be denoted by a' and Vy we have 
CF' - CQ" = (ir" + y") -(^y" + ^v) 



•-./• 



_ yg" - ay ' b*x" - cfy 



or 



a" - J" = a' - J* 

= a constant. 



a" 



Cl'?\ 



I 
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1C4. PaoBLEM. To express the angle between ttno conju- 
gate diameters in terms of their lengtJis. 

Let 6 and d' denote the angles which the conjugate eemi- 
diameters CP, CQ make with the traiiSTeree axis, aud ^ the 
angle PCQ between them. 
Then ^ = d' -6 

and sin 9> = sin 6' cos S — sin ^ cos 6'. 

Now if («', y') be the co-ordinates of P, those of ^ wi 



ab' bb' 

Snbstitnting in (a), we get 

h'x" — a\" ab „ , 

Bin (p = , ,„ ■- = -yy^, (18) 

aba'o' a'b" ^ ' 

the reqnired expression. 
Cor. From (17) we have 

a" = b" -\- a constant; 

therefore a' and b' increase together or decrease together. 
Hence, when each tends to coincide with the asjmptole, the 
jirodnct a'b' tends towards infinity, and sin q> tends towards 
0; therefore the angle between two conjngates diminishea 
without limit. When the conjugates coincide with the asymp- 
totes, each becomes infinite. 

165. Theoreh Viri, The area of the parallelogram 
whose sides touch an hyperbola at the ends of any pair of con- 
jugate diameters is constant and equal to the rectangle fanned 
by the axes of the curve. 

Proof. From (18) we have 

4a'S' sin 9J = iab 

= a. constant, (19) 

L irhich proves Ihc pro]io?i!ion. 



I 



166. Pbobi-bm. Tofind 
referred to a pair ofconjvgate 
diameters as axes. 

Let /)/*', -ffff' beany pair 
of conjugatediameters. Take 
DD' for tbe new axis of X, 
and HIP for the new axis of 
y, and let the angle XGD= a 
and XCH = p. We may 
DOW trauaf orm 

5V - a 

from rectangular to oblique axea by tlie process of § 129, or 
we may simply change b' into — S' in equation (13) of that 
Thus we get 




eection, 

(o'sin'a — d'co8'a)a;"+{rt'sin'y?— &'cos*/3)y"= —aV, (30) J 

which is the equation required. 

By putting x' and y' each equal to zero, we get the inter- 1 
cepts on the axes or the lengths of the semi-eonjugatea. t 
Thus, when y" = 0, 



a sin 



and when x" 



b' coflV 
0, we have 

a'b' ^ 



-CW=- b". 



(a).\ 



m 



^M and 

^H £ecaase the new axis of Xmeets the given hyperbola, the nowl 
^H axis of IF will not meet the curve, but will meet the conjugate | 



I hyperbola. Tlierefore ■ 
j tity. 



'sin'jS — fi'c 



i negative qnan-J 



From (a) and (i) we get 



o sin 



a sin 



n'6* 



- b' ws'fi 



■ (,,-■ 
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Snbstitnting in (20) and dividing by — d'h 
omitting tlie accents from the yariables, 
h"x'— a"y' = a"b", 



Also, the eqaatioa of the conjugate hyperbola referred t 
the same axes is 



Tangent and :Nornial to an Hyperbola. 

167. Problem. To find the equation of the tangent to 
an liyperbola. 

In order to obtain the equation ot tho tangent, tb have 
only to repeat the process of §g 134, 135, changing b' into 
— i'. Thus we get 

a'y'y — h*x'x = — a'i', 

%-% =1, (22) 

or b ^ ' 

and also y=mx± f'aV — 5% (23) 

where m is the slope of the tangent to the transverse axis. 

Intercept of (he Tangent 
on the Axis of X. 

In (22) make p = 0. 
Then 

x=-, = CT, 

X 

from which we see that x 

and x'maat always have the 

siime sign; and since x is always positive in the right branch 

of the curve, the tangent to that branch always intersects the 

axis of X to the right of the centre. 

168. Sitbtangent, For the length of tho subtangent we 
have, from the figure, 

Subtangent = MT 
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169. Theorem IX. The tangent to an hyperhola at a 
point bisects the angle formed by the focal radii of that point, i 

Proof. Siucc F'0=FC=ae and CT = \ 
FT = ae + -^ = —,{i^' + a) 




(8154)| 

Therefore, since the base of the triangle F'FP is divided pro* I 
portionally to ita sides (Geom,), the tangent FT biaects the I 
angle FPF'. 

170. Tangent tkrovgh a Given Point. 

Let (A, k) be the co-ordinates of the given point, and (a^'iy*)*! 
the co-ordinateB of the point of contact. The equation of tbt I 
tangent is 

b^x'x — a*y'y = a'i'; 

bnt since the tangent mast pass tlirongh {h, k) and {x', y"), ■ 
we have 

h*hx' — a'ky' = a'b', {a) 

and also b'x" — a'y" = a'b''. {b) 

Eliminatiug y' from these equations, we have J 

(n'i' - iVi')a^' + %a'b'hx' - a'{b' + **) = 0; I 

whence \ 

r _ 0^'^''' Ta'k ^a'k' — b'h* + a'b* -„., 

~~ b'h' — a'k' 

Since x' haa two values, two tangents to an hyperbola can 
be drawn through a given fiied point. The tangents will bo _ 
real, coincident or imagijiary according as 

a'k' —b'h' + a'b'>, = or < 0; 
that is, according as the given point ia loilhin, on or ouisiifej 
the carve. 
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171, Problem. To find ihe criterion that Ike two tan- 
gents from a given point shall touch the same branch of the 



If the tangen ts belong to the same branch of the cuitb, the 
abscissae of the points of contact x' will have like signs; but 
if they belong to opposite branches, unlike aigns. Now, in 
order that the Talnes of x' in (26) may have like signs, 
must have numerically 



a'h'h > a'k Va'k* — 6V*' + o 
by reduction. 



i 



But y =-x 

is the equation of the asymptote; and if we take on the 
asymptote a point whose abscissa x is equal to the abscissa h 
of the point from which two tangents may be drawn, wc shall 
have k> 1/; that is, the ordinate of the point from which 
two tangents can ho drawn to the same branch of an hyperbola 
mast he less than the corresponding ordinate of the asymptote. 
Hence the point from which two tangents can be drawn to the 
same branch of an hyperbola must lie iu the space between the 
asymptotes and the adjacent branch of the curve, which is the 
required criterion. 

Hence, also, if the point lie without this space, the two 
tangents will touch different branches of the curve. 

173. Pkoblem. To find the locus of the poiiit from 
which two tangents to an hyperbola make a right angle with 
each other. 

The solution is similar to the corresponding problem in 
the Ellipse. We will therefore simply change 6' to — 6' i« 
the process of § 138, and we get 

x' + y' = a' - b' 
for the i-eqnired locus, which is a circle having the same 
centre aa that of the hyperbola and wliose radios is Va' — h*. 
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Cor. Two tangents at right angles to each other cannot 
be di'awn to an hyperbola when b > a. 

173. Problem. Tojind the locus of the intersection of\ 
the tangent with the perpendicular on it from the focus. 

The solntion is tho same as that of the coireBpondinj 
problem in the case of the ellipse. 

The equation of the required locus is found to bo 

which is a circle described on the tranaverae axis as a diameter. ] 

174. Problem. To find the length of the perpendicular \ 
from either focus upon the tangent to an hyperiola. 

If {x', y') be the co-ordinates of the point of fangency,,! 

«aAp,p' the perpendiculars from the foci ^and F" respeo^fl 

tivelj, we find, in the same manner as in the Ellipse, 

_ ab''{ex' — a) 



Vb'x" + ay° 
ab'{ex' + a) 



e get, by reduction, 
pp' = b' 



(37J1 



and 



p' ex -\- a r 

where r and r' denote the focal radii of the point of contact J 
From the last two equations we readily find 



9-6' 
'^ P = ^^V 

175. Normal to an Hyperbola. 

Problem. To find the equation of the normal to an hyper-\ 
<la. 

The equation of the normal is found by changing b' into 
- J' in the process of § 141. Tims, \1 V.^' , iH \>e, 'Oaa <i's- 
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ordinates of any poiot P i 

the normal FN is 



1 the hyperbola, the equation of 1 




= in (31), we find 
«'«' = GN. 

ON- CM={e'-l)x'. 



-x' = 
= MN = 
. The norfiml at any point of an hyper- 



■j the focal radii of 



jiipplementary and 
i perpendicular to 



Hence, aubnormal = 
176. Theorem X. 

iola bisects the external angle contained I 
that point. 

Since the angles FPF' and FPU are i 
TP bisects FPF", therefore FN, which 
TP, mast bisect the citernal angle FPS. 

Cor. Comparing this result with that of § 143, we see that 
if an ellipse and an hyperiola have the same foci, the curves 
will intersect at right angles. 

For at the point of intersection the tangent of one will bo 
the normal of the other, and vice versa. 

Rbuarr. The student sliould note the relatioDS between the diScr- 
eot theorems and formula relating to tlie ellipse and the coirea ponding 
ones relating to the hyperbola. Where tlie formula of the ono clsaa con- 
tains the symbol b^, it may be applied immediately to the other by cliang- 
ing the sign of J', which wili be the result of subBlituling b V^ for h. 
Where only the first power of &enters,tlie theoremeof one class involving 
reof quantities will be imaginaTy when traosferred to the other class. Thus 
we Iiave imaginary asyinptotcs to the ellipse. The apparent exceptions 
arise from our substituting a renl for no Imaginary conjugate axis in the 
hyperbola and thua referring several expreiisioDS which would have been 
imaginary to the conjugate hyperbola, which, It must be remembered, 
is not a part of the curve at alt. 



Poles and Folars. 

177. Pboblem. To find the equation of the chord o 
contact of two tangents from the same given poi?ii. 

Let (A, k) be the co-ordinates o£ the fixed point fromi 
■whicii the two tangents that determine the chord are drawn. I 
Then, by simply changing the sign of It' .in § 144, the equa- J 
tioD ol the hyperbolic chord of cootacfc will be 

when referred to the axes of the curve, 

h'x k'y 

or -jj T/s = 1 

a" fl" 

when referred to any pair of conjugate diameters, 

1 78. Locus of Intersection of Two Tangents whose chord 
of contact passes through afixedpoint. 

Let {x', y') be the co-ordinates of any fixed point through 
which the chord of contact belonging to any two intereecting 
tangents ie drawn. Then, by simply changing the sign of b' 
in the process of § 145, we shall have, for the equation of the 
required locas. 



.O - 



1; (34) 



or, when referred to a pair of conjagate diameters, | 

i;?-fi=i, (35) 

which ia the equation of a straight line, the polar of the 
point {x'j y'). 

Cot. The student may easily show, aa in the case of the 
ellipse, that the polar of any point in respect to an hyperbola 
is parallel to the diameter conjngate to that which passes 
throngh the point. 
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179. Polars of Special Points. 

Polar of the Centre. Proceeding in the same 
in the ellipse, we find that the polar of the centre is at in- 
finity. 

The Polar of any Point on a Diameter A is a straight line 
parallel to the conjugate diameter, and cutting the diameter 
A at i\ distance from the centre equal to the square of the 
semi -diameter on which the point is taken divided by the 
distance of the point from the centre. 

Polar of the Focus. Substitnting (±ae, 0) for {x,' y') in 
the equation of the polar, we have 



Hence the polar of the focus of an hyperbola is the perpen- 
dicular which cuts the transverse axis at a distance — front 

e •' 

the centre on the same side as the focus. 

180. Distance of any Point on the Curve from either 1 
cal Polar. 

Let DS be the polar of the focus F. Then we h 



M 



00 = 

DP=: 



OM 
CM- 




therefore 



DP' 



Whence: 

Thboeem XI. The focal distance of any point on an hypt 
bola is in a constant ratio to its distance from tlie polar of ti 



TSB S7PEBB0LA. 



This ratio is greater than unity and equal to the eccentri* ' 



city of t 



The polar of the focns is called the directxlx of I 



I 
I 



the hyperbola. 

Tlie above property 
motion, aa followB: Take any fixed 
Htraigbt line NR and aay fixed point F, 
and against the former faslcn a mler, 
and place another ruler, right-angled at 
N, BO that its edge, NU, may move freely 
along NB. At F attach one end of a 
thread equal in length U> the hjpothe- 
nuse HQ of tliemler, and llie other end 
to the extremity Q of the ruler. Then 
with a peocil-poiot P stretch the thread 
tightly against the edge HQ. while the 
niler ia moved along the other ruler, JV-fi. 
The point P will describe an hyperbola, 
tor in every position we shall have 



PF = 



and therefore 




181, Cor. Prom §§ 97, 148 and 180 it follows that we 
may define a conic Bection as the locns of a point which moyes 
in B«ch a way that its distance from a fixed point (the focus) 
is in a constant ratio to its distance from a fised straight 
line (the directrix). 



In the ellipse. 

In the parabola, the ratio 



In the hyperbola, the ratio 



PD 
PF 



PP 



>X. 



In all cases this ratio ia the eccentricity of the corve. 

In the ease of the ellipse and hyperbola there ia a direo 
trii corresponding to each focua. In the case of 
the second focus and directrix are at mfemt^. 



I 
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The Asymptotes. 

183. We have already shown (| 159) thit the eqnationa 
of the asyniptot(!3 when re- 
ferred to rectangular co-ordi- 



nates are 



w 



Now since the equation of 
the hyperbola referred to a 
pair of conjugate diameters 
ae axes is of the same form aa 

when referred to rectangular axes, we at once infer that eqi 
tions (a) transformed to the same conjugate diameters heci 




that is, the eqnations of the asymptotes MQ, i^'when 
ferred to any pair of conjugate diameters are respeetiyely 



iqiia-.^J 



and 



T + i! = 0- 



(«) 



I 



JBqaation {b) is the equation of a line which passes through 
the centre or origin and the point ( + fl', +i'); that is, 
through C and D; and (c) is the equation of a line which 
passes throngh the origin and the point (+«', — b') or C 
and E. Hence we conclude: 

Theorem XI, The asymptotes coincide in direction with 
the diagonals of the parallelogram formed inf any pair of 
conjugate diameters. 

183. Angle between the Asymptotes. 



Let(?CA'=o 



whence s 



Then tan a = - 
■ -—-■= and 



TSJS M7PSSB0LA. 

Now Bince XCH = GGX, sin 6CE= Bin %6CX\ 
mce Bia QCH= 3 sin OCX cos QGX 

__ %ah 
~ a' -\- b^' 

Cor, In the equilateral hyperbola, a = 5; 
mce sin GCH = 1; 



I 



that is, the asymptotes of the equilateral hyperbola intersect 
at right angles. For this reasoo the equilateral hyperbola is 
sometimes called the rectangular hyperbola. 

184. Theorem XII. T}ie asymptotet of (he hyperhola 
are iis tangents at infinity. 

We prove this by showing that, as the point of tangency 
on an hyperbola recedes indefinitely, the tangent approaches 
the asymptote as its limit. 

1. If, in equation (24) of § 167, _ 



we suppose a/ to increase without limit; x, the abscisaa of the 
point in which the tangent intersects the transTeree axis, ap- 
proaches zero as its limit. Hence the tangent at infinity 
passes throngh the centre of the hyperbola. ■ 

3. From the eqnation of the tangent, J 



SVa; — a*y'y = s'S', 



now find the valne of this slope when the point of tangency 
ix', y') recedes to infinity. Because this point remains on 
the hyperbola, we have 




194 
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Ai y' recedes to infinitj)— i approaches zero as its limit; whem 

at infinity,—; = ± ^, and we have 
y * 

Slope of tangency at infinity = 3: -. 

Henoe the tangents at infinity are a pair of lines whose eqai 
tionfi bre 

^ i 
y=±~x, 

which lines are the asymptotes, by definition. 

185. Problem. To find the equation of the kyperho 
Tof erred to its asymptotes as axes. 

Let the asymptote CH be the new axis of X, and the ' 
other, CG, the new axis of V; {x, y) bethe co-ordinates of any 
point on the curve referred to the old axes, and (x', y') the 
co-ordinates of the same point referred to the new axes. 

The eqnation of the curye referred to the old axes 

which mnst be transformed to the now or obliqne axes, t 

origin remaining the same, 

The formuliB of transformation are 



a; =i 3;' cos a + y' cos /?; ) 
y = x' sin a + y' sin 0; ) 
where a and /3 are the angles which the new : 
the old axis of X; that is, a = XCH and p - 



(»)l 



xes make witi 
6CX, 



Therefore (5) becomes 

x= [x' -\- j')cos a; 

y = {x' - y')em a; 

which being anbstituted in (a) give, after obviona redactioi 

{6*eo8*a— fl' &\Ti^a){x"-\-y")-\- 2(5' cos'a-f a' 8in'a)a:'ff'=a'iV 

T, . , 5 sin a & 

Bat tan « = — , or = — ; 

a COB a a 

whence &' C08'« = n' sin*«; 
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which being substituted in the preceding equation gires^ after 
dividing by a*, 

4 sin'or oc^y' = V. 
But sin a = - ^ ; (8 183) 

therefore 4a;'y' = a* + &% 

or, omitting the accents on the yariables, since the equation 
is perfectly general, 

a?y = — J—, (36) 

which is the required equation. 

Cor, The equation of the conjugate hyperbola referred 
to the same axes is readily found to be 

.y=-'^. (37) 

186. Pboblbm. To find the equation of the tangent to 
an hyperbola referred to the asymptotes as axes. 

Let (a;', y') and (a;", y") be the co-ordinates of any two 
points on the curye. The equation of the secant through 
these two points is 

y-y' = If I ^// (^ - ^)- («) 

Since the points (a;', y') and (a;", y") are on the curye, 

, , a' + V 

and a:'y ' = ^1±--; 

whence x^y^ = a'y ', or y" = -^,-, 
which substituted in (a) giyes, after reduction. 



^i" 



I 
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Now at the limit, x" = x' and tlie seoaiit becomes a t 
geat; hence the equation of the taogent at the point (x', y*) 

afy + xy' = Zx'f, 

x'^ y' 

which is the simplest form of the required equation. 

Cor. 1. Making x and y snccessively eqnal to 0, we £ 
intercepts on the axes; 

thus, x = 2x' = GT 

and y = 8/ = CT. 

Hence the point of contact 
is the middle point of TT, 
or, that portion of a tan- 
gent intercepted between 
the asymptotes is bisected 
at the point of contact. 

Cor. 2. CTx CT' =: ixY= n' + 6"; 

or, the rectangle formed by the intercepts cut ofE hyany ti 
gent from the asymptotes is couBtant and equal to the s 
of the squares of the semi-axes. 

Cor. 3. The area of the triangle CTT' is 



iOT.Cr. Bin TCT' 




or, the area of the triangle formed by any tangent and 1 
asymptotea is constuit and equal to the rectangle of th| 
semi-axes. 
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1, Find the equation of that hyperbola whose transverse . 
axis is 8 and which paaees through the point (10, 25). h 

" Sljr' _ 



Ans. 



16 2500 



= 1. 



2. "What condition muat the eccentricity of an hyperbola 
fulfil in order that the abscissa of Bome point npon it shall bo 
equal to the ordinate? Ans. e < V%. 

3. Express the distance from the centre of an hyperbola to 
the end of its parameter in terms of the semi-trarieTerse axis 
and eccentricity. 

4. Show that each ordinate of an equilateral hyperbola 
ia a mean proportioual between the sum and difference of the 
abscissa and eemi-tranSTerse axis. 

5. Write the equation of a focal chord cutting an hyperbola 
at the point {x', y'). 

6. Find that point upon the conjugate axis from which the 
two tangents to an hyperbola form a right angle with each 
other. 

7. Where do the tangents drawn from a vertex of the con- 
jugate hyperbola touch the hyperbola, and what are the equa- 
tions of these tangents? Show that they are bisected by the 
transverse axis. 

8. What must he the eecentrioity in order that the tan- 
gent at the end of the parameter may pass through the vertex 
of the conjugate hyperbola? 

9. Find those tangents to an hyperbola which make an 
angle of 60° with the transverse axis. 

10. What must be the eccentricity of an hyperbola that the 
subnormal may always be equal to the abscissa of tlie point 
from which the normal is drawn? 

11. Find tho equation of the hyperbola when the origin ia 
transferred to one of the vertices, while the axes of co- 
ordinates remain parallel to the principal axes. 

12. Express tike product of the aeg,m.«vi.\.^ \b.\.q -stSsijaa^ 
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focal chord is divided by the loans in terms of the an] 
I which the chord forms with the major axia. 

Ans. - — 

13. Show that the sum of the reciprocals of the two seg- 
ments of a focal chord is eqiial to fonr times the reciprocal of 
the parameter. 

li. The line a: = 3y is a diameter of the hyperbola 
253;' — X&y' = 400. Find the equation of the conjugate 
diameter. 

15. For what point of an hyperbola are the snbtangent and 
subnormal equal to each other? I 

16. Express the length of the tangent at the point (a:', y'). I 

17. Find the condition that the line j + - = 1 shall touch J 
the hyperbola —^ — j-, = 1. Ajis. e' — e' = 1. | 

18. A perpendicular is drawn from the focus of an hyper- 
bola to an asymptote. Show that its foot is at distances a 
and b from the centre and focus respectively. 

19. Show that the linear equation of the right-hand branch J 
of the hyperbola when a focus is the origin is 1 

r = ex :f a(l - e"). 

30. Each ordinate of an hyperbola is produced until it ia 
equal to the focal radius of the point to which it belongs. 
Find the locus of its extremity. J 

21. Find the equation of the tangent at the extremity e^ -I 
the latus rectum, 1 

32. Show that the intercepts out off from the normal by I 
the axes are in the ratio of a' : b'. 1 

33, In an hyperbolaj 3a = 2c. Find the eccentricity audi 
the angle between the asymptotes. J 

, 3 . _i4^/i- I 

Ans. e = n-; sm ' ^ Vfl. ■ 

24. Show that the angle between the aeymptotes of anl 
hyperbola is I 






TSS bypebbola. 

35. Prom any point on an hyperbola perpendiculara are | 
F drawn to the asymptotes. Show that their product is constant j 



and equal to - 



+ b'- 



I 



26. From any point in one ot the branches of the conju- 
gate hyperbola tangents arc drawn to an hyperbola. Show 
that the chord of contact touches the other branch of the 
conjugate hyperbola. 

27. Show that the polar equations of the right-hand branch 
of au hyperbola i-eferred to the foci are 

— '("'-D „j -- -a-"') 



ecoa 6 



and 



1 — fl COB 6 



I. Show that the polar equation of the hyperbola when ] 
iiie ceutre is the pole is 



29. Show that the length of any focal chord of an hyper- 
bola is — . -i- — rn — tj where d is the inclination of the 

a e cos it — 1 

chord to the tranaverae axis, 

30. In the figure of § 183, show that the diagonal PQ is I 
parallel to the asymptote. 

31. In an equilateral hyperbola, it <pis the inclination of ] 
a diameter passing through any point P, and tp' the inclina- J 
tion of the polar of P, show that 

I tan ^ tan <p' = 1. 

33. Through the point (5, 3) is to be drawn a chord to the J 
hyperbola 25a:' — 16y' = 400 which shall be bisected by the 
point. Find the equation of the chord. 

1 33. In an hyperbola is to be inscribed (or escribed) an equi- 

I lateral triangle, one of whose vertices shall be at the right- 

r hand vertex of tho curve. Find the aides of the triangle, 

and find the eccentricity when they are infinite. 

34. Express tho tangent of the angle between the two I 
focal radii drawn to the point {z', y'^ ot ati Vj-^^iw^iB., ■« 
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thenoe find those points of the curve from which these radii 

sabteud a right angle. ■ 

Ans., in part, tan m — -n il- s-i, ^| 

35. For what point on an equilateral hyperbola is the pro- 
duct of the focal radii equal to 3i'? 

36. From the foot of any ordinate of an hyperbola a tangent 
IB drawn to that circle described upon the major axis as a 
diameter. Show that the ratio of the ordinate to the tangent 
is a constant and equal to e' — 1. 

37. Find the lengths which the directrix of an hyperbola 
oats oS. from the asymptotes, and the length of that segment 
of the directrix contained between the asymptotes. 

A MS. a and h -r- e. 

38. Find the polar of the vertex of the conjugate hyper- 
bola relatively to the principal hyperbola. 

39. From any point of an hyperbola is drawn a parallel to 
the asymptote, terminating at the directrix. Find the ratio 
of the length of this parallel to the focal radius of the point, 
and show that it is a constant. 

40. Show (1) that the sides of the quadrilateral whose ver- 
tices are at the termini of any pair of conjugate diameters are 
eqnally inclined to the principal axes; (2) that all such quad- 
rilaterals in the same hyperbola have their corresponding sides 
parallel and are equal in area. 

41. Find that point of an hyperbola for which the tangent 
is double the normtd. 

43. At what angle does the hyperbola a:" — y' = ra' inteis-j 
sect the circle a:' -f y' = 9/i'? 

43. A line drawn perpendicular to the transverse axis of 
an hyperbola meets tlie curve and its conjugate in P and Q 
respectively. Find the loci of the intersection of the normals, 
and of the tangents, at P and Q. 




Ans. 



The transverse axis; ^ — - 






The two sides of a constant angle slide along a par*-'' 
Find the locus of the vertex of the angle, and compare 
of two loci whose angles are supplementary. 



4 

I 
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CHAPTER VIM. 



f and d being any conetants J 



THE GENERAL EQUATION OF THE SECOND DEGREE. 1 

187. The moat general equation of the second degree be- J 
tween two variabJes x and y may be written in the form 

mx' + ny' + ^Ixy -f- 2 
the sis coefficients m, n, I, p, i 
whatever.* 

We may divide the equation throughout by any one of the I 
. coefficients without changing the relation between a; and y. 
One of the six coefficients will then be reduced to unity. 
Hence the six coefficients are really equivalent to but five in- I 
dependent quantities. 

The problem now before ub is: What possible curves may I 
be the locus of the general equation, and what common pro- 
perties have these curves? 

One property may be recognized at once by determining ] 

the points of intersection of the curve with a straight line. I 

Let the equation of the straight line be 

y = kx + b. 

By eubstitnting this value of y in (1) we shall have an I 
equation of the second degree in z whose roots will give tlie I 
abscissas of the points of intersection. Now, since an equa- 
tion of the second degree always has two roots which may be | 
real, equal or imaginary, we conclude: 

•Three of Ibese terras are writlen with the coefflcient 2 because 
many expreasiODs which enter into the Hieory, eapecially wlicn deter- 
minants are introduced, ore LIiub Bimplifled. We tbca consider I, -^ va^J 
8 as representing one half the cocffician^a ol asy , I mi& u iswijeRSvc 
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Theorem I. Hveri/ straight line intersects a curve of 
second degree in two real, coincident, or imaginary points, 

188. Change of Origin. To contiime tlie investigatii 

we change the origin of co-ordinates without changing the 

form of the curve. If we put x' and y' for the co-ordmi ~ 

referred to the new origin, we must, in equation (1), put 

X = x' -\- a', 

y = y'+ *'; 

a' and b' being the co-ordinates of the new origin, which 
to be determined in such a way as to Eimplify the eqnatii 
Making this sabstitution, the equation becomes 
»w"+ nx'y' + ny" + 2(a'm + b'l + p)x'-\- %{a'l + h'n + q] 
-\- a'^m + b"n + %a'b'l + %a'p + Wq + rf = 0. 

"We now so determine the co-ordinates a' and h' that the 
coefficients of z' and y' shall vanish. To efEect this wo have 
the equations 

ma' -\-lb' = -p\\ , -J 

la- + ni' = -q;\ ^"^ 



1 



in which a' and b' are the unknown quantities. 


Solving the 


eqaatjons, we find 




"?-'?,] 




r — mn 
y _mq — lp 

P — mn J 


(3) 



Omitting for the present the special case in which ? — mn 
= 0, these values of a' and b' will always be finite. 

By means of these values of a' and b' we may simplify tho 
equation (3) as follows: Multiplying the first of equations (a) 
by a', the second by b', and adding, we have 

ma" + nb" + 2la't)' — — a'p — h'q. (i) 

By means of the equations (n) and (5) the general equation 
(3), omitting aceenta, is reduced to 

ma:' 4- 2lxy + ny' + a'p -\- b'q -\- d = (S. (4) 

Tliis equation (4) will now i-epreaeut the aamo curve as 
(1), only referred to new axes of co-ordinates. 



I 
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189. A second fundamental property of the locus of tlie 
seoond degree ia immediately deducible from (4). If x and 
y be any values of the co-ordinates which satisfy this equation, 
it is evident that — x and — y will also satisfy it. That ia, 
if the point {x, y) lie on the curve, the point {— x, — y) will 
ako lie upon it. But the line joining these two points passes 
through the origin and is bisected by the origin. When re- 
ferred to the original system (1), this origin is the point 
■whose co-ordinates are a' and 5' in (3), Hence: 

Theohbm II; For every curve of the second degree tliere is 
a certain point loJiich bisects every ckord of the curve passing 
through il, 

Def. The point which bisects eveiy chord paBsing through 
it ia called the centre of the curve, 

££MABE 1. In the special case when 

V — m«,= 0, 

f the centre (a', 5') of the carve will be at infinity, and the 
I theorem wilt not be directly applicable, 

Bemare % Since in the equation (4) the origin is at the 
I centre, this equation ia that of the general carve of the aecond 
\ degree referred to its centre aa the origin. 

190. Change of Direction of the Axes of Co-ordinates. 
The neit simplification of the eqnation will consist in remov- 
ing the term in xy. To do this, let as refer the curve to the 
same origin as in (4), namely, the centre, but to a new system 
of axes making an angle S with tiiose of the original ayatem. 
This we do by the Bubstitutioh (§ 2?) 

a: = a^ oofl tf — y' sin 6; 
y =^af sm S -Y y' coa d. 

I Making this Bubatitution, the equation becomes 
{m cos'<5-|- M ain'5 + %l&mS co&8)x'^ 
+ (m sin'tf + n coa'tf — SZain S cos S)y" 
+ [ (» - m) sin %S + %l cos %S^x'y' = d', 

Kvhere we put — d' ^ a'p + b'q + d. 
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Substituting for tlie powers and prodiietB of Bines a 
nes tbeir values, uamelj. 



cos'd = Kl + cos 25), 

8illM = i(l-COB3tf), 

a. (J COB 5 = sin 2tf, 



and tlien putting, for brevity, 



k= {m 



-m)coa35-2isin3tf, J 
- m)aiu %S + 2Z cos 2tf, S 



tliiB equation reduces to 

(m + n - /t)^" + (m + « + A)j/" + 2Aa:'y' = 3d'. (6; 

To make tlie term in x'y' disappear, we must so determiiu 
the value of S that A; = 0. This gives 

tau25 = — ^~, 

m — n 

which determiuefl the values of 6. 

Then from (c) we have, when 4=0, 

A ain 2tf — A cos 35 = — 2Z = i sin 2.5; 
A COB 3(J + i sin 25 = n — m = h cos 25. 

The values of A and S are therefore given by the equations 

A sin 2d = — 3/; ) 
A COB 35 = n ~ vi;\ 
wheDCO 

A = V{«j - «)' + 4^". 

Omitting accents, the equation (6) of the curve i 
auces to 



=1.(9) 

The coefEcientB of a:* and y* in this equation are always real, 
but may bo either positive or negative according to the e 
d' and the values of m, n and I. 
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If, theu, we put 



W 



+ n - *^(»B - nf -\- 4f 



m + M + t'(m - ny + 4i' 



(10) 



the algebraic Bigna being so taken that a' and h* without ] 
Bign shall be positive, the equation (9) still farther reduces to , 



± — ± 



(11) 



I 



which still represents the same locus as (1), only referred to I 
diSereut axes aud a different origin. 

191. There are now three oaaes to be considered- 

Oasb L The algebraic aigas in the first member both I 
negative. 

Cabk II. The algebraic signs both positive. 

Oase III. The one sign positive and the other negative 

In the first case the equation is impossible with any real 
values of X and y, because the first member will then be necea- 
Barily negative, while the second ia positive. The curve is 
therefore wholly imaginary. 

In the second case the equation is that of an ellipse whoae 
semi-axes are a and h. 

In the third ease the equation is that of an hyperbola whose j 
semi-axea are a and b. 

"We therefore conclude: 

Theoebm III. The locus of the equation of t?ie second de- j 
gree between rectangular co-ordinates is a conic section. 

193. Special Kinds of Conic Sections. In order that the | 
equation (9) ahall represent an ellipse we must have, by Case II., 



m + n> V(m — »)' + «". 
{m + «)'> (m - ny + 4;- 
inn > I', 

vin — r positive. 
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qucawn ] 



Hence: 

Theobbm rV. The criterion wfiether the general equc^xo 
(1) shall represent an ellipse or an hyperbola is given iff c 
paring the square of the coefficieiU of xy with four times the 
product of the coefficients of a? and j°. 

If the square is algebraically less than four times theprodu ct, 
the curve is a/i ellipse; if greater, it is an hyperbola. 

In special cases the equation may represent other lines than 
the ellipse or hyperbola. We have, in fact, tacitly sBSumed 
that the expressions a* and b' in (10) are both finite aod de- 
terminate. We hare now to consider the case when either of 
them is zero, infinity or indeterminate, 

193.. 27(6 Parabola. If in the equation (1) mn = i", 
the preceding criterion will give neither a genuine cllipeenor 
hyperbola, but a limiting curve between the two. We know 
the parabola to be such a curve. In this case, also, the co-ordi- 
nates a' and h' of the centre of the curve in (3) will be infinite, 
BO that the equation cannot be reduced to the form (i). But 
when tlio centre of an ellipse or hyperbola recedes to infinity, 
we know from Elementary Geometry that the curve becomes 
a parabola. We shall now prove this result analytically. 

Reduction in the Case of a Parabola. We have to con- 
sider the special form of the general equation (1) in which 
I = Vvm. The equation may then be written in tiie form 

(m*z + n*yy + Hpz + 3jy + d = 0. (12) 

That is, in this case the sum of the three terms of the second 
order forms the square of the lineai- expression mz -\- n y. 
We may infer that the line whose equation is 

m*x -f- n^y = 
stands in some special relation to the curve. We shall there- 
fore so change the direction of the axes of co-ordinates that 
this line shall be the new axis of X, Taking the general 
equation for this transformation, 



x = x' cos <? — j' sin iS, j 
y = x' sin S -\- y' cos S, j 



(») 
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we see that they give 

m^x + n*y = {nr cos <^ + n* sin tf)a;' 

+(— m* sin S + n^ cos S)y\ (b) 

In order, now, that the line nrx + ny = may be identi- 
cal with the line y' = (which is the axis of JT), the coeflS- 
cient of a/ in the above equation must vanish. That is, we 
must have 

w*cos d + w*sin tf = 0, (c) 

or tan tf = t-1 

, . «, tan S m* 

whence sin o = 



Vl + tan'd Vm + n 

cos o = — = + 



Vl + tanM Vm + »' 

— w* sin <^ + »* cos tf = (w + n)*. (ci) 

(5) and (a) now become 

ttfx + n*y = 4/(m + n)y'\ 

* "■ 4/(m + n) ' ^ ■" V'(w + n) ' 
By substitution, the equation (12) now becomes 

(m + w)y'* + -~7 r-^ x' + -^. — \ \ y + rf = 0: 

^ ' ^^ * 4/(m + w) ' 4/(m + n) ^ * ' 

and pntting, for brevity, 

^ _ ptni + qui 



m + ^' 
the equation reduces to 

y" + Qy' - Px' -V D = Q. 



I 
I 
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can be expressed in the form 

(y' + 48)' = *«■ + F'f - D. 



(15)1 



We can still further eimplify this equation by changing 
the origin to the point whose co-ordinates are — iQ and 

-■— p . If tte new co-ordinatea referred to tkis origin are 

z and y, we have 

X = z' -i- - 

y = y'-V iQ- 

Tlien, by substitution, the eqnation becomes 
y' = Pa;, 



JQ' - -P . 



^ 



(16) 



which is the equation of a parabola whose parameter is ^P 
referred to its vertex and principal axis. 

We therefore conclude: 

Thboeem V. Tlie general equation of the second degree 
reprssents a parabola when the square of the coefficient of xy 
is equal to four times the product of tlie coefficient ofx' and y*. 

194. Case when the Parameter is Zero. There is etill a 
special case of the parabola to be considered, namely, that in 
which P = 0. From (16) it would then follow that y = for 
all values of x. But this conclusion would be premature, 
because the transformation (15) would then involve the plac- 
ing of a new origin at infinity. We must therefore go back 
to the equation (14), which, when P = Q, gives 



y= -iQ± ViQ' - D; 
that ia, y may have either of two constant values. 

Hence, when P = 0, the equation represents a pair 
straight lines parallel to the axis of Xand distant ViQ' — ^ 
on each side of it. 

195. General Case of a Pair of Straight Lines. 

On reducing to the form (4), the absolute term d' may 
vanish. The reduction to the form (9) will then be impoaai- 
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ble, Lccause the coefficients of a;' antl y* will become infinite. 
In this case, however, the equation (4) will be 

ms^ + %lxy + ny* = 0. (17) 

If we factor this qnadratic equation by any of the methods 
explained in Algebra, we may reduce it to the form 



y + (? + Vf -mn)x\ X \ny -\- (I - Vf^ 



n)x\ = 0, 



or we may prore this equation by executing the indicated 
moltiplications and thus reducing it to the form (1?). 

Now this equation may be satisfied by equating either ot 
its two factors to zero. If we dietingoish the TaJuee of y in 
the two factors by subscript indices, we may have either 



- ; + t'P - 



-VT'- 



(18) 



I 

^P tiiat is, to each value of x will correspond these two values of 
g. Bnt each equation (18) is that of a straight line passing 
through the origin. We therefore conclude: 

Theorem VI. When, on reducing the general equation of 
the second degree to the centre, the absolute tervi vanishes, 
the equation represents a pair of straight lines. 

If we have /' < mn, the lines will both be imaginary. 
But in this case there will be one pair of real values of the co- I 
ordinates, namely, x = and y = 0. Hence, 

If, in the case supposed in the preceding theorem, the lines I 
ieconie imaginary, the equation can be satisfied by only a single ' 
real point. 

This result is also evident by a comparison of equationa i 
(9), (10) and (11), becanse when d' = and P < mn, we 
hare an ellipse of which both the axes are zero, and this can 
be nothing but a point. 

On the other hand, if both the axes of an hyperbola be- 
come zero, it reduces to a pair of straight lines. 

We have thus found two seeming^l^ iv&tmiay. »ia»R'i "'m 



} 
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wliich theconicia reduced to two straight lines: the onewhen: 
r — mn = and P = 0; the other when d' = 0. We shall] 
now show that the former cases ma; be combined with thai 
latter. ] 

If in the expression (5) for d' we substitute for a' and i'! 
their values (3), it will become 

,_ p{np - Iq) + g{mq - Ip) + d{f - mn) 



- Ip) -{- dij' — mn), (19); 
I 
(30)! 



> tha^ 



Now let ua put 

R =p(np — Iq) + q{mq 
BO that we have 

li — d'{vin — f). 
If we sqnare the value (13) of P and note that we are 
considering the case when mn = P, we have 
(m + n)'P' = mq* — Zlpq -\- np* 

~p{np-lq) +q(mq-lp). | 

This expression is zero, by hypothesis, since P = Q 
paring it with (19) and noting that P — mn = 0, we 
the value of E vanishes in this case as it does when d' = 0, 
We therefore conclude that fl = is the condition that thai 
conic shall reduce to a pair of straight lines. 

196. Summary of Conclusions. The various concluBion< 

which we have reached may be recapitulated as follows: i 

The general equation of (he second degree, 

ma;' + 2lxy -\- tiy' + Zpz -\- %qy + d = 0, 
represents 

An ellipse wlicn f < mn; 
A parabola when P = mnj 
An hyperbola when f > mn. 
Also, in special cases, 

T!ie ellipse may be reduced to a point; 
Tlie parabola to a pair of parallel straight lines; 
The hyperbola to a pair of intersecting straight lin\ 
But since, in the first case, the point-ellipse is definei 
the real intersection of a pair of imaginary straight lina 
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may describe all three of tbeBO cat^es as one id vhich the conio 
is reduced to a pair of straight lines, and sum np the concla- 
Bion thus: 

If tlie coefficients in the general equation of a conic satisfy 
the condition 

p{np — Iq) + q{mq — Ip) + d(? — mn) = 0, (19) 
the conic toill be reduced to a pair of straight lines. If toe 
have 

r < mn, the lines are imaginary; 

r = mn, the lines are real, and parallel or coincident; 

r > mn, the linss are real and intersecting, 

197. All these forms are conic sections. That the 
eUipse, parabola and hyperbola are such sections is shown in 
Geometry. 




When the catting plane passes throngh the vertex of the 
cone, the section is a point or a pair of intersecting straight 
lines according to the position of the plane. 



2E^^^^PLAS^A^^ 



FLASB ANALTTia &EOMETBT. 

When the vertex of the cone recedes to infinity, the base 
remaining finite, the oone becomee a ejlinder, and the sec- 
tion parallel to the elements is a pair of parallel straight lines. 

Eemabk. a conic section isj for brevity, frequently 
called a conic simply, and wo therefore designate all loci of 
the second degree as conies, 

198. Similar Conies. From equation (10) it follows 
that the ratio a-.hot the semi-axea depends only upon the 
coefficients m, n and I at the terms of the Hecoud order in 
the general equation. Since we have, for the eccentricity, 



= 1 ± - 



■■^ ^3» J 



it follows that the eccentricity depends only on the same 
efficients, /, m and n. 

Moreover, the angle S which the principal axes of the 
conic form with the original axes of co ordinates depends only 
on these same coefficients. Hence, using the definitions. 

Similar conies are those which have the same eccen- 
tricity or (which is the same thing) the same ratio of the 
two principal axes; Similar conies are said to be similarly- 
placed when their corresponding axes are parallel, — we have 
the theorem: 

Theorem VII. All eonics wliose equations have the earns 
terms of the second degree in the co-ordinates are similar 
and similarly placed. 

199. Theorem VIII. A conic section may he made to 
pass through any jive points in a plane. 

Let us divido the general equation (1) by d, and, distin- 
guishing the new coefficients by accents, we have 

m'x' + n'y' + W'^y + Zp'x + %q'y + 1 = 0. {a) 

Now if {x,, y,), {x,, y,), (a:,, y,), (a:,, i/.), {x^, yj are the 
five given points in the plane, we have, by substituting in the 
i;ist equation the co-ordinates of these five points for the gen- 
eral co-ordinates x and y, the five following equations of con- 
dition: 
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m'x^ + n'y* + %l'xjf, -|- %p'x^ + Hq'y, + 1 : 
m'V 4- «■>,' + 3^'«,y, + 2p'a:, -j- 3g'y, -f 1 
vi'i:: + «'y.* + 2iXy. + 2p'x, + 2?'y, + 1 : 
m'x^ + n'y/ + %Vx^y^ + 2j:>'a:. + 2y'y, + 1 = 0; 
m'^s' + m'y/ + ^l'x,^t + ^''^t + ^j'y, + 1 ; 

from which the coefficienta m', n', V,p' and q' may be found, 
Binco 2,, y„ x„ y,, etc., are known quantities. Substitutiug \ 
these values of m', n', etc., in the general equation {a), the j 
resulting eqnatiou of the second degree in x and y will be, | 
ihat of the required conic eectioo. 

Cor. Since the equations of condition are all of the first 
'degree with respect to m', n', I', p' and q', each of these 
iqaantitiea hae only one 'value; therefore only one conic section 
can be passed through Jive given points on a plane. 

Example. Let ifc be required to pass a conic sectio]v-| 
through the five points (2, 1), (- 1, - 3), (0, 3), (1, 0), ' 
(3, - 2). 

The equAtioQS of conditioQ which determiae tlie coefiicieDlfi i», n, t, 
(omitting the tkcceats} 



\ 



+ •+ 


•U + 4P+ 2«+i 
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+»»+ 


K-2p- 


e« + i 


=: 


in 
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»j4i 


= 




+ 2jJ 


+ 1 


— 


+ to- 


lSi + 6p- 


4,4-1 


- 



Suhatituting these values in the general equation 

vol' + ny' + 2lxy + 2px + 2qy -\- 1 
Md cleariag ot fractionB, we have 
■ 9a«» - il}/' - laey - 291* + B8y + 193 = 0, 

^ffUcb la the equation of an hTp^rbola, siuco P — tnnie a positive quantl^. 
ir one of llie given poiata ahould be tlie origin, the c 
equation would be the impossible oue 1 = 0. lu UiIb c 
have to divide by some other coefflcieat tUoa d. 




^B other 
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SOO. Intersection and Tangency of Conies. 
Tqeobeh IX. Two conies in general intersect 
other in four points. 

Proof. The co-ordinatea x and y of the points of inter- 
section of two conies are given by the roots of two equations 
of the second degree in x and y. Now, it is shown in Algebra 
that when we eliminate an nnknown quantity from two quad- 
ratic equations, the resalting equation in the other unknown 
quantity will, in general, be of the fourth degree. This equa- 
tion will therefore have four roots, thus giving riBe to four seta 
of co-ordinatea of the points of intersection. 

Remark. The roots maybe all four real; one pair real 
and one pair imaginary; or all four imaginary; and, in any 
oasej the two roots of a pair may be equal- 
According as this happens the conies are said to intersect 
in real, imaginary or coincident points. In the latter case 
they are said to towch each other at the coincident points. 
Cor. Two conies may toueh each other at two points e 
no more. 

201. Families of Conies. Let ua put, for brevity, 
P' E m'x* -I- 2l'xy -\- n'y* -(- ^p'x -f- %q'y -|- d' ; 
P" = m'V + %l"xy + n"y' + %p"x + 2j"y + d"; ] 
etc. etc. 

that is, let ns repreaent by P', P", etc., any functions of t 
second degree in the co-ordinatea. 

Theoeem X. If P' = fi and P" = are the equatie^ 
of any two different conies, then the equation 

fiP> -I- xp" ■= (20] 

{where pt and X are constants) will represent a third conic 
passing through the four points of intersection of the other 
two. 

For, first, we see by substitution of the values of P' and 
P" that the equation (20) ia of the second degree in the oo- 
ordinatea. Hence its locus ie some conie. 

Secondly, every pair of values of x and y which r 
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both P' = and P" = must also satisfy the eqnation 
fiP' 4- ^P" = 0. Hence every point common to P' and P" 
mast belong to the locns of (20); thai is, this locna paBsea 
through all the points, real aud imaginary, in which P' and 
P" intersect. The number of these points is four. 

By giving difEerent values to the ratio 7l ; /(, any nnmber 
of conies passing through the same four points may be found. 
We may, without loss of generality, suppose // = 1 in this 
theory, because the locus (20) depends only on the ratio X; ft m 

Def. A system of conies all of which pass through the I 
same four points is called a family of conicB. I 

202. Theoeem XL In a family of conies two and 1 

I no more are parabolas. I 

Proof. If, in the expression I 

P = P' -\- \P", I 

I we substitute for P' and P" their values, we shall have, in P, I 

Coefficient of a:' = m' + Xm" = jjj; I 

CoeflBcient of y' = 7t' + Xn" = «; I 

Coefficient of 2xt/ = 1' + XI" =1 I 

The condition that the curve P = shall be a parabola I 
then becomes I 

= i* — m» I 

= {I'" — m"n")X'-\- (2?'Z"— m'n"— m"n')X + I'* — m'n'. I 

I This is a quadratic eqnation in X, which therefore gives I 
I two values of A, and thus two expressions for P, each of which, I 
[ equated to zero, is the eqnation of a parabola. Q. E. D. I 

[ 203. Theorem XIT. In a family of conies three, and I 
no viore, may be pairs of lines. I 

I Proof. Forming the expression P' + \P", we find the J 
coefficients of the general eqnation to become I 

I m = m' -j- Awt"; 1 

I M = n' -|- An"; M 

B etc. etc. fl 
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Ill order that a conic of the family may be a pair of lines 
it is necessary and sufficient that its coefficientB eatisfy the 
condition (19). Each term of (19) is of tho third degree in 
the coefficientB. Hence the entire condition gives an equation 
of the tliird degi'Ce in A, which haa three roots. Hence we 
have throe expressions of the forpi I" + XI'", each of which, 
when equated to zero, gives a pair of lines. Q. E. D, 

Ebmark. If we call A, B, C and D the four points, of 
InterBection of the family, the three pairs of lines whiohilf 
long to it will pofs as followB; 



One pair through AB and CD reapectivoly; 
One pair through A C and BD respectively; 
One pair through AD and 5 C respectively; 



and the three pairs wiU form the sides and diagonals of 
quadrilateral. 



nts of J 

1 

i of a I 




204, Theorem XIII. If we lake any point (a:,, y,) 
at pleasure in the plane of afamily of conict, ihenoneconic 
of the family, and no more, will pass through this point. 

Proof, Since the equation 

P' + \P" = 
must be aatisfied for the value (r„ y,) of the co-ordinates 
X and y which enter into it, wo have 

{ia' + \m")z,' + (n' + \n")y; + ^l' + n")x,y, + etc. = 0. 
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Since ar,, y, and all the symbols except A in this eqnatiot 
are known, it is an equation of the first degree in \ andH 
so has bat one root. This root may be eipreased in the form I 



in wbich P/ and P," represent the valnes of P' and P" when 
x, and y, are subetitnted for x and j/. There being but one J 
Tahie of A, only one conic of the family can pass through. | 
the point («„ y,). 

205. Theoebm XIV. TJie equation 

P' + XP" = (a) ' 

. faay, by giving all real values to A, represent every possible 

conie passing through the four intersections of P' and P". 

For, let G be any conic passing through the four points. 

P ' 
Take any fifth point {x^, y,) on C, and put A =: — -=J^. The i 

equation (a) will then be satisfied identically when in it ve pat \ 



because it will become 



Hence, with this yaluc of A, (a) will represent a conic of the 
family passing throngh the point (a;,, y^. But only one 
oonic can pass through five points. Hence the conic thus 
found will be C ' 

206. Jielaiion of Focus and Directrix to the General ' 
Equation. Let BAOhe any conic section; OX, OK, rectan- 
gnlar axes. Let A Q, the axis of the curve, make an angle 
AOX= a with the axis OX. And let (x, y) be the co-ordi- 
tes of any point P; {7i, k), the co-ordinates of the focus F; 
and r = OD, the distance from tlie origin to the directrix 
DK. Join PF, and draw PE perpendicular to DE^ aad. 
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FH parallel to OX, Then^ by the definition of a conic sectioii 
given in § 181, Chapter VII., we have 

■per = ^> the eccentricity, 

and therefore PF = ePE 

and PE = a; cos or + y sin or — r. 

Hence PF = e{x cos a + y sin a — r), 

PF^ = FH^ + PH\ 
or {x cos a + y sin a — r) V = (x — A)* + (y — k)\ 




Expanding and collecting terms, we have 

(1 — e* co8'a)x* + (1 — e* sin*ar)y' — 2e* sin a cos or xy 
+ (2eV cos a — 2h)x + (2eV sin a — 2i)y 
+ (A* + *• - eV) = 0. (21) 

To compare this with the general equation, we must divide 
both it and the general equation by their absolute terms, in 
order that the two may have the same coefficients. Supposing 

the general equation thus divided, and writing m for -r, n for 

-J, etc. : also putting, for brevity, 

\ = cos a; ji = sin a; 
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These five eqaations completely determine the five qnanti 
ties a, r, h, k and e, and hence the focua, directrix i 
eccentricity of the conic, in terms of the coefficients of tht 
general equation. 



1. Investigate the locaa represented by the eqnatioa 

Here we have m = 4; n = 1; I ^ -g. 

Then ffjn_p = 4_| = +l; 

therefore the locus is an ellipse. 

2. Pind the co-ordinatea of the centre of the conic repre- J 
eented by 

6a^ + y' + 3^y - 37a: — 2«/ + 100 = 0, 
and find the angle between the axia of the cnrve and the a 
of X 

3. What cnrve doea y* = Z{xy — 8) represent? 

4. Determine the locus y" = 3(a: — 7) and the angle its"! 
axia makes with the axis of X. 

5. Determine the loeuaof z'+y'— 6^^ — 6^ + 3y + 5 = 0. 
Find co-ordinates of the centre, and the aogle the axia of the 
curve makes with the aiia of X Aiis. (0, — 1); 

6. If Ay' + Bxy -\- d^ + Dy -\- Ex -\- F = Q be tl« 
equation of a conic section, show that 



Bx + %Ay + iJ = 
8 the equation of a diameter of the loeua. 
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7. From the equation (9) find the two conditions that the 
equation of tlie second degree shall represent a circle. 

8. Pind in the same way the two conditions that the gen- 
eral equation shall represent an equilateral hyperbola. 

9. What locus is represented by the equation 

AV + mxy -\- ]c*y* = c*, 
when m = hh? 

10. Find the semi-parameter of the parabola 

{x — y)' = ax. 

11. What angle do the asjmptoteB of the hyperbola 

mx' — xy = a 
make with the transverse axis? 

15. If we have the two conies 

m-j^ -\- 2lxy + ny' -j- Zpx -\- 2qy -f d = 0, 
wKC* -\- %lxy -f ny* — %px — %qy •{• d = 0, 

show that the line joining their centres is bisected by the 

origin. 

13. The co-ordinates x and y of a moving point are ex- 
pressed in terms of the time t by the equations 

X z= mt -\- a; y = mt -{- b. 

What is the equation of the line described by the point? 

14. If the co-ordinates are given by the equations 

X = mt, y = nf, 
show that the cnrve is a parabola, and express its parameter. 

16. What condition must the coefficients of the general 
equation (1) of the second degi'ee satisfy that the curve may 
pass through the origin of co-ordinates? 

16. Write the equation of that conic formed of a pair of 
straight lines through the origin wlioso slopes ore m and — m, 

17. Do the same thing when tho lines are to intersect in 
the point {a, b). 

18. What is the condition that the principal axes of a 
conic shall be parallel to the axes of co-ordinutee? (See §190.) 
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19. Express the points in whicli the locns of the equation I 

a:' — aary -f y' -f 32 — 4 = I 

cuts the respective axes of co-ordinates. I 

Ans. The axis of X, (1, 0) and (- 4, 0); I 

The axis of Y, (0, 3), (0, - 2). 1 

" 20. What condition muat the coefficients of (1) Eatiafy that ■ I 

the curve may he tangent to the axis of X and to the axis of J 

J^respectiyelj? J 

Ans, p' = md for the axis of JT; I 

q' = nd for the axis of F. -1 

The aolutioD is very simple, if it is remcmbeied tliat the curve ia to ' 

cut tbo axis in two coincident pointa. 

31. Find the equation of that conic which cuts the axis 
of X at points whose absciBsas are — 2 and + *> the axis of 
Fatpoiutswhoseordinatesare — 1 aud + 3, audwhoseprinei-' 
pal axes are parallel to the axes of co-ordiuates. 

Ans. x' + 4y' — 33: — 4y — 8 = 0, J 

S3. Show that in the general equation (1) the line I 

mx-\- ly — p = Q I 

bisects all chorclB parallel to the axis of X Find also the line I 

which bisects all chorda parallel to the axis of Y. I 

Begin by solving tbe general equation as a quadratic in a so as to ex> I 

press X in terms of y, and vice versa. I 

33, How many points are necessary to determine a para- 
bola? An equilateral hyperbola? 

34. Mark Hye points at pleasure on a piece of paper. 
Can you find any criterion for distinguishing at sight the fol- 
lowing cases? — 

L The five points lie on one branch of a conic (ellipse or 
hyperbola). 

II. The conic is an hyperbola having three of the points j 
on one branch and two on tlie other. | 

III. It is an hyperbola having four points on one branch 1 
and one on the other. I 

Suppose a string drawn tightly around all the points, and.l 
note the number of points the string will not reach. I 
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25. Find the equation of a parabola whicli aliall touch the 
axis of X aX the point whose abscissa is -\- 3, and the axis of j 
I' at the point whose ordinate ia + 1, 

Ans. x^ — 4zy -\- iy' — ix — 8y -\- i = 0. 

26. The base of a triangle has a fixed length, and the 
escribed circle below this base is required to tonch it at a { 
fixed point. Find the locus of the point of intersection of the 
two sides of the triangle, 

27. A line passes through the fixed point (0, 6) on the 
axis of Y and intersects the axis of X and the fixed line 
y = mx. Find the locus of the middle point of the segment 
of the line contained between the fixed line and the axis of X. 

28. Investigate tbe locus of the point the diflerences of 
the squares of whose distaiices from the axis of X and from 
the line y = mx is the constant quantity i'. 

29. The base « of a triangle and the sum of the angles at i 
the two ends of the baee are both conBtant. Investigate the , 
locus of its vertex. ' 

30. Each abscissa of the circle a:' + y' = r* is increased by 
m times its ordinate. Find the locus of the ends of the linoa | 
thus formed. i 

31. Investigate the locus of the middle points of all chords 
of an ellipse which pass through a fixed point. 

33. The circle x' -^ y' = r' has two tangents intersecting 
in a movable point P and cutting out a fixed length a from 
a third tangent y ~ r. Investigate the loeus of P. 

33. Show that tbe equation of that pair of straight lines 
formed of the axes of co-ordmates ia xy = 0. 



I 



PART II. 
GEOMETRY OF THREE DIMENSIONS. , 



CHAPTER I. 
POSITION AND DIRECTION IN SPACE. 



S07t Directions and Angles in Space. Twostraigh.,lmefl 1 
cannot form an angle, as that term is deOned in elementary 
geometry, unless thoy intersect. Two lines in space will, in 
general, pass each other without intersecting. Hence we 
cannot speak of the angle between such lines unless we extend 
the meaning of the word angle. Now the following theorem i 
is known from solid geometry: 

If we have given any two lines, a and 6, in space; 
and if we take any point P at pleasure; 
and if through P we draw two lines, PA and PB, par- j 
allel to a and b respectively, — 
I then, so long as we leave a and b unchanged, the angle APB 
\ will have the same value no matter where we take the point P. 
I We therefore take this angle as the measure of the angle 
k between the lines a and b. This measure may be considered 
I 88 expressing the difference of direction between the lines 
t a and b, and the word angle, as applied to two non-intersecting 
I lines, will be understood to mean their difference of direction. 
I We thus have the following definition and corollary: ] 

I Def. The angle between two non -intersecting lines ia i 
■ measured by the angle between any two intersecting lines J 
(parallel to them. I 

I Cor. If we have two systems of parallel lines in space, tht I 
B'SASo, a', a", etc., the other b, b',b",elc., then the angles between \ 
Wjms iine of a and any line ofb will all be equal fo qomK attubt. J 
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tlia other two. The following oonclnaiona thea resnlt 
Bolid geometry: 

I. Each axis is perpendicular to the plane of the other two. 

II. Each plane is perpendicular to the otlier two planes. 

III. Every line or plane perpendicular to one of tho plai 
is parallel to the axis which does not lie in that plane. 

IV. Every line or plane perpendicular to one of the 
is parallel to the plane of the other two, 

V. If tho centre of a sphere lies in tlie origin, the intersec- 
tions of the co-ordinate axes and planes with its surface form the 
Tertices and sides of eight trirectangular spherical triangles. 

VI. To each plane corresponds the asis perpendicular to 
it, which is therefore called the axis of the plane. 

SIO. Co-ordinates. The position of a point In space is 

defined by its distances from the three co-ordinate planes of a 

system, each distance being measured on a line parallel to the 

asis of the plane, "When the axes are rectangular, these direc^^ 

tions will be perpendicular to the planes. The notation is: 

X = distance from plane YZ; 

y = distance from plane ZX; 

z = distance from plane XT. 

To distinguish between equal distances on the two ei< 
of a plane, distances on one side are considered positt 
on the other negative. 

The positive direction fi'om each plane is the positive 
reotion of the axis perpendicular to it. 

It is, of course, a matter of convention which side wo take 
as positive and which negative. A certain relation between 
the positive directions is, however, adopted in physics and 
astronomy, and should be adhered to. It is this: 

The positive side of ike plane of Xl'is 
that from which we must look in order that 
the axis OX would have to turn in a direc- 
tion the opposite of that of the hands of a 
watch in order to take the position OY. 

If we conceive the plane of XFto be 
horizontal, tho axis of Z will be vertical, and, supposing £ 



laQe^^_ 
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axes of Xand Yto be arranged as in plane geometryj tlieJ 
positive side of tlie plane will be tlie upper one.* 

The following propositions respecting cei-tain relations of 1 
signs of co-ordinates to position should be perfectly clear to ] 
the student : 

I. The co-ordinate planes divide the space surronnding the ' 
origin into eight regions, distinguished by the distribution 
of + and — signs among the co-ordinates. 

Imagine the axis of JC to go out positively toward the east; 
Imagine the axis of yto go out positively toward the north; ] 
Imagine the axis of ^ to go out positively upward, 

and the point of reference to be the origin. Then — 

II. Por all points above the horizon a will be positive; f(H( 
all points below it, negative. 

III. For all points east of the north and south line x will ' 
be positive; for all points west of it, negative. 

IV. For all points north of the east and west line y will be 
positive; for all points south of it, negative. 

311. How the Co-ordinates define Position. Let ns first I 
suppose that the only information given ua respecting the I 
position of a point P is its co-ordinate 

x = a, (8) I 

a being a given quantity. 

This is the same as saying that P is at a distance a from 
the plane YZ. In order that a point may be at a distance a 
from a plane, it is necessary and sufficient that it lie in a par- I 
allel pliine, such that the distance between the two planes is o. ( 

Hence the proposition informs us that P lies in a certain ) 
plane. 

* Tiie autlior regards it as nnfortunale tbat many mtLthematlcal ' 
■writers, Id trimling of analytic geometry, reverse the arrangement of n; 
in flpnce univeraally adopled in astronomy and pbyaic?. Uuiformity ia 
tbie respect is so desirable tliat be lifia not besilated to adhere to tbe latter 
arrangement. 

It may be remarked tbat, in drawing figures, tbe nxes are represented 
from different staad-polnlB in different problems, ILe beat point I 
for each individual problem lieiiig clioeea. 
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e informed that 



parallel to ZX, at tbe dis 



and y = b, are tme, tl 

it mast lie on their line of 



then P must lie in a pli 
from it. 

If both propositions, x== a 
must lie in hoth planes. Hem 
intersection, which line will be 

parallel to the axis of Z, 
parallel to the planes ZX and J'^, 
and perpendicular to piano XTl 

If it IB also added that 

z = e, 

the point P lies in a third plane, parallel to XY. Lying !i 
all three planes, its only position will be their c 
of intersection. 
Hence: 

77ie position of a point is completely delervmied when iti 
three co-ordinates are given. 

Notation. By point (a, b, c) we mean the point i 
which x = a, y = i) and z = c. 

S13. ParalUlopipedon formed iy the Co-ordinates. 
Let be the origin; OX, OY, 0^, the axes; P.thepoint^ 
PR, P8 and PQ, parallels to the asea terminating in the eev-" 
eral planes. Then, by definition, the co-ordinates of Pwill 
be 

z = RP =¥8 = 0T = WQ; 

y = SP = VR= OW^TQ; 

z = QP=TS = 0Y~ WR. 

We shall then have, by considering the three planes whiol 

oontiun these co-ordinates. 

Plane RP8 \\ plane XT; 
Plane SPQ || plane TZ; 
Plane QPR \\ plane ZX, 

Hence the three planes which contain the co-ordinatM 
together with those which contain the axes, form the aii fac 
of a parallelopipcdon. This figure has 
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Four edges 
Four edges 
Four edges 



and II to co-ordinate x; 
and II to co-ordinate y; 
and II to co-ordinate z. 




213. Since there are four equal lines for each co-ordinate^ 
we may use any one of these four in constructing the co-ordinate. 
Sometimes it is adyantageous to choose such lines that^ taking 
the co-ordinates in some order^ the end of each shall coincide 

Z 




with the beginning of the next following, the end of the third 
being the point. For example^ we may take, in order^ 

x= OT; 
z = QF. 



The three co-ordinates will then form a series of three lines, 
each at a right angle with the other two. 

Again, each face of the parallelopipedon being pei-pendicu- 
lax to four edges, it follows that the diagonal PT wiJl be the 
perpendicular from P upon the axis of X, and that the like 
proposition will be true for the other axes. Hence 

Tiie rectangvXar co-ordinaies of a point are equal to the 
segments of the axes contained between the origin and the per- 
pendiculars dropped from the point upon the respective axes. 

EXERCISES. 

1. If from the point {a, b, c) we draw lines to the several 
points (— a, b, c), (a, — b, c), (a, S, — c), (— a, — b, c), 
{a, — b, — c), (— a, b, — c), {— a, ~b, — c), define in what 
seven points these lines will cut such of the co-ordinate 
planes as they intersect. 

2. If perpendiculars be dropped from a point (a, b, c) upon 
the three co-ordinate axes, show that tlie lengths of the per- 
pendiculars will be Va' + b', Vi' 4- c' and Vc' -(- a'. 

3. If we take, on each axis, a point at the distance r from 
the origin, what will be the mutual distances of the three 
points from each other, and of what figure will they and the 
origin form the vertices? 

4. If, oil the axes of X, Y and ^respectively, we take 
the points P, Q and R, and from the origin drop OLX. QR, 
OM±BP and ONlPQ, show that 



OL' ^ OM' 



ON' 



" OP" ^ OC "^ 01^ 



314. Problem. Tojind the distance of apoint (x, y, t) 

from the origin, and the angles which the line joining it to tlie 

origin makes with the co-ordinate axes. 

JjBt P be the point, and let us put 

r, the distance OP from the oi'igin; 
a, j8, y, the angles POX, POFaud POZ 
which the line makes with the axes. 
Then— 
I. Because OP is tlic diagonal of a rectangular parol 
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pipedon wlioae edges are PQ, PR and PS, we have, by I 
Geometry, 

OP'=Pg'-\-PR'-\-PS'; 

that ie, 

r- = :. ' + y' + ^' {l)j 

and r.= Vx' -J- y" -(- 2% 

■which gives tho distance of the point from the origin. 

II. AgaiD) supposing the same construction as in 1 31 
have 

PTO = a right angle. 
Hence 

0T= OP COB POX, 

or, from the equality of tho parallel edges. 



X = rcoB a. 
In the same way 

z =rcoBy. . 






(») 


The required yalneB of the COBiiieB of the ao 
fore, 
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re, there. 
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Theorem III. Tlie sum of tlie squares of the cosines o^M 
ihe angles which a line through the origin, makes with three.M 
rectangular axes is unity. 

Proof. Adding tlie squares of the last sot of equations, ] 
we liave 

which proves the theorem. 

This theorem enables ns to find any 
P and y when the other two are given, 



oos'a + cos';3 + ci 



= 1. (») j 

e of the angles 
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S15. Problek. To express the distance between two 
points given by tJmr co-ordinates, and t!ie angles which Ike 
line joining them forms with the axes of co-ordinates. 

Let P and P' be tlie points, and let 

tP have the co-ordinates x, 
P' have the co-ordinates x', 



I 






?T 



Through each of the points P and P' pass three planes 
parallel to the co-ordinate planes. These planes will form the 
faces of a rectangular parallelopiped of which the edges are 
P'M = x' -x; 
P'N = y' -y; 
P'R = z- - z. 
If we put 
|i^ = PP', the distance of the points, we hava, by Geometry, 
I" = P'M' + P'N' + -P'^ 
= {x' - X)' + (/ - pY + {z' - zy 
= x" + y" + z" 4- a:' + y'+ z^ - 2{zx' + yg'+ zz'). 
[■.Hence A = >^{x' - a;)"'^/"^^)' "+ {/ - %)*. (3) 

To express the angles a, ^ and y which the line PP' 
forms with the axes, we note that these angles are, by § 207, 
equal to those which P'P forms with P'M, P'N and P'Jt 
respectively. Thus we find 



w 
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To express the angle between two lines 
B which each of them forms with the vo- 



V 21G. Fkobleh. 
in terms of the ang 
ordinate axes. 

Let the two lines emanate from the origia, and put 

I'^'i A Yi the anglea which one line makes vrith the axes; 
a', fi', y', the corresponding angles for the other line. 
On each line take a point, namely, P on the one and P' 
on the other, and pnt 

T, r'l the distances of P and P' reapectiTely from the origin. 
The problem is solyed by expressing the distance PP' in 
two ways: 

I. The equiitiona («) of § 21i give, for the co-ordinatca 

Iof P: X — r cos a; y = r cos /?; z — r cos y; 
of P': x' = )■' cos «'; y' — r' cos (i'; z' — r' oos y'. 
Substituting these values in the expression of §315 for 
ilie distance of the points, 
A' = r'(coB'a + cos'yS -f cos'y) 
-\- r"(cos'a' + cos'/3' + cob';'') 
— 2rr'{cos a cos a' -\- cos y5 cos /?' + cos / cos y'}. 
The first two terms reduce to r' -f- ^" hy (6). 
II. If we put 
V = the angle between the lines 
the lines r, r' and j^ will be the sides of a plane triangle of 
which the angle opposite the side J is v. Hence, by Trigo- 
nometry, 

A' = r' -\- r" — 2rr' cos v. 

III. Comparing the two values of ^', we find 
COB V = cos a cos a' -\- cos p cos (8' -J- cos y cos y', (5) 
lirhich is the required erpression. 

Cor. The condition that v shall be a right angle is 

cos a cos a' + cos y3 cos >3' + cos y cos y' = 0, (G) 

, in order that an angle shall be a right angle, it ia 

Kesaary and sufficient that its cosme &\i'e&\)K i^tq. 
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Tho direction-coBmeB of a liue are the 
gles which it forma with the co-ordi- 



317. Def. 

cosines of the tl 
nate axes. 

The direction -cosines are so called becauee they detGrmiue 
the directiou of the line. 

Direction- Vectors. The three direction-cosines of a line 
are not independent, becausej wheu any two are giTen, tho 
third may be found by the equation 

cobV + cos'/3 + cohV = 1. (7) 

But the direction of the line niay be defined by any three 
quantities proportional to itis direction-cosines. To show this, 
let US put 

I, m, n, any three quantities proportional to cos a, coal 
cos y respectively. 

Because of this proportionality, we shall have 
I _ w _ n _ _ 
cos a COB /3 cos y ~ 
whence 

ff cos a =: I; e cos ^ = m; ff cos y ^ 
The sum of the squares of these equations gives, by (7] 
ff' = Z* + »«.' + ) 



cos /3 = 



OS y = 



VV-\-m'-^n' 
m 

t'i' + »H" + ?i'' 



(8) 



Ve + m- + n' 

tThus, when I, m and jt are given, the angles a, /3 and y 
can be found, and thus the direction of the line is fixed. 

The quantities I, m and n are called direction-vectors. 

The direction of the line depends oulj upon tlie mutual 
ratios of the direction-vectors, and not upon their absolute 
values. For, if we multiply the three quantities I, m and n 
by any factor p, ff will be multiplied by this same factor, 
which will divide out from the equations (8), and thus leave 
q values of a, p and y unchanged. 



PdariTOJT AND DISBOTIOIT Hf 8PA0B. 

Cor. If the directions of two lines are given bj the | 
direction-Tectora 

I, m and n, I', m' and n', 
respectively, the condition that they shall form a right I 
angle is 

W + mm' -f nn' = 0. (9) 1 

For, by anbstituting in the equation (6) the values of the' J 
direct ion-cosinea of the two lines given by (8), the condition i 



W ■+■ mm' + nn' _ 

from which (9) immediately follows. 

318. Problem. To express tke square of the sine of the J 

angle between two lines in lenns of their direction-cosines. 

The result is derived from (5) by the form 

ein'v = 1 — cos'w =^ cos'a + cob'/3 + eos'j' — cobV. 

To simplify the writing we shall omit tlie letters cos, using I 

a, yS, y and a', §', y'for the direction-cosines of the respeo- 1 

tive lines. Tlien 

ein'v = a'+ ^-'r y'— coa'-w 

= «*+ ^+ y^~ a'a"- fi'^"- y'y'^ 

~ iaa'^/3' ~ 2/3/3'vy'- 2yy'aaf ] 
= «•(! - «") + /S'(l - /3")+ y\l - y") 

-2(a«'/3/S' + eto.) I 
= «•(/?'■+ y") + ^{y''+ O + /(«"+ /5") 

- 2(aa'^^' + etc.) 

= a'fi"+ a'V'- 2aa'/3p'+ /3'y"+ ^'Y~ ^P^'yy' 

+ y'a'''+ y"a'- 2yy'aa' 

= {a^'- «'/9)'+ {py'- /3»'+ {ya'- ^af, (10) ^ 

which is the required expresaion. 

Cor. If two lines have the direction-cosines of the ont I 
respectively equal to the corresponding ones of the other, 
•6 parallel. 



For, if 



the lost equation redu( 



--r. 
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EXERCISES. 

1. If a line make equal angles with the co-ordinate axes^ 
what are these angles^ and what angle does it form with the 
co-ordinate planes? Ans. 64° 44M; 35° 15'. 9. 

2. Find the direction-cosines of a line which makes equal 
angles with the axes of X and Y, but double the common 
yalue of those equal angles with the axis of Zy and show that 
the angles may be either 90% 90% 180% 45% 45% 90°; or 136% 
135% 270% 

3. In a room 15 by 20 feet and 10 feet high^ a line is 
stretched from the northwest corner of the ceiling to the 
southeast comer of the floor. Find its lengthy the angles 
which it forms with the three bounding edges of the walls 
and ceilings and with the walls and ceiling. 

4. What angles do lines having the following direction- 
yectors form with the co-ordinate axes? — 



Line A, ? = 1 

Line B, ? = 3 

Line C, Z = 2 

Line D, I =p 



m = 2; ^ := 2; 

m = 2; w = 1; 

m = 3; n == 4: 

m = 2p; n = Zp. 

5. If the direction-cosines of a line are proportional to the 
fractions -J^, J, -J-, what are the smallest integers which we can 
employ as direction-vectors? 

6. Find the values of the direction-cosines of a line which 
satisfy the equation 

cos a = 2 cos /? = 3 cos y, 

and the least integers which can be used as direction-vectors. 

7. Find the direction-cosines of lines joining the following 
pairs of points: 

{a) From the origin to the point (2, 3, 4); 

(J) From the origin to the point (— 2, — 3, — 4); 

(c) From the point (1, 1, 1) to the point (2, 3, — 1); 

(d) From the point (1, 2,— 3) to the point (—1 — 3, 3). 

"■^f the order of the points of each pair be reversed, what effect 
this change have on the dixectioTi-cio^^vti^^^ 



I 

I 



P03ITI0S Ajm smsaTios in bpack 

8. What imgle is formed by the two lines passing from'l 
the origin to the points (1, 1, 2) and (3, 3, 4) respectiTely? 

9. Find the angle whose vertex is at the point (3, 3, 4)J 
and whose sides ])ass through the points {1, 2, 3) and (3, 5, 5). f 

10. What angle is contained by two linos whose direction- j 
vectors are : 

Line A, I ^ + 1; m = + 3; n = — 6; 
Line B, I = - 3; m = + 3; n = + 1. 

319. Tra7i8for>nation of Co-ordinates. 

Case I. Transformation to a new system whose axes ara 1 
parallel to those of the first system. Let the co-ordinates of n.l 
point P referred to the old system be x, y and z, and let tllQ J 
co-ordinates of the new origin refen-ed to the old system be i 
a, b and c. It is now required to express the co-oi-dinatea 
a:', y', z' of P referred to the new sysbem. 

Because the new and old co-ordinato planes are parallel, 
the perpendiculars dropped from the point P upon corre- 
sponding planes will be coincident, and that portion of a 
perpendicular intercepted between the parallel pianos will ! 
a, b or c according as the plane is YZ, ZX or XY. Th$ J 
difference between the co-ordinates will therefore be equal tpif 
these same quantities, and we shall have 



or X — x' -\- a; y ^ y' -\. b; 

7, 
aaO, Case II. Transfonna- 
tion to a new rectangular system 
having the same origin but differ- 
ent directions. Let OXYZ be 
the axes of the old system, OJf 
any axis of the new system, and 
P a point whose co-ordinatea 
are to be expressed in both sye- 
ms. 

Prom P drop PQX plane XY, . 
From Q drop QRl. axis OX, 



(11) 
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referred to J 



Theu, calling x, y and z the co-ordinatea of P 
the old aystem, we aliall have, by §213, 

x= OR; 
y = RQ; 
z = QP. 

From the pointB P, Q and R drop perpendiculars upon the 
new axia OX", meeting it in the points /*', Q' and R'. Let 
ns then put 

"j /3, y, the angles which OJ', the axis of the new sys- 
tem, makes with the respective axes of J", JT and ^ in the 
old system. We shall then have 

OR' = OR cos XOZ' = a; cos a; 
also, because RQ || Oi', 

R'Q' = RQ cos rO-F = y cos /3; 
also, because ^F || 02, 

Q'R' = QP cos EOS' = % cos y. 

Now, the line OP' is the algebraical sum of the three seg?- 
inentB OR', + R'Q', + Q'P', each segment being taken posi- 
tively or negatively according as the angle a, ^ oi y ia acnte 
or obtnse. 

Heuce 

OP' = a; cos a + y cos y? + z cos y, (13) 

If we suppose OX" to represent the new axis of X, then 
OP' will be the co-ordinate x referred to the new axis, which 
we call y. In the same way we have y' and *' when OX* 
represents the corresponding aies. If, therefore, we pat 

(.r',X),{-r,r),(.r',Z)theanglesmadebyX'withX,F&.?; 

(7',X),(r',r), (r',-?) the angles made byy with X,Z&.^; 
\^,X), (Z'.r), (2',Z) theangles made by Z'v/ithX,Y& 
we shall have 



I 

i- 

I 



=»oo«(r',x) + yco«(r',r) + 2coB(r',^)i!. (, 

= z cos {Z;X) + !( 00. {Z', F) + J COS (Z, Z). 



] 



I 



The relation of tlie symbola (X',X), etc., to tbe Bymbolfl 
X, y, z and a/, y', z', which is readily seen, renders these eqna- 
tions easy to write. Biit the anhBequent management of the 
equations will be more simple if we retain the symbols a, j8 
and ;', patting 

ft and;' for(^,X),(^,r)and{^,Z); 

, y3' and/ for {r',X),(r',r) and (F-.Z); 
', yS" and /' for {r,X)X^,Y) and (Z', Z). 



The eqnatio 



J (a) will then be written 
c cos a. -f- y cos p +2 coa y . 
t cos a' -\-y COB /3' 4- z coa y' 
c COB a" + y cos P" +zCQay" 



i\ 



(13) 



I 



Each set of these cosines muat separately satisfy the equa- 
tion (7), which gives the firat three equations written below. 
The last three are obtained by the consideration that, by § 216, 
the cosine of the angle between the axes of ^ and 3" is 

cos ar coa a* + coa j8 cos jS' -j- cos y coa y'. ' 

But^ because the new axes are rectangular, this cosine must 
he zero, as must also be the cosines of the angles between i" 
and Z', and between Z' and X', Thus we have the six equa- 
tions of condition, 

cos'a -j- cos'/S -f-cosV =1; ] 

cosV + cos'jfl' -t-coaV =1; 

cos'a" 4- cos'yS" + cosV" =1; I ,j^. 

cos a cos a' -|- coa /3 cos /?' -|- cos y coa J'' = 0; f ' ' 

cos«' cos «"-}- cos y5' coa j8"+ cos ;'' eos;'"=0; 

coa a" cos a -f cos /S" coa j8 + cos y" cos y = 0. ) 

There being six separate equations of condition between 
the nine eoainea, it follows that all nine of them can be ex- 
pressed in terms of some three independent quantities. How 
this can be done we shall show hereafter. 

SSI. We next remark that we can express the co-ordi- 
I'liatea x, y and z in terms of x', y and z', by reasoning exactly 
a we have reasoned in the reverse case, thus obtaining 
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x = z' COS a + ^' cos a' -\- %' cob a" 
y = x' cos P -\- y' COB P' -{• z' coa /?" 
J = x' cos J' + y' coH y' + a' coa y". 



(15) 



We can also derive the first of these equations directly 
from (12) by multiplying the first by coa rr, the second by 
cos a' and the third by cos a", and adding, noting the ap- 
plication of the results of § 216 to the angles formed by the 
axes. 

Continuing the reasoning, we are led to the si^ eqaationa 
of condition, 

eos'a 4- cos' a' + cos'a" = 1; 1 

cob'/S -i- co3'/3' + cos"/3" = 1; | 

coa'y -j- eos'y' •+- cos'y" — 1; 
cos a cos /! + cos a' coa /3' + coa a" cos /S" = 
cos /3 coa y + cob fi' coa y' -\- cos ^" cos y" = 
cos y coa a + cos y' cos a' -)- cos y" cos a" - 

In reality these equations are equivalent to the equations 
(14), and the one set can be deduced from the other by 
braic reasoning, withoat any reference to co-ordinates. 



(16) 



223. Polar Coordinaiea in Space. In apace, as 
plane, the position of a point is determined when its direclton 
and distance from the origin are given. 

In splice the direction requires two data to determine it. 
These data may be expressed in various ways, of which the fol- 
lowing is the most common. We taiie, for positions of refer- 
ence: 

1. A SseA lilaDe, coiled the fundamenlal pla?ie. For tUia 
the plane of Xi' in rectangular co-ordinates is generally 
chosen. 

3. An origin or pole, 0, in this plane, 

3. A line of reference, for which we commoaly choose the 
axis of X. 

Let Pbe the point -whose position is to be defined. We 
first have to define the direction of the line OP. From any 
point P of this line drop a perpendicular PQ upon the taa- 
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damental plane, and join OQ. The direction of OP is then 

defined by the following two 2 

angles: 

(1) The angle POe which 
OP forma with its projection 
OQ; that is, the angle be- 
tween OP and the plane. 

(2) TheangleXOewhich/ 
the projection of OP makeal 
with OX. 

It will he remarked that 
the planes of these two angles are perpendicnlar to each 
other. 

To show that these two angles completely fix the dii-ection j 
of OP, we first remark that when the angle XOQ is giyen, 
the line OQ is fixed. 

Next, because PQ ia perpendicular to the plane, the point 
P and therefore the line OP must lie iu the plane ZOQ, . 
which is fixed because its two lines OZ and OQ are fixed. If 
the angle QOP in this (vertical) plane is given, there ia only 
one line, OP, which can form this angle. 

Hence the direction of the line OP is completely deter- 
mined by the two angles XOQ and QOP; and when the dis- \ 
tance OP is given, the point P\a completely fised. 

We use the notation 

tp, the angle QOP, or the elevation of OP above the j 
plane XOY. We may call this angle the latitude of P. 

X, the angle XOQ which OQ, the projection of OP, | 
makes with OX. We may call this angle the longitude of P. 

r, the length of OP. 

Because the quantities (p, A and r completely fix the posi- 
tion of P, they are called tlie polar co-ordinates of P iu , 
apace. 

233. Relation of the Preceding System to Latitude and 
Longitude. For another conception of the angles ^jand A, , 
pass a sphere around as a centre, and mark on its surfaca 
the points and lines in which the lines and planes belonging 
to the preceding fignre intersect it. Tlien 
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The fundamental plane OXQ interaecte the spherical s 
face in tlie great circle XQY; 
The line OX interaects It in X; 
The line OQ intersects it in Q; 
The liues OP and OZ intersect it in P and Z. 
We therefore have 

Angle XOQ measured by arc XQ; 
Angle QOP measured ly are QP. 




If now we imagine thia sphere to he the earth, the giM 
circle XY to be its equator, Z to he one of the poleSj and J 
any point on its anrfaee, then 

The arc QP or the angle QOP ia the latitude of P; 

The arc XQ or angle XOQ is the longitude of P, counted 
from ZX as a prime meridian. Thus the angles we have 
heen defining may be described imder the familiar forms of 
longitude and latitude. 

334. Problem. To transform the position of a point 
from rectangular to polar co-ordinates, and vice versa 

Comparing the definitions of rectangular and polar < 
ordinates, we put, for the point P in § 332, 

PQ = z=OP«ia ip; 
OQ = OP COB 9). 



I 



NoWjanppoaing a perpendicular dropped from Q upoa C 
thia perpendicular will be the ordinate y, and will meet C 
at the distance x from the origin. Thus, 



= OQ cos JiTOQ = 
-.OQ Bin JCOQ = 



OQ COS \; 
OQ sin A. 



Putting OP : 



r, and substituting for OQ its value, we have 
r cos ^ COB A; 



a; = r cos ^ COB A; j 
y = r cos ip Bin A; >■ 

3 = r Bin ?>; ) 



which are the required eqnationa. 

Cor. The direction- cob in ea of the line OP in terms of 7> I 
and A are 

008 a = cos tp cos A; \ 

cos jS = cos ^ Bin A; > (^^)l 

COB y = sin ^. ) 

SS5. The resalt stated in % 2S0, that the nine direction- 
cosines of one system of I'ectangular axes with respect to 
another ayatem can be expressed in terma of three independ- 
ent quantitiea, may now be proved as follows: 

1. Let OP beany one accented axis, say X'; the direction- 
cosines of this asis are expressed in terms of two angles, i 
9)and A, by (18). ] 

2. Imagine a plane =jW", passing through 0, §223, per-1 
pendicnlar to OP. This plane M will be completely deter- J 
mined by the direction OP; whence the line = iVin which it 1 
cuts the fundamental plane A'J'will also be determined. I 

3. The new axis Y' may lie in any direction from the! 
point in the plane M. One more angle = ip is required to I 
determine this direction, and for this angle we may take thfl I 
angle which Y" forms with the line JV". I 

4. The direction of the axis Z" ia then completely fixed, 1 
because it must lie in the plane if and make an angle of 90'*'l 
with Y'. I 

I Thus, tp, A and tp completely determine the directions of ■ 
I the three new axes. I 
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EXERCISES, 

1. If, in the figure of § 323, the co-ordinates of the poid 
Pare 

z = 27, y = 19, 2 = 17, 
find its polar co-ordinates r, tp and X. 

Method of Solution. The quotient of tlie first two equations (17) gira 



from whicli X ia found. Then ii 
Next we have 



from which we find p. Then 



2. Supposing the radius of the earth to be 6369 kilometresTI 
tho longitude of New York to be 74° west of Greenwich, and 
ita latitnde to be 40° 32', it is required to find the rectangul:tr 
co-ordinates of New York referred to the followiag system of 
axes having the earth's centre as tlie origin : 

Xin the equator, and on the meridian of Greenwich. 
I' in the equator, in longitude 90° east of Greenwich. 
Z passing through the North Pole. 

3. If, in the figure of § 222, we take a point P' whose 
latitude is the same as that of P and whose longitude is 90° 
greater than that of P, it is required to express the angle 
POP'. 

4. If the angle tp is negative, within what region will the 
point P be situated? 

5. If we take a point P' whose latitude is tp and whoso 
longitude is A + 180°, how will it be situated relatively to P, 
and what will be the angle POP'? 

6. If we take a point P' for which 

tp' — 180° — (p, 
X' =X-^ ISO", 
L flhow that this point will be identical with P. 




CHAPTER It. 

THE PLANE. 



2SG. Introductory Considerations on the Loci of Equa- 
tions. If the values o( the thj'ee co-ordinates of a point are 
not Bubject to any reBtriction, the point may occupy auy posi- 
tion in space. Restrictions upon the position are algebraically 
expressed by equations of condition between the co-ordinates. 
Let us inquire what will be the locna of the point when the 
co-ordinates are required to satisfy a single equation of condi- 
tion. By means of such an equation we may express any one 
of the co-ordinates, z for esample, in terms of tho other two, 
the form being 

.=/(«,,). (») 

We can now assign any values we please to ^ and y, and 
for each pair of such values find the corresponding value of z. 
To each pair of values of x and y will correspond a certain 
point on the plane of XY. If at this point we erect a per- 
pendicular eqnal to z, the end of each pei'pendicnlar will be a 
point whose co-ordinates satisfy the cqnation. 

We may conceive these pei'pendicnlars to become indefi- 
nitely numerous and indefinitely near each other, thns tending 
to form a solid. Their ends will then tend to form the sur- 
face of this solid. But these ends are the locus of the eqnatioa 
{a). Hence 

The locus of a single equation of condition among t/te co- 
I ordinates is a surface. 

If a second equation is required to subsist among the CO- ' 
I ordinates, the locna of this equation will be a second surface. 

If the co-ordinates are required to fulfil both conditionB' 
multaneously, then the point must lie in both sanCu-c 
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is, it must lie on the line in which the surfaces intersect. 
Hence 

The loctis of two simuUaneoua equations between the co- 
ordinates is a line. 

227> To find the Equation of a Plane. The property of 
ft plane from which the loeua can be moat elegantly deduced is 
this: If on any line which intersects the plane perpendicularly 
we take two points, A and B, erjuidistant from the point of 
intersection and on opposite sides, then every point of the 
plane will be eqnidistant from A and B, and no point not on 
the plane wili be equidiutunt. 

Let UB then drop f fom the origin a perpendicular upon the 
plane, and continue it to a distance on the other side equal to 
its length, and let P be the point at which it terminates. 
The condition that a point shall lie on the plane will then be 
that it ehall be equidistant from the origin and from F. 

Let ua put 

a, b, c, the co-ordinates of P ; 

X, t/f z, the co-ordinatea of any point on the plane. 

Then, by §§ 214, 315, the squares of the distancea of (x, y, z) 
from the origin and from P will be respectively 

x'^f + z- 
and [x - ay + (y - 5)' + (2 - c)\ 

Developing and equating these two espressions, we 
the required equation, 

%ax -f %by + Scz = «' + *' + c'. 

To reduce this equation, let us put 

p, the length of the perpendicular dropped from the origii 

upon the plane; that is, one half the line from the origin to P ; 

«> A Y> the angles which this perpendicular makes with 

the respective aies of X, Y and Z. 

We shall then have OP = 2j>, and the values 
c will be, by §814, 

a = 2p COS a; 
b ~%p COB P; 
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Bubstituting these valnes ia the equation of the plane, redno: I 
ing, and lemarking that 

cob'o; + C08°/3 + coB*y = 1, 
the equation oi the plane becomes 

a; cos a + y coH y! 4- 2 cos >' - ;> = 0, (l) ' 

vhich ia called the normal eCLuatlou of the plane. 

338. 27(0 Angles a, and y. Aa we have defined the 
angles a, ft and y, they are the angles which the perpen- 
dicular p forms with the co-ordinate axes. It is sho\ 
Solid Geometry that the angle between any two planes is equal 
to that between any two lines perpendicular to them. Because 

Plane YZ ± axis X, 

Plane (I) J. line p, 

.." . plane (1) makes the angle a with the plane YZ. Hence j 

toe may define a, ft and y as the angles which the plane maJcea 

with the co-ordinate planes YZ, ZX and XY respectively. 

One restriction upon this proposition ia necessary. Two 
Bupplementary angles are formed by any two planes, so that, 
in the absence of any convention, we should say that the 
angle between the planes is either equal or supplementary to 
that between the lines. The best way of avoiding ambiguity 
ia to choose, for the angle between the planes, the angle be- 
tween the perpendiculars dropped from the origin upon the J 
planes. I 

If the angles a, /S and y are the same for several planes, 
these planes, being perpendicular to the same line, are paral- 
lel. Hence they may, in a certain sense, be said to have the 
same direction. We may therefore call cos a, cos /? and cos j* 
the direction-cosines of the plaue. They are also the direc- 
tion-coaines of the perpendicular dropped from the origin 
upon the plaue. 

339. Theorem I. Mvery equation of the first degree be- 
tween rectangular co-ordinatei in space ia the equation of I 
some plane. 

Proof. Let the equation be 



QEOMETBT OF TBBEE JUMSSSrOSS. 



Divide thia equation by f'i' + J/' + JV'', and determine 
three angles, a, fi and y> ^J ^^^ equations ^^M 



coayS : 

cosy : 



' *^L' + Jit' + JV' 
M 



VL' + M' + N' 



(2) 



This will always be possible, because each of these cosines 
is less than unity. Bocause these cosines fulfil the condition 

(7), S 317, we can draw a line of leneth = ■ ■ ■ 

from the origin making the angles «, yS and y with the eev- 
eral co-ordinate ases. Through the end of this line paes a 
plane perpendicular to it. Then, by the last section, the eqna- 
tion of this plane will be ^H 

a; cos a + w cos /S + 2 cos v H - ■ = 0, ,^1 

an equation which becomes identical with that assumed in 
the hypothesis by clearing of denominators and substituting 
from (2). Wo may therefore put the theorem in the following 
more specific form: 

Every equation of the form, 

Lx-\- My + m-\- D = Q 

representa a certain definite plane, naviely, the plane passing 
perpendicularly through the end of ilial line vhich 

emanates from the origin; 

makes with the axes angles whose cosines are 
L 



respectively; 

and has the length 



■ and - 



VU + J/' - 



VL' + Jf ' + A^' 
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I 330. Notation. By " the plane (Z, if, i\r, /))" we mean 

I "theplaDe whose equation is 
I Lz + Mif+m + D= 0." 

I Def. An equation of a plane in which the four qiiaiititiea 
\ Z, M, Jf imd D are ull independent is ciilled the general 
f equation of a plane. 

' The general equation may he considered as related in two 
■wajH to the normal or other special forma of the equation. 

I. The special forms are eases in which certain relations 
exist among the quantities L, M, Nandl). For example, the 
normal form is the special case in which i' + Jif +iV' = 1. 

Whenever we find this condition satisfied, wa know that 
the equation is in the normal form. 

II. The general equation may always be reduced to the 
normal form by dividing by V~L' -\- M' + N". 

Direction- Vectors. From the equation (2) it ie seen that 
L, MsxiA iVraay be taken as the direction -vectors of any line 
perpendicular to the plane, because they are severally equal to 
the direction -cosines of such a line multiplied hy the common 
factor |^(-£' + M* -\- N'). Hence we conclude: 

Tlie equation of every plane perpendicular to a liiie whose 
direction-vectors are I, m and n may he written in the form 

Ix -\- my -\- nz -{- d = 0; 
and, converaely, for tlie direction-vectors of any line perpen- 
dicular to the plane (L, M, N, D) may le taken L, Mand iV. 
331. Special Positions of a Plane. If one of the co- 
efficients L, M, or iV vanishes, the cosine of the angle which 
the plane makes with the corresponding co-ordinate plane will 
also vanish; that is, the plane will be perpendicular to the co- 
ordinate plane, and therefore parallel to the asis of that plane. 
Hence an equation of the first degree between two only of the 
^0-ordinates represents a plane parallel to the axis of the miss- 
g co-ordinate. 
For example, the locus of 

Lx -\- My -\- D = fi 
8 a plane parallel to the axis of Z. 
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It foUovs that if two co-ordinates are missing, tbe locos 
I viU be parallel to the common plane of the ""'latiPE co-oidi- 
nates. For example, the locns of 

Lx + D = Q 



I 



will be a plane perpendicnlar to the axis of S uid parallel ij 
the plane YZ, 

232. Lines and Points connected with a Plane, 
following lines and points are determined by every plane: 

I. The three lines in which it intersects the coM^rdinate 
planes. 

II. The three points in which it intersects the co-ordinate 
axes. 

III. The foot of the perpendicnlar from the origin upon 
the plane. 

When we include among possible lines and points tho lines 
and points at infinity, the above three linea and foar points 
will rtlways be determinate. 

Def. The lines in which a plane intersects the co-ordii 
planes are called traces of the plane. 

The distances from the origin to the three points in which 
a plane cuts the co-ordinate axes are called the intercepts 
of the axes by the plane. 

233. PaoBLEM, To find the equations of the traces of a 
plane. 

The trace of the plane upon the plane of YZ is simply 
those points of the plane for which x = 0. Hence, if we put 
X = in the equation of a plane, we have the equation of its 
trace upon YZ. Therefore, in the general equation 

Lx -\- My -\- Nz -\- D = 0, 

the equations of the traces upon the co-ordinate planes are; 

On YZ, My-\-Ni + D = ai 

Ojx ZX, £» -f- Jft -(- i) = 0; 

On XY, Lx + Mi/+D = 0. 



lines 
oints X 
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These equations, representing lines upon planes, can be di^ 
cnsaed like the eqnationa of lines in Plane Analytic Geometiy. 

S34. Problem. To express the lengths of the intercepts 
of the axes by a plane. 

At the point where the plane cutB the axis of Xwe have 
y = and z = Q. Hence the intercept is the value of x cor- 
reeponding to zero values of y aud z, and bo with the other 
co-ordinates. Thus: 



Intercept on X = 
Intercept on 3^ = 
Intercept on ^ = 



D 



(4) 



Scholium. Each of the traces necessarily meets the other 
two on the several co-ordinate axes, and their points of meet- 
ing are those in which the plane cnts the ases. Hence the 
traces form a plane triangle of which the points in which the 
plane intercepts the axes are the vertices. 

Each of the sides of this triangle is the hypothenuse of a 
right triangle of which the sides containing the right angle 
are the intercepts upon the axes. 

The relations between the sides and angles of these tri- 
angles, considered individually, may be investigated by the i 
methods of Plane Trigonometry. ' 

335. Problem. To express the equatmi of a plane in 
terms of its intercepts upon the axes 

Let ns put 

a, b, c, the intercepts on the axes of -.r, V and Z respec- 
Itively. 

Then 



(5) 



i 



Sabatituting these values of L, J/'und Win the general e 
tian, it reducea to 

which is the repaired equation. 

EXERCISES, 

1. Write the equation of that plane for which the 
ordinatfis of the foot of the perpendicular from the origin 
upon the plane are 1, %, and 3. 

2. If, in the general equation of a plane, the coefficients 
X, ^and Ware all equal, what angle will the perpendicular 
make with the co-ordinate asea, and what angle will the 
plane make with the co-ordinate planes? ^^ 

3. The equation of a plane being ^H 

3ar + 41/ - \%z = 36, ^H 

it is required to reduce it to the normal form to find tlie 
angles which it forms with the co-ordinate axes, the equations 
of its traces upon the co-ordinate planes, the lengths of its in- 
tercepts upon the co-ordinate axes, the lengths of its traces 
between these intercepts, and its least distance from the 
origin. 

i. The intercepts being in the proportion 1:2:3, what 
are the cosines of the angles which the perpendicular upon 
the plane makes with the axes? 

5. Show that the iuTerse square of the perpendicular from 
the origin upon a plane is equal to the sum of the inverBe 
squai-es of its intercepts; i.e., 

p' a"^ b' ^ c' 

0. Siiow the corresponding relation between the two sides 
of a right triangle and the perpendicular from the vertex 
upon the hypothenuse. 

?, Express the lengths of the sides of the triangle formed 
hy the traces of a plane in terms of the intercepts, and prove 
that the sum of the squares of the sides is twice the sum of 

sqiiai'ca of the iutercepts. 
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S. A piano ontB traces whose lengths between the axesare: 
On plane YZ, u; on plane ZX, v; on plane XV, in. 
Pind the lengths of the intercepts and the equation of the 
plane in terms of s' — i{u' -\-v' -{- w'). 

Ans. 



Vs* — m' Vs' — v' Va' — w' 
9. rind the angle included between the planes 

and z-y + %z = b. (Comp. §§216,330) 

S36. Plane satisfying Given Conditions. If a plane is 
required to satisfy a condition, that condition can be expressed 
u an eqnation between the constants L, M, N, D, which de- 
termine the position of the plane. By means of this equation 
one of the constants can be eliminated from the eqnation of 
the plane, and the condition will then be fulfilled for all valaes 
of the remaining constants. 

If two conditions are given, two constants can be elimi- I 

(Jiated; if three, all the constants. For, although the general I 

equation of the plane contains four constants, it depends only | 

on the three ratios of any three of these constants to the I 

fourth. In fact, we can always reduce the general equation to I 

the form (6) J 

-+!+-=». I 

a c ■ 

which contains but three arbitrary constants. I 

337. Problem. To find the equation of a plane passing I 

through a given point. I 

Let {x', y', z') be the given point. In order that the I 

■plane (Z-, M, N, D) may pass through this point, its constants | 

must satisfy the condition I 

Lx' + My' + JVa' + i> = 0, («) I 

which gives I 

D--{Lx'-^ My' + Nz'). I 

Substituting this value of D in the general equation, tbo 1 

latter becomes I 

Lz-^ My-\-Nz- {Lx' + jlfy' -V S■i'^ ='i, "^^^vj 
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or, in another form, 



L(, 



^)+Mly-y-,+N{, 



'■) = 



Eemakk 1. In tfacBo equations we may assign any Tuluea 
we please to L, Jf and N, without the plane ceasing to pass 
through the point {x', y', z'), as is evident from (8). 

Bemare 2. If we had two equations of the form (a), we 
could eliminate two of the constants, say N and D, and 1/ 
and Jf would still remain. It we had three equations, we 
could eliminate tiu-ee constants, M, JVand I> for example. 
That is, we could, by salving the equations, express if, A^andB 
in terms of L. Substituting these valaes in the general equa- 
tion, the latter would, it would seem, still contain the constant 
X. But, in reality, L would enter only as a factor of the 
whole equation, and would therefore divide out. Hence, when 
we eliminate any three of the four constants, the fourth drops 
out of itself without the introduction of any further condition. 



BelationB of Two or More Planes. 

338. Parallel and Perpendicular Planes. 

Th£OBEH II. If, in tJie equations of any two planet 

Lx + Mij + m + D =0, 

L'x + M'y + A"2 + i)' = 0, 

{he direction-vectors L', M' and N' are proporiionaJ to L, 2£ 

and N respectively, the two planes are parallel. 

Proof. The direction-vectors of the perpendiculars from 
the origin upon the planes being proportional, the direction- 
cosines are equal (§ 217), and these perpendiculars are co- 
incident (§318). Hence the planes are perpendicular to the 
same line and therefore parallel. Q. E. D. 

Pboblem. To find the condition that two planes given ly 
their equations shall be perpendicular to each other. 

Let the planes be (i, M, N, D) and (U, W, JV, D'). 

The planes will be perpendicular when the perpendicular 
from the origin are perpendicular to each other 
dition is, from eq. (9) of § 317, 

LU -I- MM' + NN' = 0. 



jon, I 
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139. .N'otaiioJi. I. We use the symbols P, P', P", etc., 
'', etc etc., to signify functions of the co-ordinates of 
tlie first degree. For example, 

P' = L'x + Wy + JVa + D'; 



etc. 



etc. 



II, By the expression "the plane P" we mean the plane 
whose eqoation \& P — 0. 

340. Theorem III. If in a function P we sulstitute 
for X, y and z the co-ordinates x', y' and z' of a point, P will 
then express the distance of that point from the plane P = Q 
multiplied by the factor VL' -J- -^' + ^'^ 

Proof. Let us pass throogh the point (x', y', z") a plane 
A parallel to the piiiue P. The equation of thia plane will 
ho {§ 237) 
1 1 Zx + My + m- {Lx' + My' + Nz') = 0. 

I The term independent of x, y and z is —{Lx'-\'My'-\-Nz'), 
which takes the pluce of D in the general equation. Hence 
the perpendiculai' distance of this plane A from the origin is 

TJie perpendicular distance of the plane P from the origin ia 

139) 

^~ Vi' + M' + N'' 
Because the point (a:', y', e') is in the plane A \\ P, the 
distance of (x', y', z') from the plane P is equal to the con- 
stant distance between the planes, and hence to the difference 
p ~ p' between the perpendiculars. Hence 

Lx' + My ' -\-m' -\ -D 



P 



|> 



Distance of (x', y', z') from P - 



VL'Jf-M' -\-N^ 



Lx' + My' -\- Nz' -\-D = Distance X V'i' + M^ +N\ 
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Cor. If the equation ia in the normal form, we shall have 




and the expression P will then represent the dietance of the 
point whose co-ordinates appear in it from the plane P = Q. 



EXERCISE, 

Show that the angle e between the two planes 
Lx-^My-\-M-\-D = (i and L'x + M'y -^ ICz - 
is given by the equation 

_ LL' + MM' + Nlf 



= 

1 



341. Theorem Vi. If P = d and P' = be the equa- 
tions of any two planes, and A and A,' constants, the equation 
\p -I- X'p' = (a) 

■will he the equation of a third plane intersecting the other two 
in the same line. 

Proof. I. The expression XP -\- X'P' is of the first degree 
in X, y and a. Therefore the equation is that of some plane. 

II. Every set of yalnea of the co-ordinates z, y and i 
whichsimnltaoeoasly satisfy both equations P — and /" =0 
also satisfy equation («). The co-ordinates which satisfy both 
equations are those of their line of intersection (§ 226). There- 
fore these co-ordinates also satisfy {a); whence the line lies in 
the plane XP -\- VP', which proves the theorem. 

Gor. If three functions, P, P' and P", are such that it 
is possible to fisd three constant coefQcientB, A, X' and \", 
which lead to the identity 

XP + VP' + X"P" = 0, 
the three planes P, P' and P" intersect in the same lin&:] 

Thboeem V. IfQ = and Q' = are the equatiot 
two planes in the normal form, the equations 



e+e'^ 



and 



Q-Q'^ 



THE PLAJfB. 



3W1 



I 



represent the planes which bisect the dihedral angles formed by I 
the plane Q and Q'. 

Proof. Because the expresaiona Q and Q' represent the I 
distances of the point (x, y, z) from the planes Q and (^ 4 
(g 340), it followB that the equation 

Q=Q' or g - e' = 

will express the condition that the said point is equally dis- 
tant from the planes Q and Q'. Hence it lies upon the plane 
bisecting the angle formed by Q and Q', and this plane is tha 
locus of the equation Q — Q' = Q. 

The equation Q -\- Q' =0 is equivalent io Q = — ^,\ 
and asaerta that the point (x, y, z), if on the poaitiye side of 
the one plane, is on the negative aide of the other at an equal 
distance. Therefore it biaecta the adjacent dihedral angle. 

Cor. In the case auppoaed, the two planes Q — Q' and 
Q-^ Q' are perpendicnhtr to each other because they are the 
bisectors of adjacent angles. 

Theorem VL If A, A' and \" are constant coe_fficients, ' 
the equation 

XP + X'P' + ]i"P" = (b) . 

represents a plane pausing through the common point of inter- j 
section of the planes P, P' and P". 

Proof. In the same way as with Theorem TV, it 
shown (1) that the equation is that of a plane, and (2) that 
the co-ordinates of any and every point common to the three 
planes P, P' and P" satisfy equation {b). Now, because any 
three planes have one point common (which may be at infin- 
ity), the point common to P, P' and P" lies on the plane I 
(6). Q. E. D. 

Cor. If four functions, P, P', P" and P'", are such that J 
an identity of the form 

XP + yP' + X"P" + X"'P"' = 



is a point. 



blc, the four planes P, P', P" and /"" will intersect 1 



368 QBOMETRY OP THREE DTMESBIOm. 

24S. BisectoTs of Dihedral Angles. The foregoing 
principles enable us to prove many elegant relations among 
tlie planes whicli bisect the dihedral angles ot a solid, or of a 
solid angle. Let 



be the equations of any three plitnes in the normal form. 
Since any three planes meet in a point, thej may be consid- 
ered aa forming a dihedral angle at that point. 

The bisecting planes of the three dihedral angles formed 
by the planes Q, Q' and Q" will be (§ 341) 

Q -Q' =0=P; 

Q' - Q"^0 = P'i 

Q" ~ Q = = P". 



•al angle in- 1 



These fanctions satisfy the condition 

P + P' + P" = 0. 

Therefore Ihe three Uaecting planes of a dihedral 
tersect on a line. 

Placing the centre of a sphere at the vertex of the dihe- 
dral angle, and considering the spherical triangle formed by 
the planes Q, Q', Q", we have the theorem: 

T/ie great circles bisecting the interior angles of a sphet 
triangle meet in a point. 



EXERCISES. 

1. la order that the two planes P+/"=0 and P—P'= 
may be perpendicular to each other, show that the coefficients 
of X, y and z in P and P' must satisfy the condition 

i' + Jtf ' -I- iV^' = L" + J/" + iV". 

2. Describe the relative position of the four planes 

a; -I- y+ j = 0, 
« + ff — S2 = 0, 
x-Zy-\- 2 = 0, 

-s^+ y+ 2 = 0, 

and Snd the angles which each msJifta ^Itb. the three ol 



iru^^^ 



THE PLANE. 



3. Show that the line of intersection of the two planes 



ax-{-iy->f-cz-\-d = (i, 
ax-\-by — c%-\- d=^<i, 
a in the plane of XY, and that its equatioi 
ax-\-iy-\~d = Q. 



1 this plai 



» 



4. What is the condition that a plane shall pass throngh ' 
the origin? 

5. Write the eqnation of a piano making eqnal angleswith 
the three co-ordinate planes and cutting off from the aiis of 
-Z'an intercept a. 

6. When a plane makes equ^ angles with the three co- 
ordinate planes, what is the ratio of each intercept which it 
cnts off from the axes to the perpendicular from the origia 
upon the plane? Ans. V3 : 1. 

7. Write the eqnation of a plane which shall make equal 
angles with the axes of Xand iT, and shall be parallel to the 
axis of Y. 

8. What is the distance apart of the parallel planes 

x + 2p + 2i = a; 
ia: + iy + 4z = b? 

9. Write the equation of the plane which shall pass 
through the point (1, 2, 2) and be parallel to the plane 

-x + 2y-z = 0. 

10. Write the equation of the plane which shall pasa 
through the origin, the point (1, 1, 2) and the point (2,3, 1). 

Alls. — 5x -\- Sy + z = 0. 

11. Write the eqnation of the plane which shall pasa 
throiigli the origin and the point (1, 3, 2), and shall be per- 
pendicular to the piano 

Ans. 43! + y — 3z = 0. 

12. Find the locus of that point which ia reqoired to bo ' 
l,«qually distant from the points (a, b, c) and («', b', c'). 

Am. 2(a'-o)a: + 2(S'-%+2(c'-c)z 

= a" — a' -V b'* — V -V <!'' — ^ 
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13. If, in the preceding problem, the point {a', V, c') is 
on the straight line from the origin to {a, b, c), and m times 
as far from the origin as (n, b, c), show that the perpendicu- 



lar from the origin upon the plane is - 



-Va'^b' + c 



\ 



14. The plane x-\-y + z — d = (i is required to bisect 
the line from the origin to the point [a, i, c). Find the 
Talneofrf. Ajis. d = -i{a+b + c). . 

15. Find the equation of the plane passing through ("" 
origin and through the line of intersection of the planes 

2x + 3y + iz+ p^ 0; 
^+ y+ "-^P =0. 

Ans. 5j;+7y+9z = 0. ' 

16. Find the equation of the plane which shall pass throngff 
the point (3, 3, 5) and through the line of intersection of the 
two planes 

x-\-y+ z-5 = 0; 
a: — y + 3si + l = 0, 

Ans. x-^-dy — 11 = 0.1 

Calling the two expressions P and P', the equation of any plane p 

ing through the ioterBection of P and P' may be written in the foM 

XP-\- F' = 0. We determine X by the condition that this equaUf 

eball be satisfied when we have x = &, ^ = 3 and ^ :^ 5. 

17. Write the equation of the plane passing through I 
origin and perpendicular to the two planes 



- Sz = 0. 

Ans. Bx - 



!/ + 2? = 0.< 



18. The three planes 

X— %y — 3i = 0, 
8a: + y — nz = 0, 
I'x + m'y + n'z — 0, 
are each to be perpendicular to the other two. Find ■ 
least integral values of V, m', n' and n which satisfy this con- 
dition, and thus show that the equations of the second and 
third planes are 

Zx-\-y = Q\ 
33: - 61/ + 5i = 0. 



CHAPTER III. 

THE STRAIGHT LINE IN SPACE. 



343. Theobeh I. Tkeposition of a line is completely 
determined by its projections upon any two non-parallel 
plan,,. 

Proof. TliroDgh the projection on one of the planes pass 
a plaue ^ ± to that of projection. The hne projected then 
must lie entirely in the plane B. 

In the same wiiy, the line ipiiat lie entirely in the plane 
5 J. to the other plane of projection and containing the other 
projection. Hence the line is the intersection of the planes 
R and 8. 

There can be only one plane R and one plane 8, becanse 
alonga given line in a plane only one X plane can he passed. 
Hence there is but one line in which these planes can inter- 
sect, and this is the line whose projections are given. Q. E. D. 

S44. Equations of a Straight Line. Since any one 
equation between the co-ordinates of a point represents a sur- 
face, at least two equations are necessary to represent a line 
in space. These equations, considered separately, represent 
two surfaces. Considered simultaneously, that is, requiring 
the co-ordinates to satisfy them both, they represent the line 
in which the surfaces intersect. 

The most simple form of the equations of a straight line 
is given by the equations of the planes in which it is pro- 
ved upon any two of the co-ordinate planes, X^and YZ 

example. The equation 

x = hz-\- a 

(y being left indeterminate) represents a certain plane paral- 
lel to the axis of r(§ 331); that ie,tli6W»-o^ei\tvaXa^'A^SN.'es«. I 



18 g 
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pointe in this plane satiBfj the eqcntion, and vice versa. In 
the same way, every pointwhoEe co-ordinates eatisfy the eqaa- 
tioo 

p = lz + h 

lies in a certain plane parallel to the asis of J". Hence 
every point whose co-ordinate8 satisfy both equations mart 
lie in both planes, that is, in the line of intersection of the 
planes. The two equations taken simultaneonsly therefore 
represent a straight line. 

Bemabe. Any two consistent and independent simnlta- 
neoua equations between the co-ordinates, for instance, 



az +bff +CZ +d =0,) 
a'x -\- i'y -\- c'z -j- d' = 0, ! 



(1) 



equally represent a straight line, namely, the line in which 
the planes intersect. But th&forms 



(») 



y = k%-\-b,) 
are preferred because they are more simple. 

We also remark that the form (1) can always be reduced 
to the form (^) by first eliminating y and then x from the two 

equations. 



1. Express the equations o£ tbe line of intersection of 1 
planes 

3x~Hy -^ s -J- 5rf = 0, 
— ^ + y -{- ^z — id = Q, 
in the form (3). 

.„ (« = -52-1-8 
-l"^- \y=-tz + 'i 

2. Express in the form (2) the equations of the three 1 
of intersection of the planes 



a; + y ~ z = b; 
x-\-%y-^3 = a-\-l 



rTEE STRAIGHT LISB IN SPA OR S^^^H 

3. Explain how it is that the equation of a line in one of ^^H 



\ 



» 



the co-ordinate planes (the other co-ordinate being supposed 
zero) is the same as the equation of the plane passing through 
that line and parallel to the third co-ordinate. 

4. Prove that it we represent the equations of a straight 
line [(1) or (3), for example] in the form 

P = 0, Q = 0, 
then the equations 

mP + nQ = 0, mP — iiQ = 0, 
m and n being constantB, will represent the same line. 

24:5. Symmetrical Equations of a Straight Line. The 
equations of a straight line may be represented, not only by 
two equations between the three co-ordinates, but by exprei 
ing each of the three co-ordinates aa a function of a fourth 
Tariable, To do this, let us ])ut 

x„ y„ 2„ the co-ordinates of any fixed point of the line; 

X, y, 2, the co-ordinates of any other point of the line; 

p, the length between the points {z„, y„ z„) and {x, y, z). 

Then, a, yS and y being the angles which the line makes 
with the co-ordinate axes, we have, by § 315, 

»Z — x, = p COB at; -\ 
y — y. = /3 cos ^; [■ (3) 

a — z, = p cos y. , 

Here x,, y„ z„, a, /3 and y are supposed to be constanta 
which determine the position of the line in space, while 
X, y, z and p are variables. Assigning any value we please to 
p, we shall have corresponding values of x, y and z, which 
will be the co-ordinates of that point P on the line which is 
at the distance p from the point {x^, y„, zj. Since for every 
point on the line there will he one and only one value of p, 
and for this value of p one value and no more of each co- 
ordinate, and ricfl uersffl, the equations (3) will represent all 
points of the line, and no others. They are therefore the 
equations of a straight line. 

These equations (3) are readily reducAd. ■to yofeVwcov'^Ns 
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elimtnatiiig p, first between the first and third, and then be- 
tween the second and third. We thus find 



coa Y 



', COB y - 



i„ coa jfl 



coa Y cos Y 

, The equations may also be reduced to the symmetric fomt 
3: — g, _ y — y, _ 2 — 8, 
cos a ~ cos p " COB Y ' 
S4G> Introduction of Direction- Vectors. In the equa- 
tions (3) we may introduce, instead of the direction-coeines, 
any three quantities proportional to them, without changing 
the line represented by the equation. Let these quantitiea ' 
/, m and n, so that the equations become 

y = y, + '>np;> 
z = z, -\- np. ) 

To show that the line is nnchaoged, we proceed as in § ZV7, 
where we hare shown that the proportionality of /, m and » 
to the direction -cosines may be expressed by the equations 
= (T coa a; m = (T cos /ff; n = 
Sy snbatitatiou the equations (4) become 
x = x,+ pff COS a; 
y = i/^-\- ptT cos /3; 
z =■ z^ •\- po cos y. 

These eqnatiocB are the same as (3), except that po takes 
the place of p; that is, the distance between the points 
(.■c„, ji,, z„) and {x, y, z) is pa instead of p. Hence the systems 
(3) and (4) represent the same line, except that in (4) p repre- 
sents length ~ ff, instead of length simply. 

Cor. We may multiply the three direction-vectors in the 
symmetrical equations of a line by any common factor without 
ehanping the Une represented. 



= ff cos J', 



I 

n 

I 
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Remark, The forms (3) and (4) have a great advantage- 
in nearly all the investigation a of Analytic Geometry, and 
win therefore he exclusively employed. The advantage 
arises from the fact that the three co-ordinates which fix the 
position of some one point of the line are completely distinot 
from the quantities I, m and n which ezpresa its direction. 



EXERCISES. 



1. Express the co-ordinatea of the three points in vhioh.^ 
the line given by the equations (3) intersects the three coi-' 
ordinate planes respectively. Sxpress also the corresponding 
Taloes of p. 

iJ, Write, in the form (4), the equations of a line passing 
through the point {a, b, c) and parallel to the axis of Z. 

3. Write, in the same form, the equations of a line passing; 
through the point {x^, y„, z^ parallel to the plane of XYa.ni.. 
making equal angles with the axes of Xand Y. 

4. Write the equations of a line passing through the point 
{x^, y,, z,) and making equal angles with the co-ordinate 
planes. Express also the co-ordinates of the three points in 
which it inlfiraects the co-ordinate planes. 

Ans., inpart' It intersects the plane of TZ in the pointaj 



I 



6. Show that the equations of the line passing through the 
points (i„ y,, z,) and (x^, y„ a,) may be written in the form 
x = x, + [x^~ x,)p; 

y = y. + (!/,- yM 
« = ". + K - ^.)p- 

state to what distance on the line corresponds the unit of p 
in these equations, and find the co-ordinates of the points in 
which the line intersects the co-ordinate planes. 

6. Write the three symmetrical equations of the straight 
line joining the points (I, 1, 2) and (3, 3, 5). Find the 
angles which it makes with the co-ordinate asea, the points 
in which it intersects the co-ordinate planes, and the distanoeai'j 
between these points. 
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347. Condition that a Line shall be parallel to a Plane. 
80 loDg as the coeEBcients I, m aud n in the equationa (4) ol 
s straight line are entirely unrestricted, those eqnations may, 
by giving suitable values to I, mand n, he made to represent 
any line whatever passing through the point (x„, y^, e,). If, 
however, they be subjected to a homogeueoaB equation of con- 
dition, the lines will he restricted, as we shall now show. 

Theorem IL If, in the symmetrical equations 0/ a, 
straight line, the direction-vectors m, n and p are requin 
to satisfy a linear equation, the line will lie in or be parol 
to a certain 

Conversely, the regitirement that the line shall lie in or be 
parallel to a certain plane is indicated by a linear equation 
between the direction-vectors. 

Proof. Let the linear equation which m, n and p are re- 
quired to satisfy be 

Al+Bm+Cn = 0. (a) 

I say that every point of every possible line represented by thi 
equations (4) will then lie in the plane whose equation ia 

A(x- X,) + B{y ~ y,) + C{z - %,) = 0, {j| 

and will therefore be parallel to every plane whose direction*; 
vectors are A, B and C. For, by multiplying the equations 
(4) respectively by A, B and O, transposing, and adding the 
products, we find 

A(x - X,) + B{y - y.) + C{z - z,) = (Al + Bm + Cfn)p. I 

Now, by hypothesis (a), the second member of this eqnaticni. 
vanishes. Hence all values of the co-ordinates z, ^ and a 
which satisfy (4) also satisfy (b). Hence every point of the 
line lies in the surface whose equation is (b), and this surface 
is a plane, by § 229. 

Every plane whose direction- vectors a,re A, B and 
parallel to (b), because perpendicular to the same line. He: 
(a) is the condition that the line (4) is parallel 
plane. 



. J.. ' 



i 
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Next, let it be required tbat the line (4) ehall lie in the ] 
plane whose equation is 

Az + Bij-\- Cz -\-D = 0. (c) , 

I say that the coefficients m, n and p must satisfy the linear | 
equation 

Al + Bm + Cn = 0. 

For, by snbstituting in (c) the values of z, y and z from (4), 
we have 



Ax, + By, + Cfe. + i> + {Al + fini + Cn)p = 



id) 



which equation must be satisfied for all values of p. Now, by 
hypothesis, the point {x„ ;/„ 2,) lies on the line, and therefore I 
lies in the plane (c) which requires it to satisfy the equation 

Ax„ + By, + Cz, + D = 0. 

Hence, in order that the equation {d) may be satisfied, we 
mast have 

Al + Bm+Crh = 0. (5) 

248. Common Perpendicular to Two Lines. It is shown 
in Geometry that two non-parallel lines have one and only one 
common perpend icnlar, and that this perpendicular ia the 
shortest distance between the lines. Let ub now solve the 
problem. 

To find the equation of the common perpendicular to two 
given lines. 

We shall express the equations of the given lines in the < 
form (3), putting, for brevity. 






\ the direction -cosines of the g 



3 Jio 



a, /!, y, those of the required perpendicular. 
Thus the symmetrical equations of the given lines will bo 



", + «,pi 




x = i, + a,,p; 

3 = 3, + A"; 

.1 = «,Ar YJ> 


y. + 0,p; 


and 


'. + yj>i 
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Let us first fiud the direction-cosines a, fi, y. By g§ 316, 
817, we liave the equations i 






+ y,r = 0; ] 
+ r.r = »; [ 
+ ;-■ = 1- 1 



(6)1 



Eliminatmg first jS and then )/ from these eqaations, we have 

{y,«, - r,«.)« + (Ar. - Ay.)/^ = o. 

Dividing theae equations by ay and a/3, respectively, gives 

Ar. - ^,y, _ ;^,". - r..^. _ ^A - « ,/?, _ , 
~ A - ^ -''' 

M^ = ^,y, ■- fi,y,; 
/'r = «,>». - ".j8.- 

Taking the sum of the squares of these eqaationa, 

m' = (fi.y, - ^,yy + (r,«. - y.«,)' + (".A - «■./?.)% (7) ' 

which is the square of the sine of the angle between the given 
lines (§S18). 

The direction-co sines a, yS and y are therefore 



» V being the angle between the given lines. Thus the direc- | 
I tion of the required line is completely determined. 

To complete the solution, we mast find the co-ordinatefl',] 
I of some point of the line. Let ns then pat 

{a, b, c) the point in which the required line intersects the ' 
I first of tiie given lines. The equations of the required line 
[ may then be written 
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t + fin) 
c + yp-) 



m 



Let ne also pnt 

p„ the distance of the point {a, i, c) from (x„ ^„ zj on J 

the first given line ; 

p,, the distance from {x^, y„ z,) on the second giyen line I 
to the point in which the required line iutersecta it; 

p„ the distance of the points of intersection, that is, the J 
length of the shortest line between the given lineB. 

Then, equating the expressions for the co-ordinates of the 1 
points of intersection on the two lines, we have the six equa- I 
tions 

1 Intersection of required "1 
line with first given 
line. 



= 2, + r,p,- 



Intersection of required 
line with second given 
line. 



('') 



b + /3p, = y, + fi,p,; 

o + rp, = ^, + np,- 

These six equations sufBce to completely determine the six 
nnknown quantities, a, 5, c, p„, p„ p,. First subtracting 
corresponding equations in the two sets, we eliminate a, b and 
c, and have three equations which we may write in the form 



ap, + oifP, — "jp, = ^ 
pp. + fi,Pr - 0.P, = y 

yp> + y,p, — r,p, = « 



(d) 



I 



and which contain only the three unknown quantities p„ p, 
and |0,, Multiplying the eqnations in order by a, /3 and y, 
taking their sum and referring to the relations (6), we have 

p. = «("=. - '.) + /»(», - »,) + >•(', - '.)■ m 

From the manner in which p, has been defined, it is equal 
to the shortest distance between the two lines (1) and (2), bo- 1 
cause it is the distance from the point (a, i, o) to the point J 
in which the shortest line intersecta tVvft 6a(K)tii.\\tift. 



I 
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If we Bubstitute 
(/3.y.-,3.j-,)(^.-g.)-Kr, 



for a, p and y their values (8), we haT( 



-r'.'^0(y.-y.)+f«.A-o-.AH^.- 



Again, multiplying the eqaationa (d) by a,, /3, and y,, and 
adding, and then by a^, /3, and )'„ and adding, we find 

p, - p, cos ^ = «,(^. - ^,) + A(y, - y,) + r,{^, ~ <'.) = 

p, COS V- p,= a,{x, - X,) + /9,{y, - j/J + y,(e, - t,) = 
Hence 



To find a, h and c, we have only to eubstitnte the Talne 
p, in (c), which gives 



a = 3;, -f - 

6 = y. + - 



(U)l 



The ^ueB of a, 5, c, a, /9and y in (11) and (8) being 
enbstitnted in (i), the equations of the shortest line are com- 
plete. 

24:9. Condition of Intersection. Since p, in (9) expresses 
the sliorteat distance between the two linea, the condition 
that the lines shall intersect is found by putting p ^ 0. 
Sabstitatingfor a, /3 and ^ their values (8), this condition 
gives 

If, instead of a, fi and y, we usq the quantities I, m and n, 
we must, from the proportionality of these factors to a, ^ 
y, have «, j8 and y eqnal respectively to I, m and «, 1 
iatilti^lied bj the same factor. 



THE BTRAIQET UNE m SPAfJE. 

If we call p and q these fuctora in the cases of c 
and a,, ySj, y% respectively, we have 

y.", - }',«■ =PS{nJ, - l,n,), 

and the condition of intersection hecomes 
(miTi,— m,n,) (24 -«i)-f<n,i,- 



■'t.'0(y.-y.)-Ki.'"i-i.mOC«.-«i)=o. < 
_^Mrf fAe ^(«i in which a line in- 1 



350. Peoblem. 

tersecls a surface. 

Since the point of intersection lies on the line, there will 
be a definite value of p corresponding to it. This value of p, 
being Enbatituted in the equation of the line, will give values 
of the co-ordinates x, y and z which, if /) is properly taken, 1 
will satisfy the equation of the surface. We therefore proceed I 
as follows: 

Calling, for the moment, (a, 6, c) any one point of the 1 
given line, we sabstitnte in the equation of the surface, for J 
X, y and z, the expressions 



= a -j- 7/3; y = J -f- ™/3; « = c + "P- 



(«>] 



The equation of the surface will then contain no nnknownJ 
quantity except p, and is to be solved so as to get an expre»-'| 
sion for p which shall satisfy it. 

This expression being substituted in the equations {a\\ 
will give the required values of the co-ordinates of the point I 
of intersection. 

If the equation in pis oi a higher degree than the firsl^ I 
there will be several values of p, and therefore several points 
of intersection. 

Example. Find the point in which the line 
:c = 2-t-2p. 



intersects the plane 



ix-Zy- x-\-% = Q. 
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Subetituting the values of the co-ordinates in the equa- 
tion of the plane, we find 

- 10 + 11/) + 8 
which gives p = 

whence 



ir 



= 2A- 



= h\. 



= 4A. 



are the co-ordinates of the point of intereection. 

The Bame general method applies whenever points fulfil- 
ling any condition whatever are to be found on one or more 
lines. Each line must have its own value of p, which we 
may distinguish from the values for other lines by accents or 
subscript numbers. The values of the co-ordinates, expressed 
in terms of p, are to be substituted in each condition, and 
equations with the p'b as the only unknown quantities will 
thus be fonned. 



EXERCISES. 

1. "Write the equations of the sides of the triangle whose 
Tertices are at the points {1, 2, 3), (3, 2, 1) and (2, 3, l),an< 
find the angles of the triangle. 

Ana., inpart. 30' 

2. Find the points in which the line joining the points 
(1, 2, 3) and (2, 3, 4) intersects the co-ordinate planes. 

^MS. (0, 1, 2); (-1,0,1); (-2,-1,0). 

3. "Write the symmetrical equations of the line passing 
through the point {a, i, c) and perpendicular to the plane 

px + gy-^-rzT^ 0. 

4. An equilateral triangle has one vertex in each co-ordi- 
nate plane, at the distance A from each of the axes lying 
that plane. Write the equations of each of its sides, 
the middle point of each side as the point from which p 
measured. 

Ana., inpart. x = h; \ Equations 

y = iA + jO; [■ of one of 



se I 

m 

ts I 



, taking 



= ih- 



thes 
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5. In what points does the liii 



I of intersection of the twiK 
= t. 



z+y -z = 
x~y + 2z = l, 
intersect the co-ordinate planes? 

Ans. (4, 3, 0); {0, 15, 8); (5, 0, - 

6. Express the point in which the line (4), § S46, inter- J 
Becta the plane Lx -(- My + Wz = 0. 

. . , M(mx, - ly^) + N{nx, - h,) 

■^ iL + Mm -\- Nn 

7. Write the symmetrical equations of the line of inter- 
section of the two planes 

x + 2ij-3z~5 = Q, 
2x-y +2z + 7 = 0, 
taking as the zero point of the hne that in which it intersects j 
the plane ^Y". 

Ans. a = — - — p; y = -=- + 8/>; r = + 5p. 

In cases where direction-vectors appear as nnkoown quantities In 
equaiions, tliere will be but two equations tor the throe veciora. In this 
case we (ietermine an; tivo !□ terma of the third, and assign to the lat- 
ter such value as will give the simplest fonn to the results. 

8. Write the equations of the line passing through the 
point (3, 1, 5) and intersecting the axis of X perpendicularly. 

9. Write the equations of the line passing through the J 
point (a, b, c) and parallel to each of the planes 

x + y — 2z = 0; 
x-y + z-^0. 

Ans. x = a -\- f>; 
y = b + -6p; 
a = c + 2p. 

10. Find the condition that the line (4), § 246, shall inter-] 
Beet the axis of Z. Aits, mx^ = ly^. 

The condition requires that the points in which the line intersects tl 
planes o[ XZ and YZ respectively shall be the same, that ia, correspondfl 
to the same value of p. 
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11. Find the eqaation of the line passing through the 
point (5, 2, 4) and intersecting perpendicularly that line 
tliroHgh the origin whose direct ion -vectors are / = 1, m = 2, 
n = 3. Ans. ST — 5 — 14/); y = 2 -f 8p; z = i — p. 

Write the symmetrical equations at tlie given and the required line, 
calling p' the variable for the one line, and p for the otlier. The cod- 
ditioD that some one point (x, y, z) ahall satisfy the equatiooa of boUi 
lines then gives three cquationa of condilion betneen I, m, n, p' and p. 
and the condition of perpend icularitj gives a fourth, 

13. Deduce the condition that two Hues sliall intersect by 
the principle that there must then be 07te set of values of x, y 
and z which shall satisfy the equations of l/olh lines, these 
TaluoB of the co-ordinates being given in terms of one valne 
of p for the one line, and another value for the other line. 

The condition gives three equations between the two quantities p 
(on one line) and p' (on the other), and the values of p and p' must be 
the same, whether we derive them from one or another pair of tho equa- 

13. Write the equation of the plane which contains the 

two intersecting lines 



Ans. z — 5y + 3a — « + 56 — 3c = 
Note that the condition that a plane aball contain or be parallel lo k 
line ia the same as that a line shall be parallel to or He in a plai 

14. Find that plane which is parallel to each of the lines 

a; = a — Zp; x = a' -\- p; 

y = b — p; y = b'-\-2p; 

z =c + p; z = c' ~ p; 

and equidistant from them. Also find the common distance. 
Ans. iix-\-2y + Gz — a — a' — b — b' — dc~3c' = 0, 



'-11^^ 
ines 

i 



Common dist. 
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CHAPTER IV. 

QUADRIC SURFACES. 



General Properties of Quadrics. 

!51. Def. A qaadrio surface is the locus of a point 
in spttco whose co-ordinatea ai'e required to satisfy an equation 
of the second degree. 

Remakk. a quadric surface is called a quadric simply. 

The moat general form of an eqaation of the second degree 
bettreen the co-ordinates is 

gx' 4- %' + Aa* + 2g'yz + ^h'zx + St'z]/ 

+ 2g"x + 2h"y + U"z + d = 0, (1) 

because the terms in this equation include all powers and 
products of the co-ordinates x, y and z up to those of the 
second degree. 

The number of coefficients, as written, is ten. But since, 
by division, we may reduce any coefficient to unity, their 
number is, in effect, equivalent to nine. Hence: 

Theorem I. Nine conditions are necessary to determine 
a quadric in space. 

Remark. In discussing the equation (1), we regard the 
coefficients g, It, Tc, g', etc., as given constants, nuless other- 
wise expressed. 

"Wo may trace out certain analogies between the quadrio 
and conic, by treating the former in the same general maimer 
in which we treated the latter in Part I, 



S5S. Intersection! of a Quadric with a Straight Lint, 

Let the equations of the line be 

y= y>+ mp; 
2 = 2,+ np. 

The problem now ia, What yaluea of x, y and z satisfy both 
these equations and (1)? (Cf. § 250.) If we substitute these 
espreseions for x, y and z in (1), thus: 



gx'-. 



etc., 



we shall have an equation in which all the quantities except 

p will be supposed given. Hence p can be determined from 
tbe equation. When this is done, the values of the co-ordi- 
nates of the point or points of intersection are found fay anb- 
stituting the values of p in {a). Now the equation in p will 
be of the second degree, and will therefore have two roots, 
which may be real, imaginary or equal. Hence: 

Theokem II. Every straight line intersects a quadric in 
two real, imaginary or coincident points. 

353> Centre of Quadric. Let ua next change the origin 
to a point whose co-ordinates have the arbitrary values A, B, 
C. If we distinguish the co-ordinatea referred to the new 
system by accents, we shall have (§ 319) 

x = ^ -irA; ^H 

y=y'^B; ^H 

Substituting these values in the general equation (1), it be- 



gx" + hy" + kz" + ^g'y'%' + %h'z'x' + 3*'a:'y' ^m 

+ ^gA + k'B + h'C + g")x' 'M 

•^r^hB-\- g'C-{-k'A-\-h")y' ^H 
+ %(kC-\-h'A +g'B + k"')z' ^ 

+ gA^ + A-B' +iC" + 2g'B0-\-U'CA + WA B 

■i- 2g"A + W'B + 3A"6' + rf = 0. (1') 



qjrAsmc burfaces. 2Tfl 

Let us now determine the co-ordinates A, B, C of the new 1 
origin by the condition that the coefficients of 3/, y' and a* I 
ehall all vanish. To do this we have to solve the equations 1 
gA + h'B + A'(7 = - g"; ) \ 

i/A + hB + g'C = - A"; [ (2) 

h'A +g'B +kC = -*";) 
regarding A, B and C as the unknown quantities. Since 1 
there ai-e as manj equations as unknown quantities, the sola- I 
tion will, in general, be possible. I 

Let us now euppose the equations (3) to be solved, and the ' 
resulting values of A, B and C to be substituted in (1'). Let I 
ns also put 

d', the absolute terms in (1'). 
Then, omitting accents, the equation (1') of the quadric re- , 
duces to 

gx' + hy' + kz' + %g'yz + %]i'zx + 2k'xy 4- d' = 0. (3) 
From this equation we may deduce a second fundamental 1 
property of the quadric. If {x, y, z) be any values of the eo- ' 
ordinates which satisfy (3), it is evident that (— x, — y, — z) 
will also satisfy it. Hence, if one of these points is on the 
quadric, the other will also be on it. But the line joining 
these points passes through the origin, and is bisected by the 
origin, that is, by the point whose co-ordinates, referred to the 
original system, are (A, B, C). Since {x, y, z) may be any 
point on the quadric, we conclude: 

Theorem III. For every quadric there is, in general, a 
point which lisects every chord passing through it. 

Def. That point which bisects every chord passing 
through it is called the centre of the quadric. 

A chord through the centre is called a diameter of the 
quadric. 

254. Section of a Quadric by a Plane. To investigate 
the equation of the plane curve in which any ]>]aue intersects 
jthe quadric, we may take u pair of co-ordinate axes in the 
.cutting plane. This we do by simply transforming the equar 
I one referred to new axes', an4-«ft ■avK^,"«i "^Jwa 
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place, leave the origiu unclianged. Accenting Llie 
ordinateB, the equations of transformation vill be (| 

x = a3f + 0!/' + yz'; 
y = a'x' + yS'j' + y'z'; 
% = «'V + y5'y + y'V; 

("^i A Yi ^t<^') Iwing the direction-cosines of the new co-ordi- 
nate axes relatively to the old ones. 

Now when we substitute these expressions in the general 
equation (1) and arrange the terms accoi-ding to the powen 
and products of x', y' and a*, we shall have a new equation of 
the same form as (1), that is, one containing terms in a:", 
y", %", 3fy', etc. ; the only change being that the coefficients 
g, h, k, g', etc., have new values. We may therefore, withoat 
any loss of generality, take the equation (1) as representing 
the transformed equation, and consider the section of the sur- 
face which it represents by a plane parallel to any one of the 
co-ordinate planes, XT for example. Let us then snpposs 
3 = c in (1). The equation of the section of the quadric by 
the plane z = c will be, omitting tlie accentsj 

gx' + hy' 4- Zk'xy + 2(A'c + g")x + 3(/c + h")y 

This is the equation of a conic section. Hence: 

Theorem IV. Every plane section of a quadric 
section. 

It is also shown in g 198 that all conies whose equations 
have the same coefficients in a:', xy and y' are similar and 
similarly placed. Now, in the above equation, the coefficients 
g, h and 2k remain unaltered, however c may change; that is, 
however we may change the position of the cutting plane, so 
long as it remains parallel to the plane of XT. Hence: 

Theohem. V. Ail sections of a quadric iy parallel 
planes are similar conies and have their principal axes 
parallel. 

Cor. If any plane section of a quadric is a circle,, 
aectioTis parallel to it are circles. 
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^^^^^^^ EXERCISES. J 

^1 1. Find the centre of tlie quadric I 

H 3? -{- hy' -\- z^ -\- nyz + ma; = 0. ] 

H 3, Write tlie equation of the locns of the point required 
^pto be equally distant from the origin and from the plane 

«^ + /Sy + r^ - ?= 0- («' + /3' + j'^ = 1. ) 

3. Write the equation of the locas of the point equally 
distant from the origin and from the plane 

cx-\-c'y-p=i), {c' + c" = l.) 

and ehow that its centre is at infinity. 

255. Conjugate Axes and Planes. Consider this prob- 
lem: 

To find the locus of the middle paints of all chords of a 
quadric parallel to any fixed line, and therefore to each other. 

Let the equation of any one of the chords be 

k y = y,-\-mp; I 

■ Z=Z, +B/). 

If I, m and n remain constant, then, by aligning all valnes to 
^„, f/„andz„ these equations may represent any system of lines 
parallel to each other. Now, we find the two points in which 
any one of these lines intersects the surface by the process of 
§ 250; namely, wo put in the equation (3) of the surface 
a:' = a;„' -j- '3ilx„p -\- P/>'; 

^ff' = Jo' + 2my,P + m'p'; J 

z" = 2,' + 2mz,p -)- Jt'jo'; I 

y^ = y.s!. + ("y. + ^^,)p + mmp*; \ 

■ %x =z„a:.+ (na;. + ;0'3 + BZ/j'; 
xy = x^y^ -f- ihU + W2:,)/3 + Imp'. 
For brevity, let us represent the result of substituting these 
H|3iilneB in (3) in the form 
H A+Bp^- Cy = 0. Vi^ , 
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Now, we may choose for {x^, y,, z,) any poiut on the chord. 
Let us choose the middle poiut. This point will be deter- 
mined by the condition that the two values of ft from the 
quadratic equation (a) shall be equal, with opposite algebraio 
signs. The condition for this result ia S = 0. That is, writ- 
ing for B its value, the condition will be 

+ l^'{iy> + fiix,) = 0. 

This, then, ia the equation which the middle point (jr^, y,, »,) 
mnst Butiafy as x^, y^ and z, vary. Being of the first degree, 
it ia the equation of a plane, and, having no absolute term, 
the plane passes through the origin, that ia, the centra 
of the quadric. Hence: 

Theorem. VI. The locus of the middh points of a ayatent 
of parallel chords of a quadric is a plana through the centre. 

Def. A plane through the centre of a quadric ie called a 
diametral plane. 

That diametral plane which biseeta all chords parallel to b 
diameter is said to be conjugate to such diameter, and the 
diameter is conjugate to the ])lane. 

That diameter whose direction-vector a are I, m, n, that ifc 
Those equations are 

x = lp, 



will he called the diameter {l,m, n). 

Beuare. If we call any diameter A, we may call the 
conjugate diametral plane A'. 

The above equation of the diametral plane may be written 
out thus, the subscript zeros being omitted: 
{gl -\- k'm -\- h'n)x + {k'l -\- hm -\- g'n)y 

+ iji'i + g'm + hn)z = 0. (4) 
That is, this plane is conjugate to the diameter (I, m, n). 

Theorem. VII. If a diameter B lie in a plane A', the 
conjugate diametral plane B' will contain the diameter A, 
conjugate to A'. 



V 
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Proof. Let the equation (4) represent the diameti'al 
plane A', and let the iliumeter B be (A., /(, v). By 1 2i7, the 
condition that this diameter shall lie in the plane (4) is 

{gl -(- k'm -\-h'n)'K. -\- {k'l -\- lim + g'n)fz 

+ Qi-'l + g'm + }cn)y = 0, 
or, rearranging the terms, 
{g\ + *'/< + h'v)l + (A'A. + V + ?'»')'» 

But (§ 347) this 18 the condition that the diameter {I, m, n), 
or A, shall lie in the plane 

(g\ + *> + h'v)x + {k'X + hM + g'y)y 

+ (A'A + g')j. + hv)z = 0, 

■which, by comparison with (4), is seen to represent the plane 
conjugate to the diameter (A, fi, v), or B; tliat is, the plane 
B'. Hence this plane contains the diameter A. Q. E. D. 

Scholium. Having two conjugate diameters, A and B, 
with their diametral planes. A' and B', arranged as in this 
theorem, the intersection of the planes A' and B' will deter- 
mine a third diameter, which we may call C. Then, because 
C lies in both the planes A' and B', its conjugate plane C" 
will, by Theorem VII., pass through both A and B. Thus 
we shall have a system of three diametral planes whose inter- 
sections will form three diameters, and each plane will bisect 
all chords parallel to its conjugate diameter. 

These three lines and planes arc called a system of con- 
jugate axes and diametral planes. 

356. Change in the Direction of the Axes. To simplify 
the equation (3) still further, let ns change the direction of 
the axes of co-ordinates, leaving the origin at the centi'e. 
^^This we do by the substitution J 

■ y = a'x' -i-y3y -(-yV; 1 

■ z = a"x' + P'Y + y"z'. 

^Hjf we substitute these ralues in (3), we shall Wve ^-o. «,'; 
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the terms of ■wiiich we can arrange according to the powers 
and products of x', y' and a'; uaineiy, 

x", y", z". y'^'. «'«'. ^y'- 

We tben suppose the values of the direction-cosines a, fi, y, a', 
etc., to be so determined that the coeflScienta of yV, z'x' and 
x'ff' shall all three vanish. This will require three equations 
of condition to be satiafied, which, with the six relations (14) 
of §220, will completely determine the nine direction-cosines-* 
These coainea being determined, the coefficients of x", y" 
and z" will all become Itnown quantities, while the prodncta 
y'z', etc., will diaappear. Thus, omitting once more the 
accents from the co-ordinatea, the equation (3) will be re- 
duced to the form 

l'x' + mY_'hn'z' + d' = 0, 

/', m' and n' being known qnantities, functions of the origi- 
nal coefHcients in (1). It will be seen that the absolute term 
s unaltered b; this ti'anaformatiou. 



The several quantities 



I' m' 
d" d' 



etc., may be eithei- positive 



or negative, according to the values of the coefficients which 
enter into the original equation (1). 

357. Principal Axes. Let us put A for the value of 
-=;- tskQaposilively; the first term of (5) will he ± -j, accord- 
ing to whether it is positive or negative. If then we put 

the term will become ± -r ^^H 



* The equations nbtaiocd in tbis wny are loo complex for coo- 
Tenieot man age meat, and tlie actual values of tlie di recti on-cofliDet 
must be found by tlie differeulial calculus, or by an appllcaticm of the 
algebra of linear aiibelitutioiis. We must tlierefore, at present, be con- 
leutcd with ebowing tlie possibility of the solution, wbicli is all llut is 
iiecefisary for our Immediate purpose. 
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In the same way the other terms can be rednced to the 
form ± ^ and ± -5. Thus the general equation of the qaad- 
ric can finally be reduced to the form 

±4±f±< = l. ,6, 

a' 0' c^ ^ ' 

Def. The qnantitieB a, b and c in this equation are called 
the principal axes of the qnadric 

The Three Classes of Quadrics. 

358. There are now four possible cases, omitting the 
exceptional ones in which a, i, or c ia zero or InGnifcy. 

Case ' I. The coefficients of the first member of (6) all 
positive. 

Case II. Two coefiicients positive and one negative. 

Oase III. One coefiieient positive and two negative. 

Oasb IV". All the coefficients negative. 

In the last case no real values of the co-ordioatea can snt- 
iaf J the equation, because the terms, being themselves squares, 
are essentially positive, and therefore with the minus signs 
essentially negative. Hence there can be no real surface to 

I represent the equation. But in the other three cases there 
Kill bo real loci. Hence 
There are three gerieral classes of real quadrica. 
S59. Class I. The Ellipsoid. In Case I. the equation 
lis 



\ 



Let ns first investigate the limiting values of the co-ordi- 
tlistes. Writing the equation in the form 



we see that when — c > « > -j-c, the co-ordinatesa; and y can- 
not both be real. Hence the surface is wholly included between 
the two planes ii=z -\-e and e = — c. 
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Ill the same way it is sliown that the surface is included 
between the planes i = -+- o aud x = — a, and also between 
the planes y = + 5 and y = —b. Henoe it is bounded in 
every direction. 

Because its sections by a plane are oi the second order, 
and limited in extent, thoy must all be ellipses Hence llie 
surface is called an ellipsoid. 




If we suppose z= ±c, we have a; = and y = 0, as tlio 
only values of x and y which can satisfy the equation. Hence 
each of the two planes z = -\- c and z = — c meets the but- 
face in a single point on the axis of Z, and is therefore tan- 
gent to the surface. Extending the same proof to the other 
two co-ordinates, we reach the conclasion: 

77ie six planes x ^ -\- a, x = — a, y = -\-b, y = ~~h, 
z = -\-c and z = — c are ail tangents to the ellipsoid at the 
points which lie on the axes at the distances ± «, ± 5 and ± c 
from the origin. J 

These six planes form the faces of a rectangular parallelj^| 
piped whose edges are lespecttveiy Za, Zb and 2c. Each pd^| 
of parallel faces being at equal distances on the two sides ^| 
the origin, and parallel to the corresponding axes, these AI^H 
intersect the faces in their centi'es. Hence: ^| 

Theorem VIII. Every ellipsoid may he inscribed tn^H 
rectangular parallelopiped whose surface it will touch in ^^| 
centre of each face, ^H 

260. Class II. T/ie ffyperboloid of One Ifappe. Let^| 
take that form of the equation (7) in which one of the tlu^H 
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terms of the first ntember is negative. Suppose this term to 
be that in z. The eqaation is then 



- 1. 



(8) 



hich ^ 



e may Trrito in tlic form 



. . ' + ?■ (^'' 

Let us now find the curve in which the Biirface intersects 

the plane of XJT. This we do by putting z = 0, which gives 

at once the equation of an ellipse whose major axes are a and 

f b. Hence: 

Theorem IX. TJie Tiyperloloid of one nappe intersects 
the plane of XY in an ellipse whose axes are the same as the 
axes a and b of the surface. 
' This ellipse is called the ellipse of the gorge. 

Let us next find the curve iu which the surface intersecta 
I a plane parallel to that of XY and at a distance i from it. 
I The equation of ench a plane is 

e = ife. 
I Substituting thia constant value of z, and putting, for brevity, 

^1' («) 



the equation (8') reduces to 



:1. 



^ This is the equation of au ellipse wIiobb ajes are ha and 
hi. Whatever the value of h, the ratio of these axes will be 
a'.V, so that the ellipses will be similar. Hence: 

Theorem X. Thehyperboloid of one nappe cuts all planes 
perpendicular to its axis of Z in similar ellipses. 

The equation (a) shows that h exceeds unity and increases 
with positively or negatively increasing values of h Hence 

T!ie ellipses in which the hyperholoid of one nappe cuts 
mlanes perpendicular to its axis of Z are larger the farther the 
planes are from the centre. 
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To find the curves in wliicli the aiirfai^ intersects planes 
pai'iiilel to the other co-ordinate planes, we tranBpose ei titer 
tho term in z or that in y, thus putting the eqaation in the 

form 

Assigning any constant yalne to y, we see that the eqnation ts 
that of an hyperbola, and we may show, as in the case of the 
other section, that these hyperbolas aro all similar. But 
there is one remarkable case, namely, that iu which the equa- 
tion of the intersecting plane is 



r ±5. 



H 



The equation of the intei'section then becomes 

a c 
or {ex — az){cz + az) = 0, 

which is the eqnation of a pair of straight lines. 

This result will be generalized hereafter. 

261. Class III, Hyperholoid of Two Nappes. Let two 
of the terms in (6) be negative. By taking tho terms in a; 
and y as negative, and then changing the sign of each mem- 
ber of the equation, it may be written in the form 



llc'> z> — c, tho second member will he negative and 
the equation can be satisfied by no real valnes of x and y. 
When 2 is on either side of the limits ± c, there will be real 
valnes of X and y. Hence t!ie surface is composed of two dis- 
tinct sheets, or nappes, separated atiheir nearest points by the 
space Zc. This Burface is therefore called the hyperboloid 
of two nappes. 

We ]'eu(lily see that the plane z = 1c, parallel to the piano 
of XY, intersects the surface in a real ellipse wlienever i > e 

We also show, as in the last section, that the planes x = 
and y = k intersect it in hyperbolas. 



m- 
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Tangent and Polar Lines and Planes to a 
Quadric. 

363. Siuce the equation of the general quadric surface 
may be reduced to one of the three forms just considered, we 
may, without loss of generality, consider the equations (6) as 
representing every such surface. Moreover, wo may, in 
beginning, restrict ourselves to the first form. 



1 



^+t+^ 



(11) 



because the fact that any of the three terms of the first mem- 
ber has the negative eign may be indicated by substituting 

— a', — i' or — c* for a', ft' or c*. 

Def. A tangent line to a surface is a line which passes 
through two coiueideut points of the surface. 

Fbobleu. To find the condition that a line shall touch a 
surface of the second order at the point {a;,, y„ «,) on that si 
face. 

Solution. Since the tine passes through the point {x^, y„ «,) I 
of tangency, its equations may be written in the form 

X = x^ -\- Ip; % 

y = y, + mp; t (a) 

z =z, + np. ) I 

So long as J, m and n are unrestricted, these equations may , 
represent any line through the point (a;,, y„ e,). 

To find the points in which the line meets the surface (11), 
we must substitute these values of x, y and z in the equation i 
of the surface. Doing this, and arranging the equations i 
powers of p, we have the condition 



-1+2 



llx. 
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lies on the surface by lijpotho- 



Since the point (^„ y„ 
ia, we have 




from which it followe that p = ib a root ol (5). This gives 
the point (a:,, y„ zj as one of the points, as it ought to. 
Dividing by p, the equation becomes 



i P + 3 



Trhich gives, for the other value of p, 



= 0, 



We have hitherto subjected the line (a) to no reatriction 
except that of passing through the point {x^, y„ z,). The 
equation {d) gives the value of p in terms of I, m and n for 
the second point in which the line intersects the surface. 

Now, the problem requires that this second point shall 
coincide with the first one, that is, that p = in {d). Thi 



I 



my. 



as the required condition that the line A shall touch 
quadric at the point {x^, y„ z,). 

All the quantities except I, m and n in this equation being 
regarded aa given constants, it constitutes a linear equation 
between I, m and n. Hence, by § 347 (b), it requires that 
the tangent line He in the plane 



I 



which, by (c), readily reduces to 

f+M+a_i=o 

nee we reach the conclusion: 



'.) = 0. 
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Theorem: XI. All straight lines touching a quadri 
face at the same point He i?i a certain plane passing through j 
that point, 

Def. The plane contaiuing all lines tangent to a surface ] 
st the same point is called ft tangent plane to the snrfacej - 
and IB Buid to touch the sui'face at that point. 

263. Lines vpon the Byperholoid of One Nappe. The ' 
result of §360, that a plane may intersect an hyperboloid in a 
pair of straight lines, is a special case of the following theorem: 

Theokeu SII. Tlirough every point upon the hyperboloid 
of one nappe pass two straight lines which lie wholly on the 
surface, and which form the intersection of the plane tangent I 
at that point with the surface. 

Proof. "We may write the equation (9) of the hyperboloid ' 
in the form 



{i+a(i-9= ('+!)('-!)• 



(») 

Now, patting \ for an arbitrary constant, let ns consider ! 
the two planea whose equations are: 

First plane, | + i=x(i+^ 
Second plane, ^-^rll — -. 

Every set of values of x, y and z which satisfies these two i 
equations simultaneously satisfies the equation {b) of the si 
face, as we readily find by multiplication. But all such 
values belong to the line in which the two planes intersect. 
Hence this line lies wholly in the surface. 

We have neit to show that, by giving a suitable value to i 
A, this line may pass tlirongh any point of the surface. Let I 
as put {x^, y,, «,), the point through which the line is 1 

The factor \ must then satisfy the two equations 



-+", 



'M^+ih 



These two equations give the same value of X when x„ y, 

and z, are required to satisfy the equation of the enrface. 
Substituting the second value of A. in the first equation (c) of 
the line of intersection, and the first value in the second, 
these equations readily reduce to 



1\ 



= 1-5 



W act W 

Taking half the sum and hi^ the difference of these equatiom 
they become 









Trhich are etill the equations of the line in question, in another 1 
form. But the first of these equations is that of the taiigeai4 
plane. Hence the line lies in the tangent plane as well as on 
the surface, and therefore forms the intersection of the plane 
with the surface. 

The other line through (x„ y^, z,) is found, in the Bame<j 
way, to be given by the simnltaneous equations 



The Tulne of fi, found like that of X, ia 

'^ a ' c * 'ha 

Thus the equations of the second line become the same a 



I 
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those already found for the first one, except that the signs o 
y, and y are changed. In part, we find 



ac b ac i' 

■which are the equations of another line in the surface a 
passing through {x„ y,), thus proving the theorem. 

364. The equations (e) and (/) represent two lines,] 
each situated both in the surface and in the tangent plane. J 
Hence the theorem may be expressed in the form: 

Theobem SIII. Svery tangent plane to the hyperholoi^ 
of one nappe intersects the surface in apair of straight lifu 
passing through the point of tangency. 

It ia cvideat from the preceding theory that the aurtace in question I 
may be generated by tbe motion o( a line. We present three flgure« ■ 
Bbowiog the relations which have been discussed. In tlie first, OP is ft 
central axis ot rod, supported on a fixed disk al the bottom and carrying 1 




a similar disk at the top. The latter can be turned round on the rod, 
Verlical threads pass from all points of the circumference of one disk to 
the corresponding parts of tbe other, thus forming a cylindrical surface. 
Then turning the upper disk through uny angle less than 180°. the 
UueadH will form an hypectioloid of levoiution, as shown. vn.tiis.ti'C&«x 
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the temiB of wliicli we can arrange according to the powers 
and products of x', y' and z'; namely, 

ar", y", e", y'z', e'a^. «'y'. 
We tben suppose the vttluos of the direction-cosineB a, ^, y, a', 
etc., to be bo determined that the coeEBcients of y'%', z'x' and 
x'y' Bhall all three vanish. This will require three equations 
of condition to be Batisfied, which, with the six relations (14) 
of §220, will completely deten-mine the nine direction -cosines,* 
These cosinoa being determined, the coefficients of x", y" 
and /' will all become known quantities, while the products 
y'z', etc., will disappear. Thus, omitting once more the 
accents from the co-ordinates, the equation (3) will be re- 
duced to the form 

1'3? + m'y'. + n'z* + (T = 0, 
-^. -^, -^. 

/', m' and n' being known quantities, functions of the origi- 
nal coefficients in (1). It will be seen tliat the absolute term 
d' remains unaltered by this transformation. 

The several quantities -7,, -7,-, etc., may be either positive 

or negative, according to the values of the coefficients which 
enter into the original equation (1). 

357. Principal Axes. Let ns put A for the value of 

d' ^ 

-p- tskea poailively; the first term of (5) will be ± -j, 
ing to whether it is positive or negative. If then we put 

~dr 



r'^-~ 



(») 



-.Va = 



the term will become ± - 



mt ^^1 



• The eqiiHtioiia obUviued in tliU wny are loo complei 
venieiit management, and the actual values of the di recti od -cosines 
must be found by the differential calculua, or by an application of the 
nlgchra of linear siihBlitutione. We must tbererore. at present, be con' 
tented witli showing the possibility of the solution, wiiicb is all Uiat if 
iicces5ai7 for our immediate purpose. 
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la tlie same way the other terms can bo reduced to the 1 
iorm ± ^ and ± -j. Thus the general equation of the quad- 
can 6nallj be reduced to tho form 



I 



Def. The quantities a, b and c in this equation are called 
the principal axes of the quadric 

The Three Classes of Qaadrics. 

35S. There are now four possible cases, omitting the 
exceptional ones in which a, b, or c is zero or infinity. 

Case * L The coefficients of the first member of (6) all ' 
positive. 

Case II. Two coefiicients positive and one negative. 

Case III. One coefficient positive and two negative. 

Case IV. All the coefficients negative. 

In the last ease no real values of the co-ordinates can sat- 
isfy the equation, because the terras, being themselves squares, 
are essentially positive, and therefore with the minus signs 
essentially negative. Hence there can he no real surface to 
represent the equation. But in the other throe cases there 
nill be real loci. Hence 

There are three general classes of real quadri 

359. Class I. The Ellipsoid. In Case I. the equation | 




Let UB first investigate the limiting values of the co-ordi- 
L Dates. Writing the equation in the form 



we see that when — c > z > -f-e, theco-ordinatesaiandy can- 
notbothbe real. Hence the surface is wholly incloded between | 
the two planes z = -\- c and z= — c. 



S84 « OSOMETBT OF TSBBS J>IMESSIOJlS. 

values of x^ and ^, in caso of any line of the second system, 
the condition of intersection of two lines {§ 249) will be 

{mn' - m'n){x, - x,) + {nV - n'l){y, - yj = 0, (a) 
the third term being omitted because z^ = Q and a, = 0. 

If we snbstitute for m, m', etc., their Talnee, as just girai 
this equation becomes 

ab'c{z^ + a;,}(3;, - xj + a'fic(y, + i/J{s', — yj = 0. 
Diyiding by a'S'c, we find it reduce to 



^+i^-S+^)=»- 



Now, by hypothesis, (a;,, y,) and {x„ yj are points on t 

ellipse in which the plane of Xi' intersects the surface; 1 
is, on the ellipse whose equation is 

a 

Hence the condition reduces to 1 — 1 = 0, which ia an idei 
tity, showing that the lines intersect. 

Secondly. Let both lines belong to the same system, the 
one line intersecting the ellipse of the plane of XT in the 
point (a",, y,), as before, and the other in the point {x^, y^ 
We shall then have, for the values of the direction-vectoraj _ 

I = — «'.'/,; I' = — fl'y,; 

m = + S'x,; m' = -J- b'x^; 

n = dbc; n' = abc. 

The condition (a) of intersection then becomes 

{".-_".)• , fa,-?.)' _„^ 

Each term being a perfect sqnare ia necessarily positive, i 
that the condition of intersection is impossible. Q. E, D. 

367. Poles and Polar Planes of the Quadric. Let ns 
consider all possible tangent planes which pass throngh a 
fixed point {x„, y„, «J not belonging to the quadria Let 
{^1. y,j ^i) be tiie variable point of tangency on the qnadrio. 
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The equation of the plane tangent at (a;,, y„ z^ will then ll 
(13), The condition that this plane shall pass throngh th( 
point (Xj, y„, 2„) ia that the co-ordinates of this point £ 
aatisfj the equation of the plane, which gives 



b' 



-1=0. 



(14)| 



.Mj 



This is now a condition which the point of tangency {Xj, y„ z,)l 
mast satisfy aa it varies. Being of the first degree, it showajfl^ 
that this point must lie in a certain plane. The equation of-l 
this plane may be written 

1 = 0. (15>1 

Def. That plane which contains the points of tasgeuc^l 
of all tangents to a quadric which pass through a point iaM 
called the polar plane of that point. 

The point is called the pole of the plane. 

Bbmakk 1. The point of tangency in the ahove case may 
move along a curve which will then be the intersection of 
the polar plane and the quadric. 

Eemaek 2. The point {x„, y„ zj may be ho situated that 
no real tangent plane can pass through it; for example, in 
the interior of an ellipsoid. The jioints of tangency (a;,, y^, «,) 
in (14) will then be entirely imaginary. But the plam 
will always be real and detcrmiuate; only it will not meet thftj 
qnadric. Hence: 

Theoeem XV. To evert/ point in space corresponds d.l 
definite polar plane relative to any quadric. 

Theorem XVI. Conversely, To every plane correspont^M 
a certain pole. 

Proof. Let the plane he 

Ax-\'By^Cz + D = 0, (a) I 

and let a, b and c be, as before, the principal axes of th%l 
quadric. Comparing the equation (a) with (15), we see thail 
they become identical if we can have 

r A Va -ff ". C" 



D' 



D 




This only reqaires tliat ws determine 
conditions 






which always give real values of x^, y^ and «„ and therefore a 
real pole. Q. E. D. 

Cor. If the plane approach the centre aB a limit, D ap- 
proaches zero as its limit, and z„ y, and £, increase indefi- 
nitely. Hence 

Thepole of any diametral plane of a quadric is at infinity. 

Notation, If we call any points P, Q, etc., we shall c 
their polar planes P', Q', etc. 

368. Theorem XVII. If a point lie on a plane, thep 
of the plane will He on the polar plane of the point. 

Proof. Let a point P he {r„ y^, z,) and a point Q \ 
[Xj, y^, z,). Then, by (16), the polar plane Q' is 

a' ' b & 

Let the point P lie on this plane. Then the co-ordinate 
it:,, y^, z, mnst satisfy this equation; that is. 



This equation shows that the co-ordinates (a;,, y„ e,) s 

the equation 



-^ + 



+ -. 



which is the equation of the polar plane of (x„ y^ z,). HetH 
the pole (a;,, y„ «,), or Q, lies on this plane, Q. E. D. 

Cor. If any number of points lie in a plane P', tim 
polar planes will all pass through the pole P of that plane. 

Conversely, If any number ofplanespass through apoiA 
Q, tJieir poles will all lie on the polar plane of Q. 

Theorem XVIII, If any number of planes intersect i 
a straight line, their poles will all lie in anot/ter straight lint 



I 
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Proof. In order that planes may intersect in one line, it 
is necessary and snfflcient that tliey should all paaa through I 
any two points, taken at pleasure, on that line. Let P and j 
Q be two such points. Then — 

Because all the polar planes pass through the point P, 
their poles all lie somewhere in the polar plane P'; 

Because those pknes all pass through the point Q, their \ 
poles all lie somewhere in the polar plane Q'. 

Hence these poles all lie on the intersection of P' and Q', 
which is a straight line. Q. E. D. 

Cor. It ia readily shown by reversing the course of reason- 
ing that if any number of points He in a straight line, their 
polar planes will all pass through another line. 

Def. Two lines so related that all poles of planes passing I 
through one lie in the other are called reciprocal polan. 



GXERCISSS, 
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1. If an ellipsoid, an hyperboloid of one nappe and one of i 
two nappes are formed with the same principal axes, a, i, c, 
it is required to write the equations of their several polar 
planes relatively to the pole {x^, i/„, x,). 

2. In this case show that the polar planes with respect to \ 
the ellipsoid and the hyperholoid of one nappe intersect iu the 
plane of XY on the line i'x^x + a'y,i/ — 1=0. 

3. In the same case show that the polar planes with respect I 
to the hyperboloida of one and of two nappes respectively are 
parallel. 

4. In the same case show that the polar planes with respect 
to the ellipse and the hyperboloid of two nappes respectively 
intersect in a line parallel to the plane of XF and intersecting 
the axis of Z. 

5. Show that if a polo lies on any diameter, the polar plane I 
will be parallel to the diametral plane conjugate to 8uch dia- 
meter. 

6. Show that if the pole lie on the surface of the quadric, 
the polar plane will touch the snrface at the pole. 
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V, Show that the reciprocal polar of aline tangent to a 
qaadric is another line taogeut at the same point, the two 
tangents lying in a pair of conjagnte diametral planes. 

8. If a lino is required to lie in a diametral plane, show 
that its reciprocal polar muEt be parallel to the diameter con- 
jugate to that plane. 

Special Cases of Qnadrlcs. 

269. In all the preceding investigations it has been 

assumed that the co-ordinates -.-l, B, C of the centre, given by 
the equations (3), and the quantities V, m', n' and d' in (5), 
-which determine the three principal axes of the quadric, ore 
alljiniVe and determinate. 

Although in the general case this will be true, yet the nine 
conatantB which determine the quadric may have snch special 
Tallies that these quantities may be zero or infinite. The 
complete discussion of these eases wontd require ns to make 
extensive use of the theory of determinants, which we wish 
to avoid; we therefore shiill merely point out to the student 
the possibility of certain special cases. 

370. Tlte Paraboloid. When we solve a system of three 
equations with three unknown quantities, like (a), each un- 
known quantity comes ont as the quotient of two quantities 
(compare eq. (3) of § 188 for example), and the denominator 
of these quotients is the same for all the quantities. If this 
denominator approaches zero as a limit, the values of A, B 
and G in (3) will increase without limit. Hence, if this de- 
nominator vanishes, the centre of the quadric is at infinity. 

In this case the quadric is called a paraboloid. 

371. ThB Cone. In reducing the original equation to 
the form (3), the absolute term d' may vanish. In this case 
the principal axes a, b and c {§ 257) will all vanish (unless 
some of the quantities V, m' or »' are also zero), and we shall 
have the bomogeneons equation 

ga^ + hy' + iz' + ^fy^ + 3?''za; + Zk'xy 
Z>Bf. A oone is a surface generated by the motion 



I 



I 




line which paaaea through a fixed point and continaaUy in- 
terseeta a fixed corye. 

The fixed point is called the vertex of the cone. 

The fixed curve is called the directrix of the cone. 

A quadrio cone is one whose directrix is a plane locus 
of the second degree. 

Theorem XIX. Every homogeneous equation of tin 
second degree has for its locus a quadric cone whose vertex ia 
at the origin. 

Taking the equation (16), which is a perfectly general one 
of the kind named in the theorem, we first proye that its locna 
Ib a cone having its vertex at the origin) in the following way: 

We take any point at pleaanre on the surface (IB); 

We pass a line through this point and through the origin; 

We then show that this line must lie wholly on the locus. 

Let (a;,, y„ 2,) be any point on the surface (16). Th^. 
every point {x, y, 2) determined by the equations 

y - py.' \ (a) 

will lie on the line passing through the origin and {x„ y„ «,). 
Substituting these values in (16) gives, for the condition that 
the point {x, y, z) shall lie on the locus, 

P^{gx' + hy* -i- kz^ + 'ig'y,z^ + 2A'z,cr, + Zk'x,y^ = 0. (6) 
By hypothesis (z,, y,, s,) satisfies (16). Hence this condition 
(5) is satisfied for all values of p; hence every point deter- 
mined by (a) lies on the surface (16); whence this surface ia 
some cone. 

Secondly, being of the second degree, (16) represents a 
quadric surface; whence, by Th. IV., every plane intersects it 
in a conic, and it ia by definition a quadric cone. 

Eemabe. For the directrix of the cone we may take its 
intersection with any plane whatever not passing through the 
vertex. Let ua then take the plane z =c. We then shall 
from (16), for the equation of the directrix, 
jaJ _|- !,f -1- 2k'xy + Zk'cx + 2r/cy + kc' = 0. (17), 
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The coefficients being all independent, this cnrve may be any 
conic wliateTer. Hence (IC) may represent anjquadric cone 
whose vertex is at the origin. 

373. Special Case when a Quadric becomes a Pair of 
Planes. Since the directrix of the cone may be any conic, it 
may be a pair of straight lines. Since a line turning on a 
point and intersecting a fixed line describes a plane, it fol- 
lows that whenever the directrix is a pair of lines, the quadric 
cone becomes a pair of planes. Hence among the special kinds 
of qnadrics mast be included a pair of pianos. 

Tho qaadric equation of a given pair of planes is readily 
found. If the equations of the planes are 



ax ^by -\- i 
a'x -\-b'y -\- I 



z 4- d = 0, 
•z-\-d' = 0, 



we have only to take tho product of these equations, which 
will be of the second degree in x, y and z. 

373. Surfaces of Revolution. In the reduction of the 
general quadric, two of theprincipal axes, a and b for example, 
may be found equal. In this case the equation may bei^H 
duced to one of the forms ^H 






a;' + ff'±fl'^±:) = 0. 



(17) 



I any constant value to z, the equation in x and y 
will be that of a circle. Hence all planes parallel to the plane 
of Xi^will intersect the quadric in circles having their centi-es 
ou the axis of Z. Since all sections containing the axis of Z 
will he conies, the surface can be generated by the revolution 
of some conic around the axis of Z. It is therefore called a 
surface of revolution. 

The equation (17) admits of the same four-fold claseifica- 
tion as the equation (6), according to the algebraic signs of 
the ambiguous ■terms. We have therefore, as the three r 
forms — 
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I. The ellipsoid of revolution : 

.■+,-=.-(i-i:). 

II. The hyperholoid of revolution of one nappe: 

III. The hyperholoid of revolution of two nappes: 

Wlien, in tlie ellipsoid, 

c>a, the ellipsoid is called prolate ; 
c<a, the ellipsoid is called oblate ; 
c = a, the ellipsoid is calleil a, sphere. 

In the hyperholoid of one nappe the axis c may be infl-1 
nite. The equation will then be 

^ + y' = «*, 
the equation of a cylinder of radius a, whose axis is that of Z, 

274. Deriving Surfaces from the Qenerating Curve. The 
general method by which we find the equation of the surface 
generated by revolving a curve around the axis of Zi& this: 

Asaame the curve to be in any initial position. 

Take any point upon it whose vertical ordinate is z, and 
find the corresponding values of x and y, and hence of 
Vx' ■\- y', in terms of z, the distance of the point from the 
plane of XV. 

Since this distance remains constant while the point re- 
Tolves, the square of the eqnation thus found will be the 
equation of the surface. 

If the fixed position can be so chosen that the generating 
curve may lie' wholly in the plane of XZ (or VZ' 
co-ordinates y or z will then be zero, and we hav£ 
stitute i^x' -f- y* for x or y, as the case may be. 
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375. The Paraboloid of Revolution. Let na suppose a 
parabola to revolve about its principal axis, which we shall 
take as the axis of Z. The square of each ordinate will then 
be 2^1, But this square, as the curve revolves, is continuaily 
equal to x' -\- y', because the ordinate is a line perpendionlai 
to tlie axis of Z, whose terminoa on the curve is represented 
by the co-ordiuates x and y of the curve. Hence the equa- 
tion of the surface is 

z' + y' = 2p«; 
p being the semi-parameter of the generating parabola. 

EXERCISES. 

1. Find the equation of the cone generated by revolving 
around the axis of Z the straight line whose equation, when 
the line is in the plane XZ, is 

K = mz -|- i, 
Pind also the vertex of the cone. 

j4»w. a' + y' = m*a' -f StnSa + h\ 

Vertex at thepoint, fo, 0, — — W 

2. Investigate tlie surface generated by the motion of a 
straight line around an axis which does not intersect it, the 
shortest distance of the line from the axis being a, and the 
angle between them being a. (In tlie initial position we may 
suppose the line to intersect the asis of Xat right angles at 
the distance a from the origin, and to form an angle a, whose 
tangent is m, with the asis of Z.) Find the equation of tbi 
surface and its principal axes. 

Atis. X* -J- y'— mV = a*. Axes: a, a. 

Here, if we tube a point on (tie line at the distance r from the 8: 
of X, itB co-ordinates in tlie initinl poutiod will be 

x = a; t = Tcoaa\ y — 7-sia« = ctan a: 

3. Find the equation of the cone generated by the revtJ 
tion of the straight line whose equations in one position arfl 

x = mp; y = 0; z = np, 

Ans. n'{z' -\- if) — ?«'«' = 0. i 



I 
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4. Find the equation of the ellipsoid generated by t 
Tolution of the ellipse i'a^ + a'z' = a'd'. 

5. If tlie hyperbola cV — (iV = aV revolve about the-J 
axis of Z, find the equation of the curve and of the cone de- 
scribed by the asymptotes. 



6. Investigate the surface when the revolving hyperbola.. 
is a'?' — c'x' = a'b'. 

7. Find the equation of the surface generated by therevo*] 
lution about the axis of Z of the line whose equations are 

i/ = i + mp; 

z = <; 4- Mp. 

Ans. »'(a;' + y') = {na — Ic)' + (nb — mc)' + (^ + m')z' 

-)- 2(nla + mnb — fc — 7n'c)z. 

8. Show that the equation of a sphere of radius r whose 
centre is at the point {a, b, c) is 

and find the value of r in order that the origin may bisect the' 
radius passing through it. 

9. Find the plane of the circle in which the spheres 

(a:-«)' + (y-S)'+(2-c)' =r' 
and {x - «')'+ (i/ - b'y-{- {z - c')' = r" 

intersect each other. 

10. Siiow that if three spheres mntually intersect each 
other, the planes of their three circles of intersection pass 
through a line perpendicular to the plane containing the 
centres. (One of the centres may be taken as the origin.) 

11. Investigate the locus of the equation 



a and b being both positiv 
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BSOMBTUT OF THRKS DntBlf^arOWS. 
IS. Do the same tbiog for the equation 



13. Show that the six planes in which foar cirdea 1 
two and two iiiteraect each other all paaa through a poinu 

14. InyeBtigate the relations of the three surfaces 



Show that if these surfaces be cut by a plane pM 

that of XT, the two areas included between the three ellipacs 
of intersection Avill each be constant and equal to the area of 
the ellipse in which the first aurfaee intersecta the plane of 

15. A straight line movea bo that three fixed points npon it 
constantly lie in the three eo-ordinate planea. Find the locus 
of a fourth point upon it whose distances from the other three 
points ave a, b and e. 

16. From the results of §266 deduce the following con- 
clusions: 

r. The cosine of the angle between the two generating 
lines through the point (z„ y,, 0) of the surface is ^h 

a*i'c* — c*y,' — J'.T,' ^^^1 

ends of the respective axes a and b the cosines 



n. At 

c" - 

are . , ,i auu -j— — -,. 
tr -\- c -\- a 

III. If a = d = c, the linos are at 

other. 
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GEOMETRY. 



I 



376. The Principle of Duality. In modern geometry 
BTBry etruight liue is aapposed to extend out indefinitely in 
both directionB, and is called a Hue simply. Hence linesj like { 
points, differ only in Gitnation. 

Def. A segment is that portion of a line contained be- I 
tween two fixed points. Hence a segment is what is called a 
finite straight line in elementary geometry. 

There are certain propositions relating to lines and points 
which remain true when we interchange the words /loiJii and 
UnE, provided that we suitably inter^iret the connecting words. 

The principle in virtue of which this ia true is called the 
principle of duality. 

Two propositions which differ only in that the words point 
and line are interchanged are said to be correlative to each | 
other. 

The following are examples of correlative propositions and 1 
definitions. The right-hand column contains in Ciich case | 
the correlative of the proposition found at its left. 

I. Prop. Through any I. Prop. On any litw 
point may pass an indefinite may lie an indefinite nnmber 
number of lines. ot points. 

II. Def. Any number of II. Def. Any nnmber of J 
lines passing through a point points lying on a line is called i 
is called a pencil of lines, a row of points, or simply 
or simply a pencil. ^ point-tow ot to^i. 



r 



XOSBBS aaonsTBT, 



The common point of a 
pencil is called the vertex 
of the pencil. 

III. Prop. Two points 
determine the position of a 
certain line, namely, the line 
joining them. 

IV. Def. The line join- 
ing two points is called the 
junction -line of the points. 

V. Prop. Three points, 
taken two and two, determine 
hy their junction-lines three 
lines. 

VI. Prop. A collection 
of n lines, taken two and two, 

has, m general, — ^ — 

junction-points. 

VIL Def. A collection of 
four lines, with their six june- 
tion-poiuts, is called a com- 
plete quadrilateral. 



The line on which a row 
of points lie is called theoar- 
lier of the row. 

III. Prop. Two lines de- 
termine the position of a cer- 
tain point, namely, their point 
of intersection. 

rV. Def. The point of in- 
teraectiou of two linea is called 
the juuction-point of the 
lines. 

V. Prop. Three lines, 
taken two and two, determine 
by their intersectione three 
junction-points. 

VI. Prop. A collection 
of n points, taken two and 
two, has, in general, ~ — " ' 

junction-lines. 

VII. Def A eollectioi 
of four points, with their s 
junction-lines, is called _ 
complete quadrangle. J 





Tm. Prop. On each of VIII. Prop. Throagh 

the fonr sides of a complete each of the four vertices of a 

quadrilateral lie three ver- complete quadrangle pass 

tices. three sides. 
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IX. Prop. The complete 
quadrilateral has three diago- 
nals, formed by joining the 
junction -point of each two 
sides to the junction-poiut of 
the remaining two sides. 

If two lines are represented 
by the aymbols a and i, their 
junction-point is represented 
by ab. 

The pencil of lines from a 
Tertex P to the points a, b, c, 
etc., is represented by P-abc, 
etc. 

When two lines are each 
represented by a pair of point- 
symbols, a comma may be in- 
serted between the pairs when 
their junction-point is ei- 



IX. Prop. The complete 
quadrangle lias three minor 
vertices, being the in terseetion 
of the junction-line of each 
twoTertices with the junction- 
line of the remaining two. 

If two i)oints are repre- 
sented by the aymbolB a and 
b, their junction-line is repre- 
sented by ab. 

The row of points in which 
a carrier R intersects the lines 
A, B, C, etc., is represented 
by R-ABC, etc. 

When two points are each 
represented by a pair of line- 
symbols, a comma may be ii 
serted between the pairs when I 
their junction-line 
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Ex. Tlie expression ai, xy Ex. The expression AB, 

means the junction-point of XY means the junction-lino 
the lines ab and xy. of the points AB and XT. 

Bcholium. Wlion, in elementary geometry, two intersecting linea 
are drawn, their junctioDpoint, being evident to tbe eye, is not sepa- 
rate ty marlted. But wben two points are given, it ia conddered oeces- 
Bary to draw llieir junction-line wbcreyer Ibis line is referred to. But 
tbig is not always tiecessary in the higher geometry, and such tineB 
may be omitted wlien drawiog them would malie tbe figine too compli- 
cated. 
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The Distance-Ratio and its Correlative. 

S??. The Distance- Ratio. Heretofore the position of a 
point on a straight line has been eapreased by its distance 
(positive or negative) from some other point, supposed fixed 
on the line. 

The poBition of the point may also he expressed by the 
foHo of its distances from two fixed points on the line. 



Let a and b he two fixed points on an indefinite line, 
■which points we may regard as the ends of a segment ah of 

the line. Let z,, 3;, and x, be three positions of a movable 
point X, and let ns consider the ratio ax : bx of tlie distances 
of X from the points a and b. If we put 

A, the distance ab; 
i, the distance ax; 
r, the ratio ax : bx. 



This fraction, or ax : bx, is called the dietance-rati 
of the point % with respect to the points a and b. \ 

Notation. The diatauce-ratio b written 

(a, S, x) = I?. 
^ ' ' ' bx 

Let ns now study the changes of value of the dietanoi 
ratio as the point moves along the line, 

Assuming the positive direction to he toward the righ^ 
then, when x is in the position a;,, the distances ax, and 
vill both be positive, and we shall have 

r>+l. f 
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If X recedes indefioitely toward the right, h increases in- 
definitely and the ration T- approaches unity as its limit. 

Therefore, for a point at infinity on the line, we have 
r = + l. 

Supposing the point to move toward the left, the denomi- 
Dator k — It will become zero when x reaches b; and as this 
point is approached, the fraction r will increase wifchoat limit 
Hence, when a: is at 6, 

When ft; is in the position x^ between a and b, ax will be 
positiTe and ix negative. Hence, in this part of the line, 
r = a negative quantity. 
As X paseea from b to a, r will increase from negative in- 
finity to zero. 
At a, 

r = 0. 

In the position z, both terms of the ratio will be negative, 
and r will be a positive proper fraction. 

As X recedes to infinity on the left, r will approach unity 
as its limit. Hence, whether we suppose x to reach infinity 
in the negative or poaitive direction, we have, at infinity, 

r= +1, 
and no distinction is necessary between the two iofinitiea. 

If, then, we sappose the point x to move along the whole 
line from negative to positive infinity, we may consider it as 
arriving back at its starting-point, and being ready to repeat 
the motion. During this motion the distance-ratio r will 
also have gone through all possible values from negative to 
positive infinity, and will be back at its starting-point. The 
order of positions of the point and the order of changes of r 
are as follows : 

Poinl: Infinity; negnUve; at point a; on line ab; at point b; poai- 
tive; infinity, 
IH»t.r.: Dnlly; positive <1; zero; negative; infinity; positive > 1; 



S'J'S. To exhibit tn the eye the changes in r as x m( 
along thu line, we may erect at each point of the line an o 
nate the length of which shall represent the value of i 
that point. The curve passing through the ends of the o. 
nates will be that required. 



The ratio r being a pure number, the length which shall 
represent unity may be taken at pleasure. So we may lay 
down fi^om the middle point m of ab an arbiti'ary length 
my E — 1, and the lengths of all the other ordinates will bo 



379. Theorem, The position of a point is completely 
fixed by its distance-ratio with respect to two given pointa^ 
that is, there can be only one point on the line to cori'espond^^ 
a given value of the distance-ratio. :ZH 

This is the same aa saying that, in the equation (1), onlj^ 
one value of k will correspond to given values of r and A, 
This is readily proved by solving the efiuationwith respect to 
h. We note that in the special case when r = 1 the point ia 
at infinity. "ij 

380. Relation of the Distance-Ratio to the Division ^^ifl 
Line, The conception of the distance-ratio occurs in elemei^S 
tary geometry when we say that the point x divides the line 
ab internally or externally into the segments ax and bx, having 
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a certain ratio to each other. This ratio is identical with the 
distance-ratio just defined. It ie negative when the line db is. I 
cat internally; positive when it is cut externally. 

We may therefore, inatead of saying, "The distance-ratio 
of the point x with respect to the points a and 6," say, 
" The ratio in whioh the point x divides the segment ah," 

EXERCISES. 

1. Show that the curve which eipresses the value of r in 
the preceding section is an hyperbola; find its asymptotea;' 
define the class to which it belongs; construct ita major axis 
in the case when we take my = ab. 

3. Show that if we take two points at equal distances on > 
each side of the middle point m of the base-line, the pro- I 
duct of the coiTesponding values of r will be unity. Trans- 
late this result into a property of the eqailateral hyperbola. 

381, The Sine- Ratio. In the twoprecediog articleswe I 
showed how to express the position of a \arjiag point upon a j 
fixed line. The correlative of this problem is that of cxijresa- i 
ing the position of a varying line which must pass through a I 
fixed point. 

As, in the first case, the position of the moving point is i 
expressed by its relation to two fixed points on the line, so, | 
in the second case, the position of the moving line is fixed by I 
its relation to two fixed lines passing ihrough the point. Let I 
ns pat 

0, the fixed point; 

OA, OB, the two fixed 
lines; 

OX, the moving line. 

From any point P of this _ 
line drop the perpendiculars 
PP' and PP" upon the fixed 
lines. Let us then consider the ratio 




PP' 
' PP"' 
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We readily aeo that the v 



e of r is the same in whaten 



position on the line OA' the point P is chosen, and that 



R = 



sin A 0.Y 
Bin BOJY' 



Hence we call R the sine-ratio of the line OJC viilh re- 

epect to (he lines OA and OB. 

To investigate the algebraic signa of sin j4 OX and sin BOX, 
let us take the directions OA, OB and OP as positive. Then, 
in accordance with the usual trigonometric convention, the 
sine of AOP will be positive or negative according as a person 
standing at and facing toward A has the point P* on the 
left or right side of the line OA. 

Suppose the line OX to start from the position OA and to 
turn ronnd in the positive direction. Then, 

As OX starts from OA, 

R starts poaitively from aero. 

"Wiien OX reaches the bisector OX, 

because then AOX -\- BOX = 180°. 

As OX approaches the position OB', 
B increases indefinitely, 
because sin £0X approaches zero. 

When OX reaches OB', 



R = 'x>. 

As OX passes from OB to the bisector OX", 

R increases from — oo to — 1. 
When OX reaches OX", 



As OX passes from OX" to OA', 

R increases from — 1 to 0. 
The line OX has now reached its initial position, 
lite positive direction is reversed. Completing the revoli 



I 

, thoDgh 1 

Tolution, I 
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we see that R goes through the Bome sei'Ies of vuli;cs as before. 
Hence 

The sine-ratio depends only upon the position of the mov- 
ing line, and is the same tohether we take one direction or the \ 
other as positive. 

383. Division of the Angle. As, in § 280, wo haTe snp- 
posed the point x to divide the line ab, bo we may in the pre- 
ceding conBtruction Bnppose the line OX to divide the angle 
BOA into the parts ^OJT and AOX. We then take for the 
dividing ratio, not the ratio of the angles themsdves, but that 
of their sines. 

Note. The sludent may remark a certain incongruity when we 
speak of the point ii dividing the line oA into tbe segmetjls ojt nnd Aii, 
because it ia not tlie algebraic turn but the algebraic difei-euce of Ilia 
Begmeats which makes up the line ab. Tliia incongruity would he 
avoided by meaBuring one of the eugmenta in llie opposite direction, 
making x its initial point, thus taking fu; and ^ as the segments. But 
it is more convenient to take x as the terminal point of each segment, 
and to accept the incongruity of calling a line the algebraic differenca 
of its parts, because uoconfuaion will arise when the cnee ia once undcr- 

The same remarks apply to the division of the angle. 

383. Distinction of Antecedent and Consequent in Dis- 
tance- and Sine-Ratio. In forming a ratio one of the terms 
must be taken as the antecedent (or dividend), and the other 
as the consequent (or divisor). By interchanging the points a 
and b the antecedents and conseqaeiita will be interchanged, 
and the ratio will therefore be changed to its reciprocal. 

To give clearness to the subject we shall employ the fol- 
lowing notationt 

The points a and 5 from which we measure the segments I 
ax and lix will be called base-poinis. 

That baee-point from which the antecedent segment of the ' 
ratio is measured will be called the A-point. 

That base-point from which the coneeqitent segment of the 
ratio is measured will he called the B-poinl. 

s represented in the form 

(g, b, x), 
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we write first the A-point, next the B-point, and lastly the 
terminal point, which we may call the T-point. 

284. Permutation of Points, If we use the notation 

p = length ab, 
q = length ix, 

«• p ^ '■ 2 "^ 

we shall have, by the definition of the distance-ratio^ 

(a,b,x) = ^^ = l+^. (a) 

Let ns represent this ratio by the symbol r. Then, by 
permuting the base-points between themselyes (that is, by 
making a the B- and b the A-point), we shall have 

(5, a, x) = —f— = -, (*) 

a result which we may express by the general proposition: 

I. By permuting the base-points we change the distance- 
ratio into its reciprocal. 

By permuting b and x in (a), we have 

(a, a;, S) = ^ = -f^ = 1 -- r. {c) 

That is: 

II. By permuting the B- and T-points we change the dis- 
tance-ratio r into 1 — r. 

The same permutation applied to (J) gives 

ba -~' f) 7) r —^ 1 
(J, X, a) =^ — = — 7 — -. — r = —=7 — = • (d) 

Lastly, by permuting the base-points in {c) and (d), 

(x, a, b) = J— ^; {e) 

(a?, h a) = j:^. (/) 



1 the result, we. 
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EXERCISES. 
1. By comparing the forms (a) and (d), show that if, in I 
the expreasion 
_ r-1 
we put (pr for r and repeat the anbstitntion i: 
shall get r itself. 

2. Find the distance from the A-point (§ 377) of points I 
whose distance -ratios are 

_2 _3 _1 ,1,3 

^M«- g-jj; gP; p>; -p; 3p- 

. If a, b, X and y be any points whatever, show that 
(«• b, x) _ (b, a, y) _ {x, y, a) _ {y, a 
(a, b, y) {b, «, X) {X, y, b) 
. Show that if from the vertex 
I B of an iaoBcelea triangle abc we 
draw a line ex to the base, the aine- 
ratio in which the angle c ia divided 
by the line ex equals the distance- 
ratio in which the base ab is cut by " 
the point x. 

In algebraio language the theorem is 
sin acx _ ax 
sin box ~ bx' 

5. If the angle AOB is 120°, in what directions murt' j 
those lines be drawn which will divide the angle in the respeo- | 
tive sine-ratios — 3 and + 3? 

6. If the point x divide the segment ab in the ratio + 1:2, 
in what ratio will i divide the segment ax'i Ans. 3 : 3. 

7. If the points x and y divide the segment ab in the re- J 
spective ratios + 3 and ~ 3, in what ratios will a and J re- f 
epectivelj divide the segment xy? j 

'. the sum of the distance-ratios o 
'b unity, show that ax X ay = ab*. 




I 
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Theorems iiiTolving the Distance- and Sin^ 
Katios. 

385, Def. If each of the sidea or angles of a polygon is 
divided by a point or line, the ratios of the divisions are said 
to be taken in order when each vertex is a divisor-point for 
one of its sides and a dividend-point for the other side. 

IC the divisions aro all internal, we shall, in going ronnd 
the polygon, have the divisor- and dividend- segments in alter- 
nation. 

386. Theorem I. If any 
three lines be drawn from the 
three vertices of a triangle to its 
opposite sides, the continued 
product of the sine-ratios in 
which the angles are divided is> 
equal to the continued product 
of the distance-ratios in which 
the sides are divided, the ratios 
ieing all taken in order. 

Hypothesis. A triangle ahc of which the sides and angles 
are divided by the lines ax, h 

Conclusion. If we pnt 

r„ r„ r„ the distance-ratios in which the aides are divided J 
by the points x, y and 2 respectively; 

Ej, R„ R,, the sine-ratios in which theanglas are divided] 
by the respective lines ax, by and cz, we have 

r, r, r, = R^ R, R,. 

Proof. By the theorem of sines in trigonometry we bav^ 
in the triangles iax and cax. 




_ sin box 
«iu S ' 
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Dividing the first equation by the & 



bx sin bax ' sin c 



I 

I 



In the same way ve fi 



n dby 
11 vby 
in hcz 



Bin e_ 
sin a' 

sin a 
sin b' 



Taking i^he continaed product of the three last equations, v 
have 

ex ay bz _ ain cox trin aby Bin bez 
bx ' cy ' az~ sin bax ' ain cbtf ' ain acz' 

The three fractions in the first member of this equation 
»re the diBtauce-ratios in which the aides are divided, and 
those in the second member are the Bine-ratios in which the 
angles are divided, bo that the theorem is proved. 

287, Theorem II. T/ie continued pTodud of the dis- \ 
tance-ratios in which any transversal cuts the sides of a iri- J 
anyle is equal to unity. 

Proof. Let a transversal 
cut the sides of the triangle 
ahc in the points x, y and z. 

Through any Tertex, as, 
b, draw a line parallel to the 
transversal, meeting the op- 
posite side in the point b'. 

Then, forming the distance-ratios in which the sides be \ 
i and5rt are divided, using the similar triangles thus con- 
1 structed, we have 




bx _ b'y_ 



The continned prodnet of these equations gives 



bz • 



ay 



= 1. Q. E. D. 



Eemaek. Since the demonstration takes no account 
algebraic signs, we have not yet shown whether the product 
is + 1 Of — 1- It 's eTident that the transversal must cul 
either two sideB of the triangle internally, or none. Hence 
either two factors or none at all will he negative; whence the 
product is always positive and equal to + 1. 

Corollary. If three points in a straight line be taken on 
the three sides of a triangle, the juncCion-lines fro?n each poiiU 
to the opposite vertex divide the angles into parts the continued 
product of whose sine-ratios is unity. 

For, hy Th. I., the product of the aine-ratioa ia equal to 
that of the distance- ratios, and, by Th. II,, the continaed 
product of the latter is unity. 

388, Theorem III. Conversely, If on the tJiree sides 
of a triangle abc we take any three points x, y, z, such thai 



az bx cy _ 
hi' ex' ay~ 



these points will be in a straight line. 

Proof. Let a' be the point in which the line xy ents the 
side ah of the triangle. We shall then have, by Th. L, 



Comparing with the equation of the £ 
find 



( liypotheeie, we 



that is, the distance- ratios of the points z and 2' with r 
to a and b are the same. 

Because there is only one point on ah which has a giv^ 
distance-ratio, the points z and z' are coincident and 1 
on the line xy. Q. E. D. 




BiSTAircm- Aim smE-RArm. 

389. Theorem IV. If three lines passing Ihn 
p&int be drawn from the vertices of a tri- 
angle, the angles will be so divided thai the 
sine-ratios, taken iii order, will be ~ 1. 

Proof. If ABC be the triangle, and 
P the point, we have, in the tria 
PAB, PBG and PCA, neglecting n 
braic signs, 

sin BAP _ AP_ 

sin ABP~ BP' 

Bin CBP _ BP 

6in BCT ~ CP' 

Bin ACP _CP 

sin CAP ~ AP' 

' The continued product of these equations would give 
sin BAP sin CBP sin A C P 
sin CAP ■ sin ABP ' sin BCP ^ 



Algebraic signs having been neglected, it remains to be 
found whether this product is positive or negatiye. We have 
the theorems: 

I. Lines drawn from any point within a triangle to the ■ 
three vertices cut the angles internally. 

n. Of the three lines drawn to the vertices of a triangle 
from an external point, and produced if necessary, two will i 
divide the angles internally and one externally. 

I is evident. To 
prove II let the whole 
plane without the tri- 
angle be divided by its 
sides into the sis regions 
A,A',B,B', C&adC. 
Then the angle whose 
sides bound A will bo 
cut internally or exter- 
nally, according as the 
point is situated within or 
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A'. Considering the other angles in the same way, we see 
that only one angle can be cut internally and that the other 
two will be cut externally. 

The aine-ratio being positive for an external and negative 
for an internal division, either one or all three of the factors 
in (a) must be negative. Hence 

Bin BAP sin CBP sin ACP _ _ 

sin VAP ■ sin ABP " sin BCP ~ Q. E. D. 

Corollary. Three lines passing from the vertices of atrv\ 
angle ihroiigh a point cut the opposite sides so that tJie con- 
tinued product of the dislance-ralioB, taken in order, is nega- 
tive unity. 

For, by Theorem I., this product is eqnal to that of the i 
corresponding sine-ratios, which product is ncgatiye unity, by ' 
the theorem. 

390. Theorem V. Conversely, If three points cut the \ 
respective sides of a triangle so that the continued product of . 
the distance-ratios is negative unity, the lines joining these I 
points to lite opposite vertices of the triangle pass through a \ 
point. 

Proof. If ahc be the triangle, and z, y and z be the points, 
we have, by hypothesis, 

az ix cy _ 
bz'cx'ay~' 

Join the points x and y to the opposite vertieeB, a and h, 
of the triangle bylines intersecting at a point 0. Fixim c j 
draw a line L through 0, and let a' be the point in which it ' 
cuts Ic. 

By Th. rV., Oor., we then have 
az' ix cy ._ 



-. -1. 
Comparing with the hypothesis, we have 



M 



Therefore the points e and z' are coincident and the line 
from a to c is identical with L, and so passes through the 
point in which ax and bg intersect. Q. E. D. 
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EXERCISES. 

1. Sxplain what Theoi'em II. shows when the transreraal 
is parallel to one of the sides. 

3. What does Theorem IV. become when the point 
through which the lines are drawn is at infinity? 

3. Sliow by Theorem V, that the three medial lines of n 
triangle pass through a point. 

4. Show by the preceding theorems what bisectors of the i 
interior and exterior angles of a triangle meet in a point. 

5. If from the vertices at the ends 
of the base BO of a triangle we draw 
lines intersecting on the medial line 
AQ and meeting the opposite sides in 
the points B' and C, show that B'G' 
is parallel to BC. 

6. In this case what relation exists^ q 
between the distance -ratios in which the sides AB aaA AO \ 
are divided by the points B' and C"? 

The Anharmonic Katio. 




391. Taking any point x oaa j t 
the line ab, we have, by what precedes, a distance- ratio ax:ix I 
or {a, b, x) of the point x with respect to the points a and 5. 
In the same way, taking a fourth point y, we have a distance- 
ratio [a, b, y). Then: 

Def. The quotient ; ' ,' — {■ of the distance-ratios of the i 
■' ^ {«, b, y) 

points X and y with respect to the points a and b is called the 
anhanaonio ratio of the four points a, b, x and y. 

That terminal point x which enters into the numerator of 
the fraction will be called the A-T-point; the other, the B-T- 
point. 

It will be seen that the anharmonic ratio is a pure number 
whose value depends upon the mutual distances of the four 
points. 

392. The following are simple corollaries from the de- 
tion of the anharmonic ratio: 



Id all these pcrmatatiotis tLe four points are paired in tba 
game way, a and b being one pair iind x and y the other. 
Hence the eight permutations which do Jiot change tti 

pairing of the conjugate-points can only interchange the tema 
of the ankarmonic ratio,* 

When the pairing of the points is changed, a may harm 
cither z or y aa its congugate-point. To find the effect <rf 
these permutations, we start from the following identical 
equation which alwjiys subsists between the six segments ter- 
minated by the four points a, b, x and y. These segmeuts 

are ab, ax, ay, bx, by uud xy. ^ + * < 

ax.by -\- ab.yx-^ ay.xb = (i. (a) 

To prove this equation, we substitute for ab and ay their 
Talues 

ai= ax + xb, 
ay=ax-\- xy, 
and so write the first member of the equation in the form 
ax.by -{-ax | yx -\- ax I ib, 
-]- xb\ +xy\ 
which is the same as 

ai:(by + yx + xb) + xb{yx + xy), 
an expression which vanislies identically, becaasQ 

by -{- yx ->t- xh B Q; yx-\-xy=^. 
Now divide {a) by ay.bx. We thus find 
ax.by ab.yx _ 



= 1; 



that it 



{a, b, X, y) + («, X, b, y) = 1. 
Hence, naing the same notation as before, 
(a, x,b,y)=l'- r. 




"In this pairins proceBs note Uie analogy of conjugate-points to 
partners at whist. Ttiereare eight arrangemeDts of the players arouod 
the table wliicb nil] not cliauge the pairing, and there ore three wajrB 

In which the players mny choo 
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Wo now have, in the same way as before, 

{a, X, I, y)=[x, a, y, i)={b, y, a, x)={y, l,,z,a) = l- r; (3) 

{x, a, b, y)=(a, x, y, i)={y, h, a, x)={b,y, x, a) ^ y^:^-' ^*' 

We have finally to consider the case in which a is paired 
with y. To pair a with y, we remark that the equation (b), 
being trne whatever points wo suppose a, b, x and y to rep- 
reBent, may be considered a brief expression of tiis theorem: 

By interchanging the B- and A-T-points, we form a new 
anharmonic ratio which, added to the original one, makes 
unity. 

Applying this theorem to the second expression in line (4), 



i'g 



(o, X, y. b) + (o, y, X, t) -- 
y.z,h) = l- (a, X, y, S) = 1 



Hence 
and 

(a, y, X, i)=(y, o, i, x)=(i, S!, y, «)=(!, J, o, y) = 

(ff, a, X, 5)=(«, y, i, x)={x, h, y, a)=(fi, x, a, y) = 



-;(5) 

.(6) 



l> 



The equations (1) to (6) include all 24 permutations of 
a, b, X and y, which, however, give rise to only different 
values of the anharmonic ratio, namely. 



{c) 



1 



394. The preceding operations lead to a curions algebraic 
result. Suppose that, instead of starting with the eqnation 
(1), we had started with any of the others, (6) for example. 
We could then have obtained espresBiona for the remaining 
20 anharmonic ratios by performing the same operations on 
(C) which we have actually performed upon (1), only the ex- 
pression z would have taken the place of r all the way 

through. But, if theprocess is correct, we should then arrive at 
the same expressions for the other 20 anharmonic io.tv'^%<fi'E^<^ J 



we liave actually fouud. The same beiug true if we start IronK 
aoy other of the six equatioiis, we couclude: j 

If, in Ifie set of expressions {c). we substitute for r any cm 
expression of the set, the values of the several expressiotu toil 
be chanijed into each other in such a way that the set Kill m 
main unaltered except in its arrangement. 

As an illuBtmtion, let as Eubstttate tlie sixth eiipregsioiL 
r — \ 1 
, for r all the way through the set (c). Then, byreiluo 

tioQ of the fi-actioDs, 

r will be changed to — 

— will bo changed to — 

1 — r will be changed to -; 

— — — will be changed to r; 

will be changed to 1 ■ 

will be changed to — 

We have thus reproduced the same Bet, only di£ 
arranged. 

S95. Anharmonic Ratio of a Pencil of Lines, Aff^ 
baTe formed the anharmonic ratio of four 
poiiitsoualine by their distauee-ratioa, ao 
we may form the anharmonic ratio of 
four lines passing through a point hy 
means of their siue-ratios. 

The tour lines A, B, X and Y pass 
through the point P. If we take A and 
B as the hase-liues forming the angle APB, the li 
give the sine-ratio 

ain ^PX 
'ixxLBPX' 




I 



p 
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and the line I' will give the sine-ratio 

am APT 
miBPr' 

The qaotient of these ratios, or 

sin APX , ain APT _ BJaAPXemBPY 
sin BPX ■ sin BPr ~ sin ^PXsin APY' 

is ealled the anharmoiiio ratio of the pencil of lines PA, 
PB,PXa,ndPr. 

Designating each line by a single letter, we may write 

{A, B,X, F) 

as the anharmonic ratio of the foar lines A, B, Xand Y. 

396. Fundamental Theorem, If a transversal cross 
a pencil of four lines, the anliarmonic ratio of the four poinla 
of intersection will be equal to the anharmonic ratio of the 
pencil. 

Proof Let A BXY be the 
pencil, intersecting the trans- 
Tersal ay in the points a, h, x 
and y. 

We begin, as in g 286, by 
comparing the distance-ratio" 
{a, b, X) with the sine-ratio {A, B, X). 

From the equations 




ax: Px = 



ti aPx : sin zaP, 



bx: Px = sin bPx : sin xbP, 



5 obtain, by division, 



ax _ sin aPx ain xbP _ 
bx ~ sin bPx ' sin xaP' 



g the abbreviated notation. 



(a, b, X) = {A, B, X)~ 



xoB^ar amxsTRT: 



We find in the same way 



sin aniP 



{a, b, y) = {A, B, Y)-. -=. 

Taking the quotient of these equatioDB, 
(a, I, x) _ (A, B, X ) 

(a, I, <j) (A. B, ry 

The first member of thia equation is, by definition, the 

anharmonic ratio of the foar points a, i, % and y, while the 

second is that of the pencil of lines A, B, Xand Y. Thence 

(«, h, X, y) = {A, B, X, T). 

Q. 

Cor, 1. If any number of transversals cross the sai 
pencil of four lines, the anharmonic ratios of the four points 
of intersection on the several transversals will all be equal. 

For each such ratio will be eqnaj to the anharmonic ratio 
of the pencil. 

Cor. 3. If from a row of four points lines be drawn to a 
fifth movable point, the anharmonic ratio of the pencil thus 
formed will be consla7tt, whatever be tlie position of the fifth 
point. 

For the anharmonic ratio of the pencil will bo constantly 
equal to that of the row. 

Scholium. Using the notation ot § 376, IX., the preced- 
ing propoaitiouB may be expreaaed aa followa: 

If P be any vertex, and a, b, x, y a row of points, theo^ 
Anb. ratio {P-a,i,x,y) = {a, b, x, y 

If p be any transversal, and A, B, X, Y the four lines.l 
a pencil, then 

Anh. ratio {p-A,B,X,Y) = {A, B, X, Y). 

397. Application of Ike Principle of Duality, The 
branch of Plane Geometry which. we are now treating ia 
subject to the principle of duality (g 276); that is. 

From every proposition respecting the relations of p 
and lines we may form a second correlative proposition res 



^w 



^^ 



\ 
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ing the relation of lines and points, by interchanging tho worda 

line and point, as follows: 

Line instead of 

Junction-point of) ,, 

two lines f 

Point on a line " 

Pencil of lines " 

Three points in a ) „ 

line J 

AnharmoDic ratio } 

of lines throagb >■ " 

a point ) 

The oorrelatiTe proposition is not necessarily different 
from the original one. When tho two are identical, the pro- 
position is self-correlative. 

The relation of the proposition to its correlative is mutual; 
that is, the correlative of the correlative is the original pro- 
position. 

To make the notation correlative we represent the jnnctiou- 
point of the two lines A and B by AB. 

Let us, as an example, change the preceding fundamental 
proposition into its correlative. The two then read: 

Ohm : a j P™°i' »' '"«' 'i°f and «ny MO, i ''""• 
( row of four points ( point. 



Point. 
J Junction-line of two 
( points. 

Line through a point. 

Row of points. 
i Throe lines through a 
( point. 

( Anharnionic ratio of 
I points on a line. 



We conclude: the anharmonic ratio of the four 



f iunctiou- j j!"'"^* of the four 



1 points 



1 pomt 



t equal to that of the given \ P 
I ( row. 

By reading tho top lines we have the original proposition; 
' by reading the hottom lines, its correlative. By making the 
construction it will be seen that the correlative proposition is 
identical with the original one. 

The principle of duality applies to the demonstration aa 
' well as to the proposition. By making the above substitu- 
tions the demonstration of the original becomes tka de,'caslT^J■ J 
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atration of the correlative. It ia therefore in rigor not 
necessary to give the latter; and whea we do 60> it is only ta 
assist the etiideut. I 

298. Theokem. 1/ we have two lines intersecting ins 
point p, and if we have on the one line any three pointk 
a, b, c, and on the other line three points a', 6', c", such thai 
the anhamionic ratio {p, a, b, c) is equal to (p, a', b', c')J 
then the three Junction-lines aa', hV and cc' meet in a point4 

Proof. Lot ^and JVbe the givea lines, aud let q be tho 
junction-point of the lines aa' and bb'. Join qp and yc', aai 
let c" be the junction-point of the line iV with the lioaja ' 




4 



Then, because ^and i\r are two tranflveraale croesing t 
pencil q-a',p,b',c', we have 

{p, a, b. c") = (p, a', b', (/). 
By hypolheaia, 

{p,a,b,c) = {p,a',b',c'). 
Hence 

{p, a, b, c") = {p, a, b, c). 
The points p, a and b being given, there is only one fonrth' 
point which can form with them a given anharmonic ratiol 
(§393, IV.). Hence the points c and c" are coincident^ 
and the junction-line c'c ia identical with c'c", and eo passed 
through the point g, in which, by construction, aa' and i 
intersect. Q. E. I 



passed 
nd bb^ 

J 
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C0EREI.ATIVB Theobem. If we have two points on a line 
Q, and if through one point pass three lines A, B and 
C, and through tJie other point pass three lines A', B' and C, 
such that the anharmonic ratio {Q, A, B, G) equals 
{Q, A', B', C), then the three junction-points AA', BB' and 
CC" lie in a straight line. 

Proof. Let m and n be the points; let P be the junction- 
' line of the points AA' and BB', c the junction -point PO', 
\ and G" the junction-line no. 




Then, becanse the pencils Q, A', B', C and Q, A, B, I 
IS through the same four points of the line P, we have 
{Q,A,B, C") = iQ,A',B',C'). 
But, by hypothesis, 

(Q,A',B',C) = iQ,A,B, C). 
Hence 

{Q,A,B,C")^ (Q,A,B, 0) 

These equal anharmouie ratios having three lines identical, 

the fourth lines C and C" are also identical; whence the lines 

Cand C intersect at c, the junction -point C'P; whence the 

junction-points AA', BB' and CC all lie on the line P. 

Q. E. D. 
KoTB. The student should CDDipare the dumonalratlon, step by 
Btep, nitli that of the origioal proposition, and note the relation of esch 
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I'rojective Properties of Figiires. 
1!09. Let there be a poini 0, a plane J' aod u figure Q 
•act) eiiuated in any jK>sition Id space. If lines (colled lines 
of projection) paas from to each point of Q, the points iu 
vhich these lines intersect the plane P form a second figaro 
which is called the prQJeotioa of the tigare Q. 

Thii deflnition of r projection is more general tban tbat of elemen- 
tary geomelTf , in wbicti the liaes of prujecUon are ull paratlel to each 
other and perpendicular to tlie plane P. Tlie lailcr is a epecial case in 
vliicb Uie point is at inHaityin a direction perpendicular to tlie plane. 

It may be remarked that the shadow of a figure upon a plane, as 
cast by a lumiDOUS point, ia identical witli its projection. But shoulii 
the distance of any part of tlie figure from the place exceed the distance 
of the iumiuoua point, there could he no shadow, hut there would still 
be a projection, formed by coulinulng tlie liocB of the rays in llie 
reverse direction, namely, from the figure Ihroiigli the luminous point. 

300. The following are some simple rolatioas between 
fignres and their projections: 

I. 77(6 projection of a pomt is a point. 

II. T7ie projection of a straight line is a straight line. 
For since the straight line and point lie in a plane, the 

lines of projection are all in this plane, and the projection is 
the intersection of this plane with the plane of projection. 

III. T/ie projeclion of a row of points is another row whose 
carrier is ihe projection of tlie original carrier. 

rV. The projection of a pencil is a pencil. 

V. The projection of a curve and a tangent is another ' 
ourvs and a tangent. 

VI. Every projection of a line passes through thepoini i^^■M 
which the line intersects the plane of projection. 

VII. The projection of a circle is a conic section. 
For the lines from a point to the circumference of a circle A 

form the elements of a cone. Hence their intersection -wit! 
the plane of projection is the intersection of a conical earfat 
with that plane, and is therefore, by definition, a conic section. 
VIIL If the projected figure Q is in a plane P', and ifu 
call Q' its projection on the plane P, then Q itself is the pro- ' 
^eclion of Q' upon the plane P'. 



^a^sKsm 
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This follows at once from the defiDition, tlie linos of pro- I 
jectloE being identical in the two cases. 

IX. Every section of a circular cone can be projected into J 
a circle. 

For, by taking the vertex of the cone as the point 0, and J 
ita circular base as the plane of projection, the outline of thiol 
base becomes the projection of any section of the cone. 

301. Theorem. Tlie projection of a row of four points ■! 
has the same anharmonic ratio as the original r 

Proof. The lines of projection 
of the four points form, by defini- 
tion, a pencil having its vertex at 
0, The carriers, both of the origi- 
nal and the projected row, form 
transversals crossing this pencil, ^ 
and the two rows of points are the intersections of these 1 
carriers with the lines of the pencil. The anharmonio .] 
ratios of the two rowe are therefore equal (§396, Cor. 1). 
Q. E. D. 

303. Theoeem. T/ie projection of a pencil of four linesM 
has the same anharmonic ratio ns the original pencil. 

Proof. Let 0-ahcd bo the 
given pencil, and let a, b, c and d 
he the points in which it intersects 
the piano of projection. 

Because the lines of the pencil 
must all lie in one plane, the 
points a, b, c and d will lie i 
straight line. 

If 0' be the projection of 0, the projected pencil will be J 
O'-abcd. 

Then the anharmonic ratios of each pencil will be e 
to {a, b, c, d ), and so will be equal to each other, 

Keuark. Those properties and relations of a fignw 
which remain unchanged by projection are called projectiw 
properties and relations. 
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Harmonic Points and Pencils. 

303. Dtf. When the anharmonic ratio of four pointe is 
negative unity, they are called a row of fbor baizoonlo 
ptduts, and each pair of eonjagate points is said to diniH 
the segment joining the other pair harmonically. J| 

So a pencil of four lines of which the anharmonic ratio^B 
negatire unity is called an harmonic pencil. 

Cor. The anharmonic ratio being negative, one of tlie 
terminal points mnst divide the base-line iutemallj and the 
other most divide it externally. Hence the order of the fonr 
points is each that the oonjagate points of the one pair, a and 
b, alternate with those of the other pair, x and y. 

If the point x is half way between a and b, its conjngate, 
y, is at infinity. 

If X then move toward b, y will also move toward b from 
Uie right, and the two points will reach b together. 

If X move toward a, y will approach from infinity on the 
left, and the two points will reach a together. 

The law of chauge is expressed by the following theorem 

304. Theorem. Tke product of Ihe distances o/itoo t 
minal harmonic points from the middle of the base-line is o 
slant, and equal to the square of half the base-line. 

Proof. The condition that the anharmonic ratio of i 
four points a, i, a;, y = — 1 is 

«£ . ^ _ _i 
bx ' by ' 



which is equivalent to 

ax.by + ay.bx = 0. 
E Let m be the middle point of ab. Then 



ax = am-\- 7nz; 
by = btn-\- my = - 
ay=^am -\-my; 
bx = ~ am -\- mx. 



By SQbBtitution the equation (a) reduces to 
— 1i{amy + 2mx.my = 0. 
Heuoe 

tnx.m>/=(amy. (1) Q. E. D. ' 

Reuare. On the line ab we may take any number of I 




pairs of pointa, x and y, fulfilling the condition (1), and I 
therefore dividing harmonically the segment a 

Def. Three pairs of points which divide harmonically the | 
same segment are said to form an inTolution. 

305. 77ie Fourth Harmonic. 
Def. When three points of an harmonic row are given, the 

fourth is called the fourth harmonic of the other three. 

Frobleu. Having given three points of an harmonic row, 
tojind the fourth. 

Construction. Let a, b and c be 
the given points, and let a and b he 
the conjngate base-poiuta. 

On the middle point m of ab 
erect a. perpendicular mp = ^ab, and " 
on tlie other aide of m from c take mc' = mc. 

Through p and c' describe a circle having its centre upon 
the hne ab. 

The other point, d, in which this circle cuts ab will be the i 
fourth harmonic required. 

Proof. From eq. (1) and from the theorem of elementaryJ 
geometry which giyea c'm.md=(mp)' the proof is readily ' 
found. 

306. Fourth Harmonic of a Pencil. When three lines 
of a pencil are given, the fourth line neceasary to form an 
harmonic pencil may be constructed. 

From § 396 it follows that every pencil of four lines passing 
through a row of four liarmonic points is an harmonic pencil, 
and, conversely, that every transversal intersects an harmonic 
pencil in four harmonic points. 




:>7P 



Hence, to construct the fourth harmonic of a given pencil 
o£ three lines, we draw any transTereal, find the fourth 
harmonic of the three points of intersection, and join it to 
the vertex. 

307. Harmonic Properties of the Triangle. 
Theorem, If from a point are drawn three lines to the 
vertices of a triangle, and ai any two of the vertices the fourth 
harmonics to the lines thence emanating are constructed, these 
fourth harmonics will meet 
the line from the third ver- 
tex in a point, 

Proof. Let ABO be 
the triangle, and P the 
point. Let CP' and BP' 

be the fourth harmonics of A^ ^^ 

the pencils C-AFU and B-APG. H 

Then, because AP, BP and CP meet in a point, ^ 

Bin BAP Bin VBP Bin ACP _ _ -. 
Bin CAP ' sin ABP " aia BCP ~ *^ ' 

Because BP' and OP' are fourth harmonics conjugate to 
BP and CP respectively. 

Bin CBP _ _ ain CBP ' ^ 

ain ABP ~ sin ABP'' 

^nACP _ Bin A OF' 

Bin BGP~ sin BOP'' 

Bj substitution in the equation (a) we have 

Bin BAP sin UBP' sin ACP' 

Bin CAP ■ sin ABP' " sin BCP' 

Therefore the three lines AP, BP' and CP' meet in a 

point (§§386, 890). Q. E. D. 

Scholium. By drawing the fourth harmonic at A and 
considering the other two pairs of vertices. A, B and 0, A, we 
have two other points of meeting, making four in all. 

If the point P is the centre of the inscribed circle, the 
lines from P will be the bisectors of the angles, and the 
three points P' will be the centreB of the escribed circles, 



= -1. 
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308. Correlative Theorem. If three points on a line 
he taken on the sides of a triangle, and the fourth harmonics 
to two of them he constructed, these fourth harmonics will he 
on a line with the third point. 

Proof Let ahc be the triangle; 

X, y and z, three points on the sides in a right line; 

x'y y' and z\ the fourth harmonics to the rows S, c, x; 
c, a, y; a, h, z, respectively. 




(*) 



Because x', y' and z' are fourth harmonics, 

az _ az\ 
hz" W' 

hx hx' 

— — ^^ ^— • — — • 

ex cx'^ 

cy__cy^ 
ay ay'^ 

Because x, y and z are on a right line^ 

az hx cy ^ ^ 
hz'cx'ay'' 

By substituting for any two of these factors their values 
from (S), we prove the theorem, by § 288. 

EXERCISES. 

1. Any two orthogonal circles cut the line joining their 
centres in four harmonic points. 

2. Any circle of a family having a common radial axis 
cuts harmonically the common chord of the orthogonal 
family. 
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Anharmonic Properties of Conies. 

309. Lemma. If two tangents to a circle are intersected 
iy a third tangent, the points of intersection subtend from 
ike centre of the circle an angle measured iy one half the arc 
hetween the two tangents. p Xb- 

Proof. Let be the centre " ~" ' 

of the circle; 

m, n, the points of tangency / 
of the two tangents; 

p, the third point of tan-\ 
gency; 

m', »', the points of intereee- 
tion. 

It is then easily shown, from the eqnality of the lines m'm 
anim'm, that Om' is perpendicular to;w». 

In the same way, On' ia perpendicular to^; 
Angle m' On' = angle mpn. 
By a fandamental property of the circle, 
Angle mpn = i angle w 




Therefore 



Angle m'On' = ■} angle 



i>On. 

nOn. 

Q. E. D. j 
es around the circl 
eing always equal I 



Oor. If the third tangent jsn' mi 
the angle m'On' will remain constant, 
imOn. 

310. Theoeem. If four fixed tangents touch a conic, 
and a movable fifth tangent iiilersecl them, the anharmonic 
ratio of the four points of intersection is the same for all posi- 
tions of the fifth tangent. 

Proof. Let the conio be projected into the circle whose 
centre is 0, and let a, b, cand d be fonr points in which 
the fifth tangent intersects four fixed projected tangeni 
touching the circle at the points ^„ i,, t„ (,. 
Because Angle aOb = ^ arc-angle t,t^, 

Angle bOc = J- arc-augle tj^ 
and Angle cOd = i arc-angle /,i„ 



'hose 
'hioh 

J 
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and i„ i„ etc., are, by hypotheBiB, fixed, those anglea remain 
constant however the fifth tangent may move. 




Therefore the anharmonic ratio of the pencil 0-abcd re- 
mains constant, being a function of the sines of constant 
angles. 

Therefore the anharmonic ratio of the row a, b, c, d re- 
mains constant (§ 396). 

Because this anharmonic ratio is constantly eqnal to that 
of the corresponding points in the projected figure {§ 301), 
the latter also remains constant. Q. E. D. 

311. Theobem. If from four fixed points of a come 
lines be drawn to a fifth variable point, the anharmonic ratio 
of the pencil thus formed will remain constant whatever the 
position of the fifth point. 

Proof. Project the conic into a cir- 
cle. Let a, b, c and d be the projec- 
tions of the four fixed points, anil P I 
that of the fifth point. 

By a fundamental property of the \ 
circle the angles aPb, bPc, etc., will re- 
main constant aa P moves on the circle. 

Therefore the anharmonic ratio of 
the pencil P-ahcd will remain constant. 

Therefore the anharmonic ratio of the coiTesponding pen- 
lil in the conic will remain constant (§ 302). Q. E. D, 

Def. The constant anharmonic ratio of a ijencU. ■s'wwki 





lines pass from foar fixed points on a conic to any fifth point 
is called the anharmonic ratio of the four points of the conic. 

Def. The constant anharmonic ratio of the points in which 
four fixed tangenta to a conic intersect a fifth tangent is called 
the ajtharmonic ratio of the four tangents to the conic. 

313. Extension of the Principle of Duality to Curves. 
If we conceive a series of points tofolloweach other according 
to some law, their junction-points will form a broken line or 
a polygon. If each point of the series approaches indefinitely 
near to the preceding one, the hroken line approaches a curve 
as its limit. We may therefore define a curve as the limit of 
a series of jnnction-lines when the points approach each other 
indefinitely. 

The correlative conception, 
on the principle of duality, 
will he that of a series of lines 
following each other according 
to some law, and approaching 
each other indefinitely. The 
junction -points of cousecntive/ 
lines will he the correlatives of 
the hroken lines, and as they approach each other indefinitely 
they will tend to lie on some curve as their limit. 

In the first case, if we suppose the points to be consecu- 
tive positions of a moving point, this point will move on the 
limiting curve. 

In the correlative case, if we suppose the lines to be the 
consecutive positions of a moving line, this line will con- 
stantly be tangent to the limiting curve. 

We thus have, as correlative conceptions: 

Points on a curve corresponding to Tangents to a curve. 

Junction-point of ) „ ( Junction-line of two 

two tangents S 1 points, i.e., a chord. 

Points in which. I ( Tangent, from . 

l,»e intersect, a J j point to the ou. 




PASCAL'S THBOBEM. 

313. Pascal's Theorem. If a hexagon be inscribed in 1 
a conic, the three junction-points of its three j)airs of opposite j 
ndes lie in a straight line. 

Hemabk. By a polygon inscribed in a curve is meant any ' 
chain of straight lines, returning into itself, whose consecutive 
junction-points all lie on the curve. A polygon of n sidea 
may be formed by taking any n points and joining them cou- 
secutiyely in any order whatever. 




Proof, Let 1 2 3 4 5 6 be the inscribed hexagon, of which 
the opposite sides ai'e 



Select three alternate yerticea, as 3, 4 and 6, and consider 
the pencils 

3-1345 and 6-1345. , 

Becanse these pencils are formed by joining the f onr fixed I 

points 1, 3, 4, 5 on the conic to the points 2 and 6 respective- J 

Ij, their anharmonic ratios are ecjual (§ 311). 

b, c, d be the row of points in which the pencil I 
2-13 45 intersects the line 45. We shall then haye 

{a, h, c, d) = Anh. ratio (3-13 45). (g 296) 1 

Let a', b', c, d' be the row of points in which the pencil I 
1345 iutersects the line 34. We hare 

{«', b', c, d') = Anh. ratio {G-1 345). 



Hence 



{a, h, c, d) ^ («', b', c, d'). 
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Tlieae two rows have the point c common to both, and tbia 
point occupiea tbe same position in tbe two ratios. There- 
fore the three lines 

aa', hh', M' 
meet in a point (§ 29S). 

But a and a'are the respective janction-pointa {13 and 4 5) 
and (6 1 and 3 4), while 6i' = 2 3 and dd' E 5 6. 

Henee tbe opposite eides 23 and 6 6 intersect on the line 
aa' which joina the junction-points of the two other pairs ol 
opposite sides. Q. E. D. 

314. CoRBELATiVB OP Pascal's Theorem; Beian- 
OHOir's Theoebm. Tiie three lines joining (he opposite ver- 
tices of a hexagon circwmscriied about a conic meet in a point. 

Proof. Let the sides taken in order be 1, 2, 3, 4, 5, 6. 

Consider the two rows of points a, b, c, d and a', b', c', d' 
in which the sides 1, 3, 4 and 5 intersect 2 and G. 




Because the tangents % and 6 are each intersected b 
four tangents- 1, 3, 4, 6, we have 

{a, J, e, d) = (a',b',c',d'). (§310) 

Consider the pencil A-a,h,c,d. We have 

Anh. ratio i,A-a,b,c,d) = (a, b, c, d). (§ 2QG) 



I 
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Also, for the same reaaon I 

I Anil, ratio (A' -a' ,1>' ,c' ,d') = {a', h', c', d'). 

' Bence 

I Anil, ratio {A-a,b,c,d) = Anh. ratio {A' a', b', <f, d'), I 

Now these two poncila have the line Ac = A'c' common, J 
and occupying the same position in the two ratios. Honce 
the three remaining linea intersect in three points in a right i 
line (§398, Cor.); that ia, the three points 

(e) where diagonal Aa crosaea diagonal A'a'i 
(5) where line Ab croaaes A'b'; I 

{d'} where line Ad crosses A'd', I 

[ are in a right line, which proves the theorem. I 

Trilinear Co-ordinates. 

315. In the method of trilinear co-ordinates the poai- 
tioM of a point is defined by its relation to the three sides of ' 
» general triangle. Distances from each side are considered | 
positive when measured in the direction of the opposite ver- i 
tex; negative in the opposite case. I 

Thboeem. If a general triangle be given, the position of I 
a point is completely determined when the mutual ratios of | 
its distances from the three sides of the triangle are g 

Proof. Let it be given that 
the distances of a point P from 
the aides AB and AO of a tri- 9^ / 

angle are in the ratio m : n. / ' 

If wo draw a line Ax divid- 
ing the angle BAG in the sine- B^ 

ratio , every point of this line will fulfil the given con- 
dition (§ 281). 

If it be also given that the distances of the point P from 
the sides 5Cand BA are in the ratio p : m, then the point 
P mnst also lie on the line Bg dividing the angle B in ths 

eine-ratio — ~. 




Hence, if both ratioe be giTen, the odIt point which will 
aatisff them is the jnnctioa-poiiit of the lioes Ax and By, 
which is therefore the required point P. Q. E. D. 

Method of Expressing the Batius of Distances. The 
matnal ratios of the distances of a point P from the three 
sides of s triangle are most conTenientlj expressed by three 
nnmbers propordonal to these distaDces. Let ns put 

di, d^ d„ the dLstances of P from the three sides of the 
triangle; 

z„ x^ 7^ any three numbeis proportional to (f,, d„ d^ 
We then hare 

=;'.-'.=d.-d,-i, (1) 



Bad 



also. 



i. 



w 



i. 



(3) 

If we put p tor the common Talue of the three fractions 
(3), we have 

d, = fxt,; \ 

d, = pxA (4) 

rf, = fix,. ) 
The sets of equations (1), (2). (3) and (4) are bo many 
different ways of expressing the fundamental fact of the pro- 
portionality of the nnmbers x„ x, and x, to the distances tf,, 
d, and d,. 

316. Relation hetwem tJie Distances. The position of 
the point ia completely determined when its actual distances 
from any two sides of the triangle are given. Hence from two 
distances the third may be found, which shows that there ia 
some equation between the distances. If wo put 

a, b, c, the lengths of the three sides of the fundamental 
triangle; 

A, the area of the triangle, 
the equation in qnestion is 

ad, + bd, + cd, = 2A. (6) 
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This equation is readily proved by drawing lines from the 
■point to tho three vertices and equating the algebraic Bum of 
the areas of the three triangles thus formed to that of the 
original triangle. 

"When a:,, ic, and a;, are given, this last equation with the 
three equations (4) sufflce for the determination of d„ d„ d, 
and p, and therefore for the position of the point. In fact, by 

Ianbstitnting (4) in (5), we have at once 
I p{ax, + l>:>:, + cx,)^2A, 

irom which p is found. Then from (4) wo have the values of 
d„ rf, and (?,. 
317* MuUiplication hy Constant Factors. We may, in- 
stead of taking x^, x, and x, proportional to d^, d, and d„ take 
them proportional to tho prodncts obtained by multiplying 
each distance d by any arbitrary but constant factor. If we 
take /i„ pi, and /j, for such factors, we shall then have 



X, = ft^d, : pt^d, : n,d^, 
fid, = px,;\ 
/I A = P^i\ \ 



(6) 



The constant factors /(,, ft, and /*, being supposed given, 
tthe equations (5) and (6) suffice for the deteiTui nation of 
i> d,, d, and p. 
318. Definitmi of Trilinear Co-ordinates. The tri- 
linear co-ordinatea of a point are three numbers propor- 
tional to the distances of the point from the three sides of a 
triangle, each distance being, if we choose, first multiplied by 
any fixed factor. 

The triangle from whose sides the distances are measured 
B called the fandamental triangle. 
Corollaries from the Definition : 

I. If the trilinear co-ordinates of apoint be all multiplied 
^ the same factor, the position of thepoint which they repre- 
mt will not be altered. 
For the position of the point depends only on tho mutual 
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ratios of ita trilinear co-ordinates, whicli remain unaltered by 

BUch multiplication. 

II. The points (1), (2) and (3) wJiose respecHve co-ordi- 

nates are : 

Point (1), (a;,, 0, 0), ^M 

Point (3), (0, x„ 0), ^H 

Point (3), (0, 0, a;,), ^| 

are the three vertices of the fundatnental triangle, no matter 

what the absolute values of x^, x^, and x,. 

Note. The introduction of the factors fi being a mere matter of 

convenieDce, the Etudentmaf ordintLrilj leave them out of consideration, 

wliicli is the same as to suppose Ihem unity. Their inlroduetion 

wnounls lo supposing that the distauces from the different sides of the 

triangle may ha expressed io three diSerent uDita of length without 

destroying the truth of our conclusions. 



Prove: 

1, The distances of a point from the three sides of the 
fundamental triangle cannot all be negative. 

3. Assuming the factors ^„ /t, and fi, to all have the same 
sign, every point whose co-ordinates are all positive or all 
negative lies within the fundamental triangle. 

3. If the factors li are all positive and the trilinear co- 
ordinates of a point all negative, the value of p mnst be 
negative. 

4. Tlie lines from the point (a;,, x„ a;,) to the three vertieea 
of the triangle divide the internal anglea in the reepeotire Bine- 
ratios 

~ /^^,' >^.^.' Z*.^.' 

319. Relation of Trilinear and Rectangular Co-ordinates. 
Let us suppose the three sides of the fundamental triangle to 
be given by their general equations in rectangular co-ordinates, 
aa follows: 

Sidel, ax + fty +c —Q;\ 
Side 2, a'x + h'y + c* = 0; [ (7) 

B 3, a"x -j- 5"f/ + c" 
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Then, by §g 41, 54, if z and y be the rectangular oo-ordinateB 1 
of any point whatever, the eipression 

ax-\-by -\-c (a) I 

will represent the diatanco of that point from the aide (1) of I 
the triangle, multiplied by the factor Va* -\- i'. Since, by I 
multiplyiog the equation of side (1) by an appropriate I 
factor, we can give the quantity Va" + b' any Talue we please, 
we can make it equal to ^i^. We shall thea have, when x and | 
y are the rectangular co-ordinates of a point distant d^ from j 
the side (1), 

IA,d, = ax + by-{-c. 
Tbns the eqnations (6) of § 317 may be replaced by 

ax -\-hy -\- c = px^; j 

a'x + b'y + c' = px,; [ (8) | 

a"x + b"y -\- c" = px^. ) 

These eqnations determine p, x and y vrhen x^, a;, and sc, are 
given. The values of x and y thus obtained from them are 

^ ^ {I'c" - b"G')x^ + (b"c - hc")x, + (bo' - l>'c)x ,_ "I 

{a'b" ~ a"b')x^ + {a"b - ab")x, -j- \ab' - a'b)^^' I 

(«"c' — a'c")x, -\- (ac" — a"c)x, ■+■ {a'e — ac')x,^ | 

" (a'b" — a"b')x, + (a"b ~ ab")x, -f- (ab' — a'bjx,' J 

k vrhich are the expresaions for the rectangular co-ordinatea of 
. a point {z. y) in terms of its trilinear co-ordinates. 

330. Equation of a Straight Line in TVilinear Co-ordi- 
[ notes. 

Theobbm. If the trilinear co-ordinatea of a point are re- 
[ quired to satisfy a linear equation, the locus of the point will 
I baa straight line. 

Proof. Let 

Pi^i +^1^1 -^ Pi^i — ^ 

tbe the linear equation which the oo-ordinates mnst satisfy. 

~t we aabstitnte for x„ x, and a;, their eipreBsions (8) in terms 

[of Cartesian co-ordlnutos, we I'cadily Ece that the equation 
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will be of the first liegree in x and y. It is therefore 
equation of a straight line. 

331. ffojHogeneoun Character of Equations. In order 
that auy equation in trilinear co-ordinates may represent a 
locns, the equation must be homogeneous in terms of such 
co-ordinates. For, by definition, the position of a point re- 
mains unaltered when its three co-ordinates are all multiiilied 
by any arbitrary common factor p. When we take a liomo- 
geneous equation of the nth degree in x„ x^ and z^ Bach, for 
example, aa (when n = 3) 

ax^x, -f bx,' = 0, 
and mnltiply a;,, x, and x^ by p, the result is the same as if 
we multiplied each member of the equation by fi/^. Hoi 
the relation between x„ x, and x, expressed by the i 
remains unaltered. But if we take such an equ&tioa as 

ax^x, + Ja;, + c = 0, 
and multiply x^, x, and x, by c, the result is 

ap^x^x, + bpx, + c = 0, 
an equation which espressea a different relation from the 
other. Hence such an equation cannot represent a definite 
locus so long as the trilinear co-ordinates are used to 
spond to their definition. 



) as if 

1 

the 

iuite 



Correlative of Trilinear Co-ordinates.^ 
Co-ordinates of a Line. 

3SS. The principle of duality is applieahle to all the 
ceding propositions which express position. We shall thoi 
fore change these propositions into their correlatives. 

Theorem. If three fixed points not in the same straight 
line be given, the position of a line is completely determi 
when the mutual ratios of its distances from these points- 
given. 

Proof. Let the three fixed points be A, B and 0. 

Let it be given that the ratio of the distimces of a 
from the points A and (7 is wi : n. 
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Let L bd any line fulfilling this condition, and let y b 
the point in which it cuts the line AO. Also let yln'and Vc' 




be the perpendioakrs from A and G upon the line L. We 
then hare, bj hypothoeis. 



Aa' : Cc' = m: n. 
Hence, by similfx triangles, 

Ajf '. Cj/ = 7n:n. 

This last relation completely Sses the position ■ 
point y (§ 279), which therefore remains the same for all lines 
which satisfy iho given condition. That is, 

Every line fiilfilUng Ihe condition that its distances from 
two fixed points, A and C, shall be in ike ratio m : n, passes 
through that point which divides the junction-line A in the 
ratio m \n. 

Let it also be given that the distances of the line from the 
points and B shall bo in the ratio n: p. It mnst then pass 
through a point X which divides the junction-line CB in the 
ratio n: p. 

If now it be required that the line shall aittisfy both con- 
ditions, it mnst pass thvongli both the points Xand y, and is 
therefore eomplutely fixed. 

When both ihcse conditions are satisfied, the distances of 
the line from BA will be in the ratio j) ; m, and it will inter- 
sect AB \Ti some point, dividing Afi in the ratio^ : in. 

Tlie three points then satisfy tlio proposition of (§287), 
. because 



n p 



= 1. 





Proceeding as in the case of the point, if we put 
D^, D,, D„ the distances of the line from the three j; 
A,, A,, \, constant factors, 
we may express the mutual ratios of the distances i 
quantities, m,, m, and m„ proportional to them. We then hart 



\£,_KD, 


: X,D, : X,D,; 


\D, = ff«,; 









Thus the position of the line is completely fixed hj i 

throe quantities u„ u, and u„ which are therefore called cS^ 
ordinaies of the line. We therefore haye the definition: 

The trUinear co-ordinateB of a line are three numbers 
proportional to its distances from three fixed points, each 
distance being first multiplied by any fixed factor. 

The junction-lines of the three points form the fnnda- 
mental triangle of reference. 

333. There are therefore two ways of defining the poi 
tion of a line, namely: 

1, By the equation of the line. 

8. By the value of its co-ordinates. 

To inyestigate the relation of these two ways let us 
eider the problem: What are the co-ordinates of the line w 
eqnation is 

mx^ + nx^ + px^ = 0? 

Let us suppose the indices 
1, 2 and 3 to refer to the sides 
BC, C'A and AB respectively. 
Let us first find the point x in^, 
which the line (a) intersects 
AB. To do this we put x, = 0, which giTe8_ 
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^Bbd by substituting for x, and x, their expresBions (6) in terma 

^Ktf the distanoes, 

■ ^- _ WL 

Since rf, and d, are tlie distiuices of x from the sides GA and 
C5, — T-is the sine-ratio in which the line Cx divtdBB the 

angle C (§ 281). To define the point x by the distance-ratio in 
which it cuts AB, we haye the equations 
Bx sin BCx 



Cx' 



sin B 



Ax sin ACx 



Hence 
Bx_ 
Ax 



iBCx 

\ ACx ' 



ain A 
sin B ~ 



K ein A 
Tb' 



(&) 



(/, sin B ~ 
which determinea the point of intersection, x. 

By what has been shown, this distance-ratio is the ratio of 
tlie two eo-ordinates u, and u, of the line, maltiplied by a 
factor. In fact, putting D, and 7>, for the distances of the 
line from A and B respectively, we have 
Bx D, A,K, 



Ax D, 



A « * 



Comparing this with the equation {b), we have, for the ratio 
of the two line- coordinates. 



In the same way, 



_ A,<tj) Bin B _ 

A,/i,« sin ~ 

_ A,^,wtain C ^ 



A.,/<, ein A 
A,/i, sin W 



A,M, Bin B 
A,/j, sin C" 
A, ^(, sin C 
\,^J^ sin j1* 



>(, A,^j) sin ^ ~ 

Now, it will be remembei-ed that the constant factors A 
1 ^ which multiply the distances between the points and 
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tines liave been left entirely arbitraiy. Can we not so deter- 
mine them thitt the last fractions in the third members of the 
above equations sliaU be unity? Thia will require the factors 
to luliil the conditions 


A,//, Ein5 = A,/i,Eia^; 

A,//, sin C = \fi^ sin B; (d) 

A,/(, sin A = A,/i, siu C. 


Tliese thi'ee equations are really equivalent to but two, be- 
cause anyone can be deduced from the other two by eliminat- 
ing the common angle. If we suppose tlie values of /( to be 
. given, we can determine the mutual ratios of the A's by the 
equations 


A, fi^smA^ ^^H 

A, sin B ^^H 
A, fi, ein (T ^^ 


Hence the required condition can alwaya be eatiafied, and wo 
shall always suppose it satisfied. ^^1 
The equations (c) can then be satisfied by putting ^^H 


u,=mx any factor; ^^H 
f(, = n X the same factor; ^^^H 
», := jt) X the same factor. ^^^H 

Theorem. If the co-ordinates x,, »„ x^ of a poiii^^^^ 

C07isidered as variables required to satisfy the equation 


mx, + nx^ 4- px, = 0, 


the point will always lie on the line whose co-ordinates are tl^ 
constants m, n and p, or their multiples. 


324:. Equation of a Point. We have the following 

theorem, the correlative of the preceding one. 

Theorem. All lines whose co-ordinates «„ «, and u, \ 
satisfy a linear equation ^^HH 


iiiw, 4- ««, + pu, ^^^H 
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pass through a point, namely, the point whose co-ordittaies are 

n and p. 

This theorem follows inimediiitely from the preceding one, 
becanse when a point iies on a certain lino, the line passes 
through that point. Putting both equations in the form 

■M,i, + ti,x, + u,x, = 0, 
the theorem of §333 oseerts that wheneTer this equation is I 
Eatisfied the point (x,, a:,, x,) lies upon the line {ft,, k„ m,)- 
Changing the form but not the esBence of the conclusion, wo ' 
have the theorem that whenever this equation is satisfied the j 
line (w,, w„ «,) passes through the point {x^, x^, a;,). This j 
result, being true for all values of the six quantities which | 
satisfy the equation, will remain true when we suppose a 
and a:, to remain constant und V„ f(, and M, to vary; that is, 
the varying line {?*,, u,, wj will then constantly pass through 
the fixed point {x„ j:,, a;J. 

3!35. The preceding conclusions may be summed up aa J 
follows: 

I. If u^, M, a^d a, are liiie-co'Ordinates, and i,, x, and x^ 
are poittt-codrdinates, then, so long as these co-ordinates ar»M 
unrestricted, they may represent any line and any point what' 1 
ever. 

II. 2/ it be required that the line shall pasx through th^M 
point and the point lie on the line, the ca-ordtnales must satisfy 1 
the condition 

M,«, + «,«, + u,x, = 0. 

III. If, in this equation, we suppose the x's to rema\n 
fixed while the u's vary, the lines represented by the u's willf 
all pass through the fixed point r^resented by the x's. 

rV. If we suppose the x's to vary while the w's remai 
slant, the points represented by the x'a will all lie on the fixeH 
line represented by the u's. 

3S6. For brevity of writing we may use a single letter t 
represent the combination of three co-ordinates of a point o 
line. Then the expression "the point (p)" will mean th 
point whose co-ordinatea are p„ p, and p^. 



Theorem. If {x) and (y) «?-e any Iwo points, and if, 
v-ith any factor A, we form the quantities 
^1 = ^. + A^r,, J 

^, = ^, + Aj/,, E (a) 

e, = 3;, + Ay„ ) 

the point {2) will lie on the linejoining the'points {z) and {y). 
Proof. Let (p) be the line joining the points (z) and (y). 
Because the line \p) pasaes through the point (a:), we have 

P,^> + P.^j + P,^. = 0- 
Because {p) paaaes through the point (y), we also have 

P^y, + P^, + P,V, = 0- 
Multiplying this equation b; A and adding it to the other,' 

i».(-^. + ^y.) + p,(^. + ^y.) + pA=^. + ^y.) = o, 

or p,z, +A^, +PA = 0. 

Therefore the point (z) ia on the line (p). Q. E. D. 

Cor. Any point (z) whose co-ordinates satisfy the COU' 
ditions 

z, = Xx, + t^y,. 
z, = Xx, + tty„ 
2, = A3:, + fiy,, 
lies on the same straight line with the points (a:) and (y), 
ever be thu factorfl A and /(,* 

337. Problem. Having the four points in a right ItnS^ 
(z), {y), (.c -h Ay), {:. + yy). 

it is required to determine their anharmonic ratio. 

We must first, instead 
of the trilinear co-ordi- 
uateB, take the actual re- 
d need distances of the 
points from the aides of A~~ 
the triangle. Ijet us then suppose 



I cou- I 

m 

I htte, , 

J 



= ;/. 
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ABy any side of the fundamental triangle; 
z = the point {x-{-Xy); 

axy by, cz = p, q and r, the distances of x, y and z from 
AB. 

We then have for the distance-ratio of z, with respect to 
X and y, 

xz _r — p 
yz"" r — q 
This gives 

1 -// 

We have three equations of this form, corresponding to 
the three sides of the fundamental triangle, in which p, q 
and r have the respective indices 1, 2 and 3. We may write 
them: 

(1 -./^)r, =p^ - mx\ 
(1 - ix)r^ = ;?, - m^\ 
(1 - /i)r, =i?, - /^,. 

The trilinear co-ordinates x^, x^ and a;,, proportional to 
jt?„ jt?, and jo„ are formed by dividing these last quantities by 
a common factor = p. Let a be the common factor for q. 
Then these equations become, by substitution and reduction, 

r, = a;, — i— y.\ 

1 — iU /iff 

1 — W //(T 

These equations become identical with (a) by putting 

1 — pi uff ^ Xp 

z = r; — ^— ■ = A, or u= —. 

p ' p ' ^ a 

But IX is the distance-ratio of the point (£) = (« + ^y) with 
respect to the points {x) and (y). Hence, 

When from two points, {x) and (y), we form the third, 
(z + Xy), in the same straight line, the distance-ratio of the 
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third loith respect to the other two is eqtml to X multiplied by 

a factory — — , depending upon the absolute values of the tri- 

linear co-ordinates. 

Since^ from the nature of trilinear co-ordinatieS; this factor 
remains indeterminate^ the distance-ratio also remains inde- 
terminate. But if we also take the distance-ratio of a fourth 
point, {x -}- yy\ and then form the anharmonic ratio, this 
factor will divide out, and we shall have 

Anh. ratio = p. 

Hence the anharmonic ratio of the four points {x)^ (y), 

(z + Xy)y {x -}- Vy) is j^, which solves the problem. 

Cor, Harmonic Points. Since four harmonic points are 
such whose anharmonic ratio is — 1, we must then have 
A.' = — A. We therefore conclude that if we have any four 
points capable of being expressed in the form 

the last pair will divide harmonicallj the segment contained 
by the first pair. 



COURSE OF READING IN GEOMETRT.I 



The following classified list of books is prepared for (hej 
use of students who wish to continae the study of the subjeotM 

I. MODERN SYNTHETIC GEOMETRY. 
Chaslrs. Train de OeomMrie Supirieure (518 pnges 8vo), is noled fi 

its elegaace of treatment. It is principally confined K 

of lines and circles. TJie subject ia continued in 
Chaslbs, Traile des Sections Comqae», PremHre Pwrtie (no second part " 

piiblislied). 
TowHSBND, Modern, Qeometry of the Point. Line and Circle (2 vols. ; 

Dulilin, 1663), covers ground similar to tlie first work of Chasles, 

but is more elcmcutary. 
Btbimkr. Vorlesungeii uiw Si/nthelieche Qeometrie. is a very extended J 

treatise, but lacks tbe clear pteseotatioD of CaAsLES. 

II. PLANE ANALYTIC GEOMETRY, 
Saluon'b Conie Sections aucJ bis Higher Plane Cwvea treat the subject | 

with tbe clearness and simplicity wbicb cliaracteriee tbe works of < 

tliat autbor. 
CI.BBBCH, VorUiungen. iiber Qeometrie, of wbich tliere ia ft French 

ti'auslatioD, Is the most complete single treatise od iLe higher 

branches of modern geometry now at the command of tbe student, i 

III. ANALYTIC GEOMETRY OF THREE DIMENSIONS. 
B.VLMON, Analytic Geometry of Three Dimensunu, is the most extended 

treatise in English. It presupposes a knowledge of tbe elements 

of modem algebra, such ds can readily be derived from bis treatise 

on tlial subject. 
FaosT, Solid QemuetTy, ia leas extended than Salmon's treatise, 

written more in tbe style of & text-book. 
Aldib, SoUd Oeonctry (223 pages ISmo), is an excellent little elemental 

text-book, 'With numerous exercises. 
Hrbbe, VorUw-ngen iiber Anaiytitehe Qeometrie du Baumei, is 

man work of 450 pages, noted for its elegance of tiealment. 
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